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General model: Langevin model consisting of a trio of stochastic processes
(Xt, Ug, Kt; t > 0) satisfying the dynamic:

t
xt:x0+/ Us ds,
0
t
Ur = u0+/ b(s, X, Us) ds + L; + K,
0

where
o (L¢; t > 0) is a R9-valued diffusion process;

o (Xo, Uo) ~ po, 1o a probability measure on D x RY for D a given open subset of RY;

o b:[0,00) x R? x RY — R is a drift component modeling some external or internal
forces;

o (Ke; t € [0, T]) is a confinement process which force X; to stay in D at all time
t € [0, T], and which models the possible physical interactions between X; and the
(solid) frontier OD.

General problems: Modeling of physical boundary conditions; Wellposedness of the
SDE system in the case of smooth or more singular drift component; Numerical
approximation.
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A particular case arising in fluid dynamics: Lagrangian Stochastic Dynamics with
specular boundary condition:

t
xt=x0+/ Usds, X is in D,
0
t
Us = U0+/ E [b(Us) | Xs] ds + o We + Ko,
0

Ki==2 > (U~ - np(Xs)) np(Xs) 1 (x,com}»
0<s<t

where 0 > 0,

e D is a given open subset of RY;

e np is the unit outward normal vector related to 9D;

o (W;; t > 0) is a standard R?-Brownian motion;

o (Xo, Up) ~ 1o where g is a given probability measure on D x RY.

Related problems: Existence and uniqueness (in a weak/strong sense) of
(Xt, U, Kt; 0 < t < T); regularization technique; density estimate. ...).
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e Introduction: Modeling of boundary conditions in Langevin dynamics: Modeling of
boundary conditions with the kinetic theory of gas; Link with trace problems in kinetic
PDEs; Comparison with the Skorokhod problem; Lagrangian modeling of turbulent
flows.

o Wellposedness results for one-dimensional (D = (0, o0)) and multidimensional
confinement domains (D open compact subset of RY with smooth boundary): Bossy
and J. 2011; Bossy and J. 2015;

e Current works on numerical approximation schemes in one dimension (Bossy, J. and
Maftei 2017; J. and Likhoedenko 2019, in progress) and other perspectives.
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Boundary conditions for Langevin dynamics

Boundary condition for Langevin dynamics

Generic Langevin dynamic:
t
Xt:XO—‘r/ Us ds,
0

t
U = Up +/ b(s, Xs, Us) ds + o W,.
0
(Xo, Up) ~ po(dx, du) = po(x, u) dx du.
Related Fokker-Planck equation: Denoting (whenever it exists) by

(p(t); 0 <t < T) the probability density function of (L(X¢, U:); 0 <t < T), p
satisfies, in the sense of distributions, the following kinetic Fokker-Planck equation:

2
Oep+u-Vup+ V- (bp) — %Aup =00n(0,00) x RY x RY,
p(t=0,x,u) = po(x,u)onRY x RY.

Introduction of boundary conditions: Restrict the dynamics to a subset D of RY and

add an appropriate boundary condition to describe the interaction between X; and the
"wall" located at 0D.
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Boundary conditions for Langevin dynamics

Maxwell boundary condition (e.g. Cercignani, Reinhard and Pulvirenti 1994): Let
np(x) be the unit outward normal vector of D for x € 9D and define

Tt = {(x, u) € 9D x R? | (u- np(x)) > 0} ("outgoing" particle state space),

YT = {(x, u) € 9D x R? | (u- np(x)) < 0} ("emerging" particle state space),
TE=(0,T)x Xt =7 =(0, T)x X .
For v(p) be the "trace" of p along the frontier (0, 00) x 8D x R, then

7*(p) := 7(p)| s+ describes the distributions of the particle exiting 9D,
T

v~ (p) = 'Y(p)|):; describes the distributions of the particle re-entering in 0D.

The interaction between particle the particle and the wall 0D consists in setting a
transition rule between v¥(p) and v~ (p) with the generic form:

Y (p)(t, x,u) = (R * 'y*(p)) (t,x,u), x € 9D, (u-np(x)) >0, t €[0, T],

for R some scattering kernel preserving sign and total mass.
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Boundary conditions for Langevin dynamics

Examples of boundary conditions:
e complete reflection:

()t x, u) =4 F(p)(t,x, —u), (t,x,u) € X7
e specular boundary condition (elastic wall):
v (p)(t, x,u) = v F(p)(t, x, u = 2(u - np(x))np(x)), (t,x,u) € T7;
e absorbing (inelastic wall):
7 (p)(t, x,u) =0, (t,x,u) € XT;

o diffusive (particle surface in thermodynamical equilibrium at temperature ©):

'Y_(p)(tvxv u) = M@(u) "y+(p)(t,X, V) dv, (t,X, u) € Z;,

v-np(x)>0
where Mg is a Maxwellian distribution of the form:

1 _lui?
Me(u) = ——F——5=¢ 29, u-np(x) <0;

(2r) 7 0%

e Mixed Reflective-Diffusive boundary condition; ...
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Boundary conditions for Langevin dynamics

The trace problem (< give a meaning to v£(p)):

o Classical case: If x — p(t, x, u) is continuous on D then
’yi(p)(t,x, u) = p(t,x, u), (t,x,u) € Z?
o Sobolev case: If D is smooth and if x — p(t, x, u) € H(D) then there exists a

"trace" function vy(p) characterized by the following Green formula: For all
V:RY — RY in ([0, T] x D x RY)

/ V. Vet (V- W)p

(0, T)xDxRY (0,T)x DxRI

= /(-0 S (V- np)~v(p)dtdop(x)du,
,T)XDXx

for op the surface measure of 9D. The difficulty in the case of a Lanvegin process is
that the diffusion is degenerated in the x-directions and regularity condition are not so
trivial to obtain.
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Boundary conditions for Langevin dynamics

Trace problem for kinetic Fokker-Planck equation: Degond and Mas-Gallic 1987,
Carrillo 1998, Mischler 2010, Nier 2015.

Proposition (Carrillo 1998)

If p and V,p are in [2((0, T) x D x R?) and if
d !
Bep+u-Vup € (LZ((o, T) x D; HY(R ))) ,
then there exits v (p) € L2(X%) and v~ (p) € L2(X7) for
Lz(Zﬁ) = {f : ZjTE —R| /):i |(u - np ()| (t, x, u)|dtdop(x)du < oo}
T
satisfying the Green formula: Y1 € C2°((0, T) x D x RY),
/ @+ u-Vep) + | (Octs + u- Vat))p
(0, T)x DxR4

(0, T)xDxRY

B /(0 T)XxD xR (e ) iyl stlers e

Adding the initial conditions (p(t = 0, x, u) = po) and a Maxwell boundary condition
along T 7, the above provides a weak formulation of a kinetic Fokker-Planck equation
endowing a boundary condition.
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Boundary conditions for Langevin dynamics

Lemma (Weak formulation of the trace problem)

If p is a weak solution in L2((0, T) x D; HX(R?)) N C([0, T]; L3(D x RY)) to

2
Otp+u-Vxp+ V- (pb) — %Aup: 0,

then there exists v+ (p) € L2(X%) and v~ (p) € L2(X7) such that
Vap € C2([0, T] x D x RY),

2
/ p(8t¢+u'vx¢+b'vuw+iAu¢)
(0,T)xDxR 2
— [ plexuilexuydxdu— [ p0,xw)(0,x,u) dxdu
D xR DxRd

+ /+ (u - np)Y(t, x, u)vH(p)(t, x, u)dtdop(x)du
=

+ /‘7 (u - np)Y(t,x,u)y (p)(t, x, u)dtdop(x)du.
R=r
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Boundary conditions for Langevin dynamics

Probabilistic interpretation of Maxwell boundary condition:
t
Xt = Xo + / Us dS,
0
t
U = Ug +/ b(s, Xs, Us) ds + oW, + K,
0
where (K;; t € [0, T]) is a cadlag process such that
o (Kt; t € [0, T]) ensures that X; stays in D at all time t € [0, T],
o is zero whenever {t € [0, T]| X; ¢ 0D},

o and model the interactions between X and 9D in the sense that for t such that
Xt €O0Dand Xy e Dfort —e < t' <,

Uy = Ui + AUt = U,— + Ky,

U,- <> velocity of exiting particles,

Ui+ <> velocity of emerging particle.
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Boundary conditions for Langevin dynamics

The case of the specular boundary condition:
t
Xt :Xo—',-/ Us ds,
0
t
Ur = Up + Wt +/ b(s, Xs, Us) ds + Kz,
0

Ki=—-2 > (U~ - np(Xs)) np(Xs)Lix,com}-
0<s<t
In this case, whenever X; € 8D,
Upr = U = 2(Up - np(X0)) np (Xe).
Related problems: Show the existence of the sequence of random times:
Ta=inf{T <t>71,_1| Xt €D}, ne N— {0}, 70 =0,

and show that there is no clustering (i.e. no sticky) effects at D in order to ensure
that
Ke==23" (U np(Xs,)) np(Xe )1 (<0
neN

is globally well defined.
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Boundary conditions for Langevin dynamics

Link with the trace problem

Let (X;, Ut; t € [0, T]) be a Langevin dynamic endowing the specular boundary
condition. Then, V3 € C2°([0, T] x D x RY),

B [0(t, X, U] — 140, %o, Uo)] = [ CE [951(s, Xe, Us)] ds

t 1 2
—+ / E |:(Us . VX’LZJ(S,XS, Us) + b(S,X57 Us) : Vu1/1(5,X57 US) + %Auw(svxﬁ US))] ds
0

+E |:Z ("L’(Tn:XT,.’ Ur,) — ¢(7n, Xry, UT; )) Il{‘r,,<t}:| .
neN

Comparing this expression with the (kinetic) Green formula, we observe that

/z , (unp()y*(p)ddt dop(x)du = £E {Z (7, Xr,y, Ufni)n{fng}}

T neN

Link between the existence of trace function and the confinement process: The
trace v*(p) (whenever it exists) corresponds to the density function of

-1
ZIP’O (T,,,XTH, U‘ri>
neN !

with respect to the measure |(u - np(x))|dtdop(x)du.
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Boundary conditions for Langevin dynamics

Comparison with classical reflected diffusion processes

Skorokhod problem: (o =1, b=0) Given (W;; t >0), Zp € D, find a pair of
continuous stochastic processes (Z:, L¢; t > 0) such that

Zi =20+ Wi+ Le, Zt €D, YVt >0,

and (L¢; t > 0) has bounded variations satisfying

t t
Ue= [ 1oyl L=~ [ np(z)dlLs
1] 0

Wellposedness results: Tanaka 1979; Lions and Sznitman 1984; Saisho 1987.
Explicit solution for D = (0, 00): Given (B:; t > 0) a standard Brownian motion,

= i i = — — >
Lt og\slgt{mm(xo + Bs,0)} ongsaét{max( (Xo + Bs),0)}, t >0,

Zf:X0+Bt7Lf,t20.
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Boundary conditions for Langevin dynamics

The one dimensional case: (b =0)
t
X :Xo+/ Us ds,
0

Ur=U+We =2 > U-Tyx,o},
0<s<t

We will denote by (X[, U, t € [0, T]) the flow of solutions related to
po(dx, du) = 87, 4oy (dx, du).
Preliminary results: Consider the (free) Langevin model:

t
y ;00 :X0+/ Vo:to ds,
0
X0 » U
Vth ° = ug + Bt7

where (B;; t > 0) is classical Brownian motion. Then

Proposition (McKean 1963)

Assume that (xo, uo) # (0,0) then P-a.s., the path t — (Y;°"°, V;©"°) never cross
(0,0).

Additionnaly, Lachal (1997) gives an explicit expression of the joint law of
(67077, Vg2:*0) for all n, for

9970 = inf {t > g0t | Y00 =0}
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Boundary conditions for Langevin dynamics

Explicit weak solution for the Langevin system Assuming that
supp(po) C (0,00) X R,

the process
Xt = |Yt|, Ut = Sign(Y)t+ Vt,

(sign(Y)e+; t € [0, T]), the cadlag modification of sign(Y:),

is a Langevin dynamic in [0, c0) X R with specular boundary condition. The dynamic
is unique in the pathwise sense, and (X:, Us; t € [0, T]) is a Markov process with
semi-group (St; t € [0, T]) given by

Se()(x, u) = E [p(X4, UPY))]
Ty ) T iy ) Ul V),
(0,00) xR

where T is the density transition of (Y;°", V""):

I(t; x,uiy,v)

_ ﬁ exp —6|X—y—t‘v\2+6(X—y—1.‘v)-(u—v)_2\u—v|2 .
wt2 t3 t2 t
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Boundary conditions for Langevin dynamics

Skorokhod problem as a Smoluchowski-Kramers limit of Langevin dynamic:
Spiliopoulos 2007: Given 0 < T < 0 a finite time horizon, b : R — R bounded with
bounded derivative, D = RI~1 x (0,00), Xo € D, Up € RY, consider the Langevin
dynamic:

t
X{‘:X0+/ UE ds,
0
t
pUE = ulo +/ (b(X) — UL ds + W + KP,
0
Kt ==2 " (U - np(XE)np(XE) T (xiecopy-
0<s<t
As — 0%, (X}'; t > 0) converges in probability, uniformly on [0, T] to
(Z:; 0 < t < T) satisfying
t
zt:x0+/ b(Zs)ds+ We + L, 0< t< T,
0

(L¢; t > 0) has bounded variations satisfying

t t
U= [ 1 zeoyditls L= [ np(z)dILs
0 0

Langevin dynamics with boundary conditions.



Boundary conditions for Langevin dynamics

Other wellposedness results for Langevin dynamics with boundary conditions

Specular boundary condition with deterministic forcing: Paoli and Schatzman
1993: Given 0 < T < O a finite time horizon, D a closed convex subset of R? with
non-empty interior and a C2-boundary, §p the convex indicator function of D:

5p(x) = 0ifx € D,
pix) = + oo otherwise,

np the unit exterior normal vector, and f : [0, T] x R? x RY — RY, a continuous
function uniformly Lipschitz function in two last variables, there exists a Lipschitz
continuous function g : [0, T] — R whose Sobolev derivative ¢ has bounded
variation, and is solution to the multivalued ODE:

—q(t) + f(t,q(t),q(t)) dt € 95p(q(t)),ae. 0 <t < T,
g(t") = =" (") +¢7(t7), ¢"(¢7) = (4(t7) - np(q(t7)))no(q(t 7)),
q(0) = g0 € D, 4(0) = Go I 4n_oy + (—a) +dd)1 (a0}

Element of proof: Solution obtained as a cluster point (when A — 0T) of the
penalized system:

AN AN
— 80 + (60 (0,4 (1) ae = DA 2O

A 5 .. N T
q7(0)=qo €D, §7(0) = do 1 r4n_oy +(=do +do) 1 400y
Additional bibliography: Schatzman 1978, 1998; Ballard 2000.

yforall0 <t < T,
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Boundary conditions for Langevin dynamics

Other wellposedness results for Langevin dynamics with boundary conditions

e In the case where the Langevin dynamic is driven by a Poisson point process and
general diffusive-reflective boundary condition are modeled: Costantini 1991,
Costantini and Kurtz 2006.

e Bertoin 2007,2008: Case of an absorbing wall: existence and uniqueness of a
Markov process solution to

t
xt:X0+/ Us ds,
0
Ur=Up+B:— > U-Tx_q}
0<s<t
for (Bt; t > 0) a R-Brownian motion.

e Jacob 2012, 2013: Case of a partially absorbing wall:

t
Xt:X0+/ USdS7
0

Ur=Up+B:—(1+¢c) > U-lix_g,0<c<1
0<s<t

Two critical levels:

— Non-sticky case: If ¢ > exp(—n/\/g) then lim, 7, = o0 a.s.;

— Sticky case: If ¢ < exp(—7/+/3) then lim, 7, < co a.s. (< the process (X;, Ur)
has to be resurrected after each time it hits (0, 0)).
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Boundary conditions for Langevin dynamics

Other wellposedness results for Langevin dynamics with boundary conditions

o J. and Profeta 2019: Case of a Langevin dynamic driven by a stable Levy process
with reflective-diffusive boundary condition:

t
xt=x0+/ Us ds,
0
Ue=Uo+Le+ > (1= Ba)(0"Ma = U_-) = Bal + €U, ) (1<),
2 . ;
Tn = inf{t > 7,—1; X¢ =0}, 70 =0,

where 0<c<1,0<60<1,

o (Lt; t > 0)is a (strictly) a-stable Lévy process (i.e. cL —a, 4 L), with scaling
parameter o € (0, 2] and positivity parameter

1 1
p=P(L; >0)= E-l—— arctan(B tan(ra/2)) (< (|Lt|; t > 0) is not a subordinator),
T
o the sequences (n, n > 1) and (Mp, n > 1) are independent random variables, with

finite moment of order «, also independent from (Xo, Up) and (L¢, t > 0), such that
- the random variables {3,, n > 1} are i.i.d. Bernoulli r.v.'s with parameter

p = ]P(Bl = 1),
- the random variables {M,, n > 1} are i.i.d., non-negative and such that
P(M; =0) =0.

Main difficulty: No explicit expression for the distribution of {r,, n > 1}.
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Boundary conditions for Langevin dynamics

Langevin models driven by stable Lévy process and diffusive-reflective boundary conditions.

Wall effect: For all n,
—cU_- if Bn =1, (Velocity damping),

Ur, =AU, + U - —{
Tn 0"M, if B, = 0, (Wall heating effect).

e The case p =1 (i.e. B, = 1) is the situation where the wall is partially absorbing

(similar to Jacob 2012, 2013, where a critical occurs at ¢ = exp{—=n/+/3}). The case

p =20 (i.e. Bn =0) is the (totally) diffusive situation issued the particular case of

Maxwell boundary conditions: case of Maxwell boundary conditions. Particular case:

0 =1 and (M,,n > 1) is distributed according to a Maxwellian distribution of the

form:
v|?

v .
6exp{—|2—@} 1450} with © > 0.

e The term 6" enables to balance the effects of the reflective and diffusive boundary
conditions, softening (when 6 < 1) or increasing (0 > 1) the heat transfer from the
wall to the particle. In particular 6" allows to exhibit different asymptotic regimes for
the sequence (7, n > 1).
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Boundary conditions for Langevin dynamics

Theorem

Assume that Xo = 0 and Up > 0 with Ug§* integrable. Set Toc = lim, 7, Then we have
the following situations:

o Ifp=1, then Too < 00 P — a.s. if and only if ¢ < c¢y = exp (—m cot (7y)). In
particular, for 0 < A < 1,

E[rd] < 400 <= {c < Cerie and ¢ E [\Zl\‘v‘] < 1}.

e If p=0, then Too < 00 P — a.s. ifand only if 0 < 1. In particular, for 0 < A <1,

1—
E[rd] < +o0 = {9<land)\< p}
14+ ap

e If0<p<1, then Too < oo PP — as. if and only if 0 < 1. In particular, for
0<A<l,

E[rd] < 400 = {6 <1 and c® E [|Z1|"‘>‘] p < 1}.

Other results:
e Estimate on the rate of divergence lim, 7, = oo;
o Related trace problem for § = 1; ...
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Boundary conditions for Langevin dynamics

A particular application of Langevin dynamic in turbulent fluid flow.

Lagrangian stochastic model for the simulation of turbulent flows: Introduced in
the eighties, this class of stochastic process aim to provide a stochastic model
describing the evolution of a generic fluid particle issued from a turbulent flow (see
e.g. Minier and Peirano 2001, Pope 2003).

Generic model:

dX: =U: dt, particle position,
dUt :B(t, Xt, E[Ut | Xt]) dt + O'(t, Xt, E[Ut ‘ Xt], E[Ut ® Ut | Xt]) th, particle velocity,
for (W;) a standard R9— Brownian motions. The coefficient B et o are linked with a

turbulence model.
Link with the macroscopic quantities: For p(t, x, u) the density function of (X:, Ut),

p(t,x) == / p(t, x, u) du < o(t, x), mass density,
R4

E[U] | Xe = x] > (UD)(¢, %),

and, more generally,

Jpa g(u)p(t, x, u) du
Jra p(t, X, u) du

Elg(Ur) | Xe = x] = < (g(U))(t;x).
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Boundary conditions for Langevin dynamics

General applications: Simulation of isotropic turbulent flows (Pope 2001),
turbulent-reactive flows (Minier—Peirano 2001); Filtering of meteorological datas
(Baehr 2008); ...

Boundary constraints: Wall bounded flows (Dreeben and Pope 1997); Stochastic
methods for downscaling in Computational Fluid Dynamics (Bernardin et al. 2010,
Bossy et al. 2016, INRIA TOSCA Team, ADEME and LMD 2004-2011, INRIA
TOSCA Team and INRIA Chile 2012-2015); ...

Generic boundary condition: For D the fluid domain with smooth boundary 9D, the
boundary conditions for Lagrangian systems are of the type: Given a field V,

(UY(t,x) = V(t,x) on (0, T) x 9D.

Prototypical case: We aim to construct D x R9-valued lagrangian system
(Xt, % )o<i< T satisfying the mean no-permeability condition

(NP) ((U)(t,x) - np(x)) =0, on (0, T) x dD.
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Boundary conditions for Langevin dynamics

Reformulation

Assuming that the lagrangian distribution p(t, x, u) admits a trace v(p)(t, x, u) along
the frontier Y1 = (0, T) x 0D x RY,

J (u-np(x))v(p)(t, x, u) du
S (p)(t,x,u) du

(NP) & =0, for (t,x) € (0, T) x 9D,
Sufficient conditions for (NP): For (t,x) € (0, T) x 8D,

() [, mp(Dho)(ex.u)du < 4o,

(if) /Rd Y(p)(t, x,u) du > 0,

(iit) A(p)(t,x, 1) = ¥(p) (£, x, u = 2(u - np(x))np (),
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Boundary conditions for Langevin dynamics

Coming back to the initial model
t

Xt = Xo + / Us dS,
0

t
Ur = Up +0'Wt+/ E[b(Us) | Xs] ds + K,
0

Ke= -2 Z (Us— - np(Xs)) np(Xs) L x,comy
0<s<t

our aim in Bossy and J. 2011, 2015, was to show that
o there exists a unique weak solution (X¢, Us; t € [0, T]) to the SDE,

o and show that this solution admits a trace function v¥(p) satisfying the specular
boundary condition

Y ()t x, u) =7 F(p)(t, x, u = 2(u - np(x))np(x)) sur ¥ 7,

and the mean no-permeability condition:

(NP) < f(” np(x))v(p)(t, x, u) du

[ A(p)(t,x, u) du =0, for (t,x) € (0, T) x 9D.
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Wellposedness result for Lagrangian dynamics

The one dimensional case: (b # 0)

Proposition

Assuming supp(po) C (0,00) X R, po(dx, du) = po(x, u) dxdu and b : (0,00) x R =+ R
is Borel measurable and bounded. Then there exist a unique solution to

t
xt:x0+/ Us ds,
0
t
U = Ug +/ E[b(Us)| Xs]ds + Ws —2 > U,~Ti(x._q},
© 0<s<t

In addition, for all t, the distribution (X:, Ut) admits a density function p(t, x, u) such
for a.e. (t,u), x — p(t,x, u) is continuous in [0,00) and satisfies the one-dimensional
specular boundary condition:

p(tv 07 U) = p(tz 07 7”)'
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Wellposedness result for Lagrangian dynamics

Sketch of the proof:
o For the existence part: Introducing

t
x;:xo+/ U ds,
0

t € €
de * (bp©) (s, X)
U= U+ | 2P 225 s 4wy — 2 U, Tix.—o,
‘ o dex(p9) (5, XS) Esg s =0
where x denotes the convolution product, {¢c; € > 0} is a family of C2°-mollifiers on
(0,00) x R, we show that, as ¢ — 0,

(X6, US te [0, T]) 22 (X, Uss t € [0, T]),
and, for all t > 0,
pe(t) = p(t)in L1((0,00) x R).
o For the uniqueness part: PDE analysis.
o For the trace problem and (NP): Continuity on (0, T) X [0,00) X R and moment
estimate and positiveness estimate of p.
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Wellposedness result for Lagrangian dynamics

The multi-dimensional case:
t
Xt = Xo + / US dS7
0
t
Ur = Up +/ E[b(Us) | Xs] ds + Wi + Ki,
0

Ke=-2 Y (U,- (X)) np(Xs) L g x ¢ opy» VEED, T,
0<s<t

where (W;; t € [0, T]) is a RY-Brownian motion. Hereafter, we will assume that
(A1) supp(po) C D x R? and po(dx, du) = po(x, u)dxdu,

(A2) D is bounded and its boundary 8D is a compact C3 submanifold of RY.

Langevin dynamics with boundary conditions.



Wellposedness result for Lagrangian dynamics

o For the existence and trace problem:
— Preliminary study of the case b = 0 and its semi-group (S¢; t € [0, T]),
— For the general, preliminary well-posedness result for the related nonlinear
Fokker-Planck equation: For Q7 := (0, T) x D x RY
o2

Bep(t, x, u) + (u- Vp(t, x,u) + Vu - (pBli p]) = — Bup(t, x, u) = 0 on Qr,

p(0,x, u) = po(x,u) on D xRY,

77 (p)(t, X, u) = v (p)(t, x,u = 2(u - np(x))np(x)) on X7,

(1)

where
/ b(v)y(t,x, v)dv
Rd
Blx; 4] = /]Rd P(t, x, v)dv

0 otherwise.

whenever / P(t, x,v)dv # 0,
Rd

— Construction of a stochastic process whose marginal distributions are given by p.

e For the uniqueness problem: As in the one-dimensional case, uniqueness of a solution
will obtained by means of mild equations and regularity property of (S;; t € [0, T]).

Langevin dynamics with boundary conditions.



Wellposedness result for Lagrangian dynamics

Case b =0:

Lemma

Under (A1) and (Az), there exists a unique solution to

t
Yt:X0+/ Vs ds,
0
Vi = Up + W; + K,

Ke=—=2 > (V- np(Ye)) np(Ys) Ly, ¢ gpy. VEED, T].
0<s<t

In addition, (Y, Vt; t € [0, T]) is a strong Markov process and the sequence
{mn; n € N} grows to T.

Elements of proof: Using a a family of local charts {U4;,%;}i=1,...,m for D and local
straightening of the form (¢;(X¢), (Ut - Vx)¢i; t € [0, T]), we are reduced to
one-dimensional confined Langevin model. Hence each excursions of the

(Xe, U; t €0, T]) in U; x RY can be constructed by "hand".

Langevin dynamics with boundary conditions.




Wellposedness result for Lagrangian dynamics

Related semi-group:

Lemma

For all ¢ € Cc(D x RY) non-negative,
Se()(x,u) = E [p(Y4, V)] .
is a function in C([0, T]; L2(D x R?)) N L2((0, T) x D; H*(R9)) and satisfies, in the
sense of distribution, the pde
AeSe () (x, u) — (u - VxSe()((t, x, u)) — %Aust(w)((t,x, u)=0 on Qr,
St=0(¥)(x,u) = P(x,u), on D X RY,
YF(Se(¥)) (x, u) = 77 (Se(¥))(x, u = 2(u - np(x))np(x)) on TF.

In this addition,

||5t(¢')Hi2('D><Rd) + ||Vu5t(¢)||i2(Qt) = W’”iz(pde)-

J.-F. Jabir Hangesinfdynamicafmith|bountarylcanditions)



Wellposedness result for Lagrangian dynamics

For the non-linear Fokker-Planck equation, in addition to (A1), (A2) we will assume
that

(A3) b:RYI = Ris Borel-measurable and bounded with upper-bound ||b|| =,

(A4) there exists Py, Pg : RY — (0, 00) such that

Py(u) < po(x, u) < Po(u), (x,u) € D x R,

/]Rd w(u)Po(u) du < oo, Py(u) > 0,

for w(u) = (1 + [u[2)2, > d + 2.
We further introduce the weighted space:

L3(w; D x RY) = {f DX RTR| / w(w)|F(t, x, u))? dxdu < oo}
D xR

V(w; Qr) = {f € (o, TJ: L3(w; D x RY)) |

/ w(u) (|F(t, x, u)|? + |Vuf(t, x, u)\z) dtdxdu < oo} ,
QT

L2(w; Z:}:) = {f : 2:7‘5 —R| /):i [(u - npC)|IF(E, x, u)|? dtdop(x)du < oo}

Langevin dynamics with boundary conditions.



Wellposedness result for Lagrangian dynamics

Proposition

Assume that (A1), (A2), (A3) and (As) hold true. Then there exists a unique weak
solution p € V(w; QT) to (1):
Orp(t,x,u) + (u- Vxp(t,x,u))+ V- B[.;plp— %Aup(t,x, u) =0 on Qr,
p(0,x, u) = po(x,u) on D x R,
v (p)(t, x, u) = vF(p)(t, x,u — 2(u - np(x))np(x)) on X7
Moreover we have the following bounds:

P<p<P, onQr,
P <~y%(p) <P, onxF,

_ _ _ 1 o 1 =
P(t,u) = e (Gt * P (u)) , P(t,u) = e* (Gt *Eou(u)>

where G; is the centered Gaussian density function with variance t, and where
T, i1, 3, a are constants depending only on d, T and ||b]| .

Langevin dynamics with boundary conditions.



Wellposedness result for Lagrangian dynamics

Coming back to the stochastic model:
t
Xt:X0+/ Us ds,
0
t
Ut = Uo + / E[b(Us) | Xs] ds + W + K,
0

Ki= > 2(U,~ - np(Xs))np(Xs)lx,com)
0<s<t

o Existence result: Construction of a Langevin model (X¢, Us; t € [0, T]) whose
density functions are given by the solution to (1).

o Uniqueness is ensured by the PDE and the fact that the uniqueness of the time
marginal distributions (L(X¢, Ut); 0 < t < T) ensures the uniqueness of the law of the
paths, (L((Xt, Ut); 0 <t < T).

o The trace problem is already solved by the PDE approach and the Maxwellian
bounds .
P<~E(p) <P, onXF,

ensure that the no-permeability condition is satisfied.

Langevin dynamics with boundary conditions.



Wellposedness result for Lagrangian dynamics

Theorem (Main result)

Assume (A1), (A2), (A3) and (As). Then there exists a unique solution to
t
Xt =X0+/ Us ds,
0

Ut

t
Up + Wi +/ B[Xs: p(s)] ds + Ke,

Ki==2 > (U~ np(Xs)) np(Xs)l (x,com3-
0<s<t

In addition, for all t, the law of (X, U:) admits a density function p(t), and related
trace functions which satisfies the specular boundary condition as well as the mean
no-permeability condition.

Langevin dynamics with boundary conditions.



Wellposedness result for Lagrangian dynamics

Numerical approximation of one-dimensional Langevin dynamic with specular boundary condition.

Discrete time prediction-correction scheme: Bossy, J. and Maftei 2017, Maftei's
PhD thesis 2017: Given [0, T) = L_J,'-7:()I:t',‘7 1.‘,'+1), tiy1 —t =

Y. = Xt + (tiz1 — ti) Uy, (Prediction),
Xty = |Y¢;,,|(Correction),
Discrete time of collision to the wall in the time interval (t;, tj11]:

Xt . Xe.
t— 2y <t — 25 <t
0; = t; Utf

t; otherwise.

Velocity update:
o If 0; & (t;, ti+1]. no collision occurs and

Ut :Uti + b(yti,Ut’-)h-i-O' (Wt — th.) .

i+1
o If 0; € (t;, tir1], a collision takes in the interval (t;, t;+1] and

U: = Ut,- + b(yt,-,Ut,-)(ei —t)+o (We - Wt,') )

i+1

Ut,-ﬂ = —UO; + b(X¢;, Uy )(tiv1 — 0;) + o (Wey — We,) -

Langevin dynamics with boundary conditi



Perspectives and current works

Numerical approximation of one-dimensional Langevin dynamic with specular boundary condition.

Current work: Numerical approximation of one-dimensional Langevin dynamic with
specular boundary condition.

Assumptions: (D = RI~1 x (0, 00))

e The initial distribution pg of (Xo, Up) admits a bounded density (w.r.t. Lebesgue
measure) function, has finite second moments, its support is included in D X RY, and
there exists eg > 0 such that

inf{x € D : (x,u) € supp(uo) for allu € RY}
inf{u € R9u >0 : (x,u) € supp(uo)for allx € D, uld}

< —e€p.

e The drift function b: RY x R — R is continuously differentiable, with bounded and
Lipschitz continuous derivatives.
e For all x € D, u s bd(x, u) is an odd function with respect to the dth

component of u, u— b (x,u) = (bW (x,u), ", bld=1)(x, u)) are odd functions with
respect to the dth component of u.

Theorem (Weak error estimate)

Under the above assumptions, for all 0 < T < oo, F : RY x R? — R continuously
differentiable with compact support,

EIF(Xr, Ur)] - BIF(X7, Up)l| < T

Langevin dynamics with boundary conditions.



Perspectives and current works

Numerical approximation of one-dimensional Langevin dynamic with specular boundary condition.

e Alternative discrete time scheme: Penalization method (similar to Paoli and
Schatzman 1993):

t
Xﬁ:x0+/ U2 ds,
0

t t H X)\ 0
ut*:uo+/ b(s,Xs’\,Us)‘)ds-&-Wt—/ %
0 0

ds.

Discrete Time penalization approximation for reflected diffusion: Slominski 2001,
2012.

Open problems: Weak/strong consistent of the approximation, with explicit rate of
convergence, and its related Euler-Maruyama scheme (work in progress with A.
Likhoedenko).

Langevin dynamics with boundary conditions.
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Current works and perspectives

e Reducing the regularity property on the confinement domain: The aim is here to
recover the general assumption of Tanaka 1979, Saisho 1987, ...

Application: Modeling of N hard-spheres Brownian motions (Saisho and Tanaka
1983). In the case where

D={(x1,...,xn) ER” x --- x R"such thatVi,j, |x — x;| >3},

the Skorokhod model describes a model of N hard-spheres Brownian motions.
Corresponding Langevin dynamic: Stochastic particle system with elastic collisions:

. . t .
XM= x5+ [ Uias,
0

. . t ) . t ) . . .
Uit = Uj + / b(s, XN, URNY ds + / o(s, XN, UNYdBL + KN
0 0

N
PN =— j j LN Ny L i) pid
= Z Z H{‘X;’N*Xé’,v\:ts} ((US* Us*) Ns )ns )

j=10<s<t
i\N J,N

pid = X =X
t T iN JN
IXt7 _Xt’ |
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Thank you for your attention.
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