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1. Infinite systems

[N~ 10% — 107

Phase space

a5 :={(x1,p1), - (Tn,sPn)-}, Tn € R?, p,, € RY. (1)

Hamilton equations:

- (G I ) (G)

ie{l,..,N},ae{l,..d}

dt opl®) T dt B ozl
(2)
Mean values of observables
— 1
Feo / FG#))dt. (3)
0
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2. Gibbs ensembles

Josiah Willard Gibbs

proposed instead of one system to introduce an ensemble of identical
systems that each time with some probability occupy some configuration.
Such identical systems are called Gibbs ensembles.

The basic postulate of Gibbs is the existence of some probabilistic
measure 4 on the phase space I':

[t = 1. F = [ F@u) (4)
T T
and the identity
T
Jim 7 [ RGO = [ PG, (5)

which is called Ergodic hypothesis, and which is a basic mathematical
justification of statistical physics.
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3. Gibbs measure
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4. Great Canonical Ensemble

Expression for density:

~ 1 1 ~ 1
DgelT N.Bo ) = g sy 0, N= Rl =17 (6)
where Z5 (8, u) is called Great Partition Function:
— d~
BuN—pHF) 47
A (B 1) Nz;() N! /(N) R3N’ (M)
and
N2
ZTZ Ulzy,...,zN). (8)

The physical justification of this formula can be found in:

Yu. B. Rumer, M. Sh. Ryvkin, Thermodynamics, Statistical Physics and
Kinetics, Mir Publishers, Moscow, 1980.
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5. Gibbs distributions in the configuration

DA N Bop) = = E U0 = |y (9)
’ En(Bop) NI° ’
—ﬁU(v)
-y 5 / d, (10)
N2>0
where 02
ePr p? 2mm
— —%m _ Bu
Z_hd/ugdede_e;<ﬂh2> (11)

is called activity of the system.
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6. Thermodynamic limit

The transition N — oo, A 1 R? is a necessary operation in studying the
macroscopic properties of physical systems. This is due to the fact that
at the finite values of volume V' = o(A) the behavior of thermodynamic
functions is regular (analytical). Therefore, the point of a phase transition
on a rigorously mathematical level can not be detected.

Consequently, from the point of view of physical considerations, an
important mathematical problem is the rigorous proof of existence limit
in expression for the mean observed value:

F =i F ). 12
o () (dv) (12)

On the other hand, in terms of a rigorous approach to the mathematical
problem of constructing a theory, it is not unreasonable to find out
whether there exists a Gibbs measure on the space of infinite
configurations T".

This is a topic of a separate lecture!
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7. Mixing property for measures

This talk is related to such characteristic of probability measures as
mixing property. In the language of Gibbs distributions for the systems of
interacting particles, the property of mixing means that the behavior of
subsystems of particles in some volumes, which are located at great
distances from each other is statistically independent:

w(F1Fy) — p(Fr)p(Fy) — 0,

dist(supp F1,supp F) — oo. (13)

The mixing property ensures ergogodicity and allows to state that the
nonequilibrium distribution will go to equilibrium:

I. P. Cornfeld, S. V. Fomin, Y. G. Sinai,
Ergodic Theory, Springer-Verlag, N.Y ., Heidelberg, Berlin, 1982.
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8. Mixing property for Correlation functions

It is most convenient from a technical point of view to prove this
property by estimating the correlation between clusters of particles, that
is, the behavior of correlation functions, in which one group of variables is
at a considerable distance from another group.

Theorem

(A.L.R., M.V. Tertychnii, Ukr.Math.J.(2017), v.69, No. 8)

Let ¢(|z|) is continuous on R \ {0} strong superstable interaction

potential of radius R. Then for any subconfigurations 1y = {x1, ..., Zm, }

and 1y = {y1, .., Ym, |, with dist(ny,n2) = minwgm |x —y| > R and
AP

sufficiently small z, the next inequality is true

dist (1 ,m2)
R

lp(m Uma) — p(m)p(nz)] < C™Fm2 ™7 (14)

where A\ < 1, C' > 0, does not depand on 1y, 1.
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. Mathematical background.

. Correlation functions.

. Truncated (connected) correlation functions.

. Partially truncated correlation functions(PTCF).
. Equations for PTCF and their solutions.

. Strong decay properties for PTCF.

SO BHEWN =
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11. Configuration spaces

R? — d-dimensional Euclidean space.

v = {x; }ien—set of positions of identical particles (z; € R?).
B(R%)~family of all Borel sets. B.(R%)—family of all bounded Borel sets.

Configuration space in R%:

I'=Tga ::{chd‘ |y N A| < oo, for EJLIIAGZS’C(]Rd)}7 (15)

Spaces of finite configurations I'y in R% and 'y in A:

To= | | T™, T .={neTl |y =n}, No=NU{0}, (16)

neNy

Tp:={yeTo| v CA}. (17)
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12. Poisson measure on configuration spaces

States of ideal gas in equilibrium is described by a Poisson random point
measure 7., on the configuration space I', where z > 0 is
activity(physical parameter which is connected with density of particles)
and by o we denote Lebesgue measure on R?. 7, means Poisson
measure with intensity measure zo. To define 7., on the configuration
space I', we first introduce a Lebesgue-Poisson measure \,, = A on
the space of finite configurations Ty (or T’y ) by the formula

OOZn
F(y)\o(dy) := —/~'~/an,...,xnda¢~~-d9:n,F: F,}.>o0.
JL FOetan =305 [ oo [ Rt [Fadzo

(18)
It is clear from (18) that the family of probability measures

7h = e MWNA A € B.(RY) (19)

zo

is consistent and by the Kolmogorov theorem there exists a unique
probability measure 7., on the configuration space T'.
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13. Properties of the )\,

Lemma

Let X, € Bc(Rd>, Xy € BC<Rd) and X1 N Xy = 0, X1UXs =A.
Functions F;, (i =1,2) are B(T'x,)-measurable. Then

/ By () Fa(n)Aso(dy) = / Fi(v) s () / Fo(y)so (d)-
I'a FXI FXZ
(20)

Lemma

For all positive measurable functions G : To — R and H : Ty x I'g — R
the following identity is true:

G(7) Y Hmy\n)Aq(dy) :/F | GOUMH A () ().

To nCy

(21)




14. Some distributions in D'(T)

The space of test functions D(I'y) we define in the following way. Any

G : Ty R such that G € D(I'y) and any v € T{"”

G(y) = G{x1,.y2n}) = Gulx1,...,3,) € CF(RY™). Then for any
n € I'y we define distributions §,, in such a way that for any G € D(T'y)

(62,G) = [ 0,(NGMAeo(dy) = 2"G(0). (22)

To
The identity (21) in the sense of distributions at
H(n,y \ n) = &y, (n)lrg (v \ 1):

G() D 6. (&)Aao(dy) = 2] G UAL(d),  (23)
& Cy 0

Due to (23) for distribution A(y, (7)) == 1 + @) e, 0y(E),

acR, n#:

(A(a,n)vG) = / G(V)A(a,n)(’w)\za(d’)/):

0

- / G Auoldy) + azh / G U A (dr).  (24)
Ty To

To
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15. Interaction energy

We consider a general type of two-body interaction potential

Va(z,y) = ¢(|x — y|). For any 0,y € T'y an energy U(~y) of particles in a
configuration v and an interaction energy W (n;~) between particles in 7
and ~ have the following forms:

U() =Us(y) = Y ollz—yl), (25)
{z,y}Cv
W(nv) = é(lz—yl). (26)

Interaction potential satisfies the following properties.
(A): 1. Stability:

U(y) = =By, B >0, v €Ty, (27)

2. Regularity:

1
CB) = | dale P — 1 < 4oo,8= . (28)
Rd kT
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16. Strong Superstability

(SSS) Strong superstability. There exist A >0, B > 0, p > 2 and the

partition A, such that for any v = {x1,...,zn} € 'y the following
holds:
Uv) = Y [Ahal’ = Blyall. (29)
AEA,

for any a < ag, where A, is the partition of the space R? into cubes A
with a rib a and center in r € Z%:

A=A,(r)={zeR | a(r'—1/2) <2’ <a(r'+1/2)}. (30)

DA

»

\/ X
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17. Gibbs measure and correlation measure

In the above notations, the Gibbs measure in finite volume A has the

form: )
/iA(d'Y) = Te_ﬁU(’Y))‘za(d'V)v (31)
EA
Za= [ PO, (32)
Ta

Physical observables are functions on the configuration space I'. They
have the summatory form: F'(y) = 3, . H(n) (see., for example, the
energy (25)). Then one can rewrite mean values of them in the form:

F— [ Y #outan = [ Hopwraan. @)
Lyt To
In this formula p(n)A,(dn) is correlation measure and for the case when
this measure is absolutely continuous with respect to the
Lebesgue-Poisson measure \, the corresponding derivative of
Radon-Nicodym is called a correlation function p(7):
Il
z

pa(n) = = [ e PUUIIN (dy). (34)
—=A FA
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18. Justification of the formula (33)

Let M™*(R9) denote the space of nonnegative Radon measures in B(R?).
With every configuration v € T' can be associated an occupation measure

TSy Y 6, € MT(RY, (35)

rey

where ¢, is the Dirac measure. Let ' : I'g — R be a function on the
configuration space I'y such that

FITM™ .= F™({zy, .. x,}) = Fo(x1,...,2,), neN.  (36)

Then we define the n-th Wick power by

<F(n)7: ry®n ;> = Z Fn(ml,...,xn). (37)
wl,...,mn,E]Rd:
{Z1,e0yn }Cy
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19. Correlation measure

The correlation measures p(™ are defined by

[ FO e = [ Fanm) p0 e da).
FTZ

Rdn

(38)

In case that the correlation measures p(™) are absolutely continuous with

respect to the Lebesgue measure in R, correlation functions are defined
as

1
p(”)(dxl, vy dry) = Epn@h ey Tp)dxy - day. (39)

Using (37), (38), we can now define the correlation measure p on the
configuration space I'y by

F(n) pldn) = > / LY RGew)ud), (40)

Ta n=0 Ay, z, €R%:
{z1,..,zn }Cv

which is exactly (33) in the limit A 1 R%.
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20. Truncated(connected) correlation functions

In fact, correlation functions are the probability densities of the
distributions of the correlation measures. N. N. Bogolyubov gave them
the name of m-particle distribution functions. Real physical correlations
between particles are described by the so-called truncated correlation
functions(TCF):

[ *

pTm) = pm)=>_ > p e () p" (), p"({a1}) = p({an})
E=2{n1,...,nx}Cn
(41)
where the asterisk over the sum means that the sum is over all partitions
of the set 7 into k non-empty disjoint subsets. They can be also
represented by correlation functions p(n):

[ *
PP = Y (=D R=DY > plm)p(ne) - p(nk)- (42)
k=1 {m,...m}Cn

Two-point correlation function:
p ({z1,22}) = p3 (w1, @2) = pawr,@2) — pr(z)pi(za).  (43)



21. Partially truncated correlation functions

Partially truncated(connected) correlation functions(PTCF) describe
correlations between clusters of particles. Let the set 7 = {n1,...,nm}
is the set of partition of configuration 1 into m non-empty disjoint
subsets(|n1| + -+ |mm| = |n|). Then PTCF can be also defined
recurrently by:

P (s smm) = pr (U ms) Z Z P (1) Py (772) = P (7).
k=2 {f1,...,7k }C7
(44)
where

T = Mivie i, ) Pons () = P (i 3mi,, )y 1 () = p(n).
(45)
So, this definition coincides with definition (41) when all configurations
7n; consist of one point:
P imm) = Y (DN ER=DY Y i) () - pr (7k)-
k=1 {m,..mecn
(46)
Two-point PTCF: 53 (111572) = p2(m Unz) — p1(m)p1(n2).



22. Generating functional of PTCF

To derive equations for these functions we define the generating
functional:

Fg;(avn)gn = IOgZJ(a7n)T7 (47)

%@m?:AIpmwmmwwwmaww (48)

04=1
where A, (7)== 1 + 0625C7 d,(€) and
P =10
””)‘{Hmn@»|ﬂ>1 49)

with j € C5°(R?) and |j| < 1. The product of the distributions
A(ain)(7) in (48) is well defined because of all sets n;, i = 1,...,m are
disjoint. Then

om ~

~T .. _ T m

Pj;m(nh 3 m) = mej (o, )1 a1 ==am=0- (50)
Note, that at j(z) = La(x) and o3 = @z = -+ = a,, = 0 the formula
(48) is the great partition function (32) and 57, (115 ...; N ), calculated
by the formula (51), coincide with (46) in finite volume.
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23. Intermediate Functional

Define also:

8k

ﬁﬁk(mb--;ﬁk\(a»ﬂ)ﬁﬂ = Doy - O

ﬁg; (04777)71n|a1:~-~:ozk:0» 1 S k S m.
(51)
For k = m = 1, using standard procedure of decomposition:
e BUMU7) — =AW (ziim\{z1}) Z K(z1; g)efﬁU(m\{ﬂEl}U’Y)’ (52)
§Cy
where
K(z1;€) = H (67%0%71}0 - 1) , W(zism \{z1}) = -2B, B >0,

yeg
(53)
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24. Kirkwood-Salzburg type equations for PTCF

we obtain:

pra(m) = ze”PWEmMaD () [ K (21;6)p7 (01 \ {21} U &N, (dE)

To
(54)
and for m > 2:

*

Pl (M - imm) = ze” PV @) gy N > K(z1567)
1C{2,...,m} €CU;ern; V10

X ﬁ?;m—|l|(771 \{z1} Uier mi U mga,.. oming) Ao (dy), (55)

where W(xl;n;) =W(z1;m \{z1}) and

N(2,omI = Migs e 5y ) {2, mPNT = {in, .o i -
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25. Solution in the thermodynamic limit

Following the strategy proposed in
Minlos R. A. and Pogosyan S. K., Theor. Math. Phys. 31(2), 408 (1977),
we seek a solution of the equation (73) in the form

Phntmiceimn) = [ 6 U T3 [ 1)Ao@, (56)
To

i=1

where Ty, (015 . .5 1m | ), m > 2 and v € T is a family of kernels such
that

Ton(m1s - imm | 7) = 0 iy ([ mi # 0. (57)

i=1
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26. Equations for kernels 7},

Trn(nii3nm | 7) =

ze” AWEm) N NN K (13 nU€) T 1 (1 UMUE g2t | 7\,
ECyICq2,...m}nCn;
(5

where 1} =11 \ {1} and where we set 7); := [J;.; 7. Subject to the
initial conditions

ni@10)=1, Ti(0[~) =0ifv#0, (59)
and also, for all m > 1,
To(ms. . ;nm | 7) =0if v # 0 and n; = 0 for some j =1,...,m;
(60)
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27. Family of kernels (),,

Qm(nl;”';nm | 7) =

WY D Y K@ nU)Qu (M U UE nga, it | Y\E),

ECy IC{2,....m} nCh;

(61)
with initial conditions like (59), (60), and where
1, if&=0,
Ky(z1;8) == T[] vles —x), if|g]>1. (62)
xel
and
2?8 = ph and |ePPUeYD 1| = p(z —y). (63)

It is clear that if the interaction potential ¢ satisfies (71)—(72), then
1T (015 -5 | N < Qs 30m [9). (64)

Oleksii Rebenko Correlation of clusters



28. The solution for @),

The solution @, (115 ... ;7m | 77) of the equation (61) with conditions
like (59)-(60) can be written with the help of forest graphs:

(connected components of every forest graph are tree graphs; vertices are
points of clusters configurations and points of +; each edge cannot
connect vertices in the same cluster; if we connect all points of each
cluster 7; into one point we get the usual tree graph)

The analytical contribution of each configuration point is constant h.
The analytical contribution of each edges is function v(z — y).

Qulns-inm [N =" D Gulfimi-imm [ {yr - vn}) =

FES (M sMm )

- 3wt I -, (65)

FeSmsinmly) (z,y)€E(f)

where E(f) denotes the set of the edges of f, and where,
l::Zli with l; :=|n;], i=1,...,m. (66)
i=1
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29. Estimates of G,

Analytic contributions are easily estimated due to this lemma:

Lemma

Set
Uy := max y(x) < 400, V1= / I/(JT) dx < +o00. (67)
R

z€R4

Then, given a forest graph f € S(n1;...;1m | 7) with || =n € N,

f: n |Ex n
Go(Fims i | s yn Dy - -+ dyn < R ET O n.

Rdn
(68)
where [ is defined in (66), and

|EZ(f)l <11, 7:= Um,
i=1

stands for the number of edges in which one or two ends belong to the
set UiZy mi-
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30. Number of forest graphs

The number of forest graphs N,(Lm)(ll, ..., 1) at fixed configurations
Ui~ m; U~ follows from combinatoric lemma.

Lemma

LetneNyandm eN, m > 2. Set L; :==2% —1 fori=2,...,m. Then,

m - m+n—2
Nflm)(ll;...;lm) = ll(H L;) <Z Iz +n> . (69)

=2

The proof follows from recurrent relation

n

NI (s ln) = (Z) ST LNV k1l L)
k=0 I1c{2,....m}
(70)
where we denote Ly := [[;c; Li, Ir := )_;c; li (with the convention
lq) = 0) and {1’27...7im_‘1|} = {Z...,m}\[.
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31. Generalization of Cayley’s formula

It is clear that in the case when every cluster has only one particle
(li=1,i=1,...,m) the formula (69) is exactly Cayley's formula for the
number of connected tree-graphs with k = m + n vertices:

N=EkF2 1

Oleksii Rebenko Correlation of clusters



32. Potential and Equation

(A): 1. Stability:

U(y) > =Blyl, B >0, v €Ty, (71)
2. Regularity:
1
c(p) = / dee 805D _ 1] < joo,f= —.  (72)
Rd k'T
Equation
Pl oom) = e iy S S [ Keseo

1C{2,...,m} £CU;ern; Lo

X p] ym— |I|(771 \ {1‘1} Uier mi U n{e,..., m}\]) )\U(d7)7 (73)
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33. Solution of Eq. for ﬁfl

Theorem

Assume that the interaction potential ¢ satisfies (71)—(72). Then there
exists a unique solution of the equation (73) in the thermodynamic limit
j — 1, which can be written in the form

ﬁﬁ(nl;n.;nm):/r T (15 - -5 0m | 1) A (dy), (74)
0

Ton(m;---3mm | 7) = > Gy (), (75)
Fe&msinml)

Go(fy =2 [[ (et —1) T e #olesd, (76)

(z.y)€E(S) (zy)eS(f)

where S(f) denotes the set of pairs of points of the set | J*, n; U~y for
which there are no edges in the graph forest f and (74) converges in the
region

2e2PB+2y, (8) < 1. (77)
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34. Strong Decay property of 5,

Theorem

Suppose that the interaction potential ¢ satisfies (71)—(72). Assume in
addition that there exists oo > d and C() > 0, such that

C(8)
Bo(x) _ 1| <
vala) i= |eP) 1| < 1o, (78)
Then, provided that,
zemB[ul(ﬁ)e +71(8)(e + 21+O‘)] <1, (79)

there exist, constants A, o = Apmo(8,2,0) >0, m>2,1<o<m
such that the PTCF in (74) admit the following bounds

m
[P (115510 Z o MAX VT, (80)
Up = max Uv(x; —x;). 81
" (ijl)_E[T Ti €N T;EN; (s 3) (81)
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35. Constant for m =2

In the case m = 2:

h ! 1 — hrie
1 — hrie 1— hrie — h3121+0‘0.
(82)

1
A2’1 = A272 = 511120(1 +C)l2_1 (
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36. Constants A4, ,

In the case m > 4 and for any 3 <o < m:

l
Am,a — (0__2)0 <m _f> 2a(0—1)2lm—acm(1+C)l—ll—a+1 ( h )

0 - 1 — hrje
« 1 —hve 7 hvie(1 — hvye — hv 2172 C)
1-— h1/1e — hﬁl21+a(] 1—- h,yle — hﬁl(e + 21+oz)C .

(83)
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THANK YOU!




