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Framework and problem

An infinite-dimensional diffusion on finite time interval

X = (X(t),i € Z9,t € [0,1]) infinite-dimensional Brownian particle
system, solution of the Stochastic Differential Equation

dXi(t) = dW(t) + be(0;X) dt, i € Z9;  X(0) ~ p € Ps(RE). (1)

On the configuration space Q := C([0, 1], RZ") ~ C([0, 1], R)%"
@ (W;);cza are independent Brownian motions
@ 0; denotes the space-shift by vector i

@ the particle indexed by i is influenced by the other particles at time t
through the adapted functional b:(6;X).
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Framework and problem

Aims

e Find sufficient - but mild - conditions on the drift functional b and on
the initial law p which assure the existence of a shift-invariant weak
solution to (1)
< construct a probability on Q under which

(X,-(t) - /0 t bs(8:X) ds)

i€z9,te(0,1]

are independent Brownian motions, and X(0) ~ .

@ Analyse the structure of the set of solutions

e Ergodicity or Gibbsianity of a solution, as probability measure on the
infinite product space C([0, 1], R)%".

@ Which conditions on the drift b can assure uniqueness of the
solution?

S. Reelly (U Potsdam) Gibbsianity of co-dim SDEs 3/13



Existence of solutions

Assumptions
e The drift functional b : [0,1] x C([0,1],R)%’ — R is
o adapted and local: A C Z9 finite, Vt € [0, 1],
be(w) = be(wa(s),s € [0, £]).
o uniformly sublinear:

3C>0,Vt,w |b(w) < C(1 +Zsup|w,

s<t

e The initial shift-invariant law p € P(R%’) admits
o finite-volume relative entropies wrt to a fixed m € P(R) :

dn e
~ Coany . | e In(GER) dua  if it exists
Ir(pai =) { Yoo otherwise

and a finite specific entropy:
1
I(w) = lim — Jr(ur; m®") < 400,

e marginals with finite second moment: Vi € Z9, [ x? u(dx) < +oc .
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Existence of solutions

Examples

@ A non-regular drift with delay.
Define first 8 on R® by

B(xa) == BT (xa) ]I{Xo>‘% ) + 8 (xa) 1 [

0<ﬁ ZieA Xf}
where the functions 3 # 5~ have a sublinear growth.

The function 3 depends on the relative value of xy wrt the barycentre of
xa = (xi)iea. It is discontinuous on the hyperplane {xo = ﬁ Sien Xi}-
Introducing a 0-delay, one now takes

be(w) = Blwa(0V (t — 6))).

AEA Xi

@ A long-term memory drift.

be(w) = /O £(s,wna(s)) ds

where f(s,-) has a sublinear growth.
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Existence of solutions

Results

Existence Theorem (Dereudre & R. "17)
Under the above assumptions,

o the SDE (1) admits at least one shift-invariant weak solution P with
initial marginal law ;. Moreover the finiteness of the specific entropy
of 1 propagates at the path level:

J(pn) <400 = J(P):= AIi/n%d ‘/I\IJR(P/\;W@/\) < +00.
where W is the Wiener measure with initial condition m.
Each coordinate admits a uniform 2nd moment.

@ The set of solutions with finite specific entropy is convex and its
extremal elements are ergodic probability measure on , i.e. trivial on
the o-field of shift-invariant sets. In particular, for any ergodic
probability measure y € Ps(R%") with J(j1) < 400 there exists an
ergodic weak solution P of the SDE (1) which admits x as marginal
law at time 0.
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Sketch of the proof

e Finite volume approximation on (A,), ~ Z9.
Define on C([0, 1], R)"»

dMA" — w c
dPy 1= 2k (wn, (0)) €~ lm i) dw e

where
==Y /bt(Gw ) dwi(t /b29w dt.
ieN

Define PR € P(Q) a space-periodisation of P, and

n .

Y PETo6t € P(Q),

n| i€Np

its shift-invariant version.
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Tightness

Proposition: The sequence (P,),en is tight. Therefore there exists at
least one limit point P which has a finite specific entropy.

@ Tightness criterion (Georgii '88)
For any a > 0, the level set of the specific entropy

{P e Ps(),3(P) < a}

is sequentially compact for the topology of the local convergence.

@ In our framework

- 1
I(P,) = ‘A’JR(P,,,W‘X’A")

< (3l m ) + Y 2 / B (0sn Ong))et) ).

i€Np
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Characterization of the limit point P

@ P is the law of a Brownian semimartingale, weak solution of some
SDE of type (1), for a certain L2-drift b, since it has a locally finite
entropy. (Follmer-Wakolbinger, '86)

@ P minimizes the free energy functional 3% defined by

1 1 /1
(Q) =3(Q) - Qe X(0) )~ Eo( [ biduo(t) - [ bick).
0 0
o P is indeed a zero of the free energy 3%, which allows the

identification of its drift b.

@ Its marginal law at time 0 is u.
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Gibbsian structure of the solution

P is a mixture of probability kernels: For any A C Z¢,
P(de) = [ M6, d) P(E)

for specific kernels where I'I/';”Jr, that is

P has a Gibbsian structure
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Uniqueness

Uniqueness results

{ dXi(t) = dWi(t) — 3¢/ (Xi(t)) dt + B be(0:X) dt, i € Z¢ 2)
X(0) ~ e Gs(¥)
(R. & Ruszel '14)
Under the following additional assumptions
@ the dynamical self-potential ¢ is ultracontractive,
@ the drift functional b is uniformly bounded,
@ the initial potential v is strongly summable, and
Po < sup; Z/\ai(T/\\q) Il
(= initial state y is in the Dobrushin's uniqueness regime)

there exists (3 such that, for 3 < 3, uniqueness and Gibbsianness
propagate: at any time t, the law of the solution of (2) is a Gibbs
measure uniquely determined by an absolutely summable interaction.
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Uniqueness

An infinite-dimensional diffusion on infinite time interval

dX;(t) = dW;(t) — %QO/(X,-(t)) dt+ b0 X)dt,icZtcR (3)

Uniqueness Theorem in perturbative regime (dai Pra & R. '04)
As before

@ the dynamical self-potential ¢ is ultracontractive

@ the drift functional b is uniformly bounded .
Then there exists an upper bound f3 for the dynamical inverse temperature,
such that, for § < 3, the SDE (3) admits a unique space-time
shift-invariant solution.

The unique law of the system (3) is itself a space-time Gibbs measure on
C((—o0, +oo),R)Zd, constructed via cluster expansion. At any time ¢, the law of
the solution is a small perturbation of ®;czse~#*)dx;, the stationary measure of
the free dynamics (5 = 0).
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