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dpi(x) = (A (x) + alpy(x))) dt, ¢t >0,
(pO(x) =X,
where x e R, 1>0.

If a is Lip with constant L, then

lps(x) — ps()] < eLa Dl —y).
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Introduction
One-dimensional case
Multidimensional case

dpi(x) = (Ap(x) + alp(x))) dt, ¢ >0,
po(x) = x,
Suppose a(x)=+1, x=0, a(x)=-1, x<O0.
«— —>
] >

Then it is easily seen that there is no convergence, i.e.

lpe(x) — ()| = 0, t — oo.
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{ d(x) = (—A9:(x) + alpy(x) + B@:(x))) dt + o(py(x)dwy, t >0,

po(x) =x,
(1)

where x eR, 1 >0, (w(#));=0 is a Wiener process.

(A1) (conditions on a) a is bounded, measurable and has compact
support on R;
(A2) (Lipschitz continuity of B) there exists L >0 such that for all
x,y€R,
|B(x) — Byl < Lglx —yl;
(A3) (Lipschitz continuity of o) there exists L, >0 such that for all
x,y€R,
lo(x)—o(y) < Lglx—yl;
(A4) (boundedness from below of o) there exist ¢s >0 such that for
all xeR, 02(x) = ¢,
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Theorem

Let conditions (A1)-(A4) hold. Then there exists A >0 such that
VA>A3IC),>0,c)>0Vet=0:

E(py(x) — ()% < Cplx — y)Pe 4,

where @i(x) is a solution to equation (1) starting at the point x.

Remark

Under the conditions (Al)-(A4) there exists a unique strong
solution to equation (1). This result follows from [Zvonkin, 1974].
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Proof

Let 6 be such that N

c
ﬁ > || loo,

where ||alloo = sup,ep la(x)|. Define a function y such that

Y(®) = | @lloo, X > 8; Y(x) = —|l&lleo, X <—5; y(x) is linear on [-§,65].

Equation (1) can be rewritten as follows:

di(x) = [-Ap(x) + (a(@s(x)) — Y(@1(x))) + Bl(x)) + Yy (x))| dt+
o(ps(x))dws,t =0,
po(x) = x.
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Proof

Define

s(x)=fxexp{—2fywdz}dy, xeR.
0 0

02(2)

Then for all x € R there exists

s'(x) = exp{—2[x Mdz}.
0

02(2)

Besides, the second derivative

) = 2050 eXp{—2fx Mdz}
0

o2(x) 02(2)

is defined for almost all x w.r.t. Lebesgue measure.
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For all x,y e R,

where

Llx—yl <ls(x)—s(y) < Lilx—yl,

L :exp{i2f

® |a(z)—y(2)I

o0

dz,

72(@) z}
and L; <|s'llo<L}.

Moreover, |s'(x)—s'(y)| < Ly|x —y|, where

L. :2||7—allooL;,_
Co
Since s(R)=R and s'(x) >0, xeR, = s 1], I s 1(x), x€R, and for
all x,yeR,
1
LY

- _ 1
=yl <ls™ @) -7 ) = =lx —yl.
L
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Proof

Using Itd's formula we get

1
ds(@i(x)) = s'(p(x))d @y (x) + 58"(<pt(x))02(<pt(x))d t=

5" (@[ Ae(x) + Blr() + Y (e (DIt + 8" (1 ()0 (o)) dwy.
(2)

Put Y;(x) = s(@¢(x)). Then equation (2) can be rewritten as follows

dY(x) = s'(s 1Y) -As~ 1Yy (x)) + Bls LY (x)))+
y(s LY (x))dt +s' (s Y (x)))o(s LY i(x)))dw;.

If we prove the estimate for E(Y;(x)—Y;(y))? then we get the
statement of the theorem.
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Proof

Applying 1t§ formula we obtain

d(Y,(x) - Yi(y))* =
2Y,(0)-Yi ()4 [s/ (s~ Fulo)s ™ (¥ulw) - 56T Velys (V)] +
[s'(s™ X Bls T (Ve@) = 8'(s T V(s T (VelyI)] +
[/ (oM (s~ (Va@) - ' Xulyy(s (V)] )+

(Is"(s " (Y @))o (s 1Yy (x)) — s'(s LY (yo(s  (Xo(y)) dit+
2(Y3(0)-Y:(0))(s' (s 1Yo (s T V()-8 (s L (Ye(y))o(s H(Yely)) dws.
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For all x e R,
(' s @) = (—2(Y(”) _adu)
Proof. We have

o2@) u+ 1)

> 1/2.
u=s"1(x)

(s"(s Hx)s ) = (

sll(u)
,—u +1 =
S (U) u=s"1(x)

2 —
( (Y(u; a(u))u+1)
o4(u) u=s"1(x)
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Proof

If lu| =
Z(Y(u;— a(u)) 121> 1
o“(u) 2

If |lu|l =6,
2(y(w) — a(u)) 1= 2(sgnullalloo —a(u))u 151> 1
o2(u) o%(u) 2
If 0<u <8, the condition

2(y(u) — a(u)) 1

—()'2(u) u+l1l> 5

is equivalent to 4(y(u) — a(w))u + o2(w)>0 or
o%(u)
4u '

a(u) < y(u)+

Since allo < 75 we get a(u) < [ alloo < 35 Sy(u)+ o (u).
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Proof

Lemma

The function s'(s 1(x))B(s 1(x)) : R — R satisfies a Lipschitz
condition with constant (L | Blleo+LgL3)/L5 .

Lemma

The function s’(s_l(x))y(s_l(x)) :R — R satisfies a Lipschitz
condition with constant (L |Ylleo+LyL{)/Lj.

Lemma

The function s'(s 1(x))o(s X(x)) : R — R satisfies a Lipschitz
condition with constant (Ly |0 lleo + Lo L¥)/L7.
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Let us return to the proof of Theorem. By the mean value theorem

for each ¢ >0 there exists 0; € [Y;(x) A Yi(y),Y:(x) v Y:(y)] such that

2(y(u) — a(w))

s'(sTHYr)))s T Y (x) — 8" (s LY (y))s L (Yi(y)) =
o2(u)

+ 1) (Yi(x) = Yi(y)).
u=s"1(0,)
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Proof

From Lemmas and [t6's formula we obtain

eM(Yi(x) - Yi())? < (s(x) — s(y)?+
A f ’1”(1 2(2(y(v) av))

a2(v)

v + 1)) (Y, (x) = Yy (»))2du+
v=s"1(0,)

H[ MY, (x) = Yu())Pdu+M,, t=0,
0

where

17 Lo(lBlo + 17llo) +Li(Lg+Ly) . (Ls/ lolloo + Lo L} )2
- L; L; ’
t
M; :2[0 e[/ (s (Y, () (s (Y, ()5 (s Yy (s LY, (y)]x

(Yy (%) = Yu(y))dwy.
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Proof

Taking the expectation we obtain

Ee™(Y3(x) - Yi(»)? = (s(x) — s(y)* + H fo B (¥, (x) - Y. (y)?du.
The Grénwall-Bellman inequality gives us
EeM(Yi(x) - Yi())? < (s(x) — s(y))2eft,t = 0.
Multiplying the both sides of this inequality by e=**. We obtain
E(Y4(x) - Yi(3)? < (s(x) — s(y))?eH M £ > 0.

Put A=H. Then for all A> A, H-1<0. Since Y;(x) = s(p:(x)),

E(@:(x) — @y(y))% < (x— y)2eHMt 450,

(L3)?

Setting Cy = (L Tr and ¢y = A —H we get the statement of Theorem.
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Consider a d-dimensional SDE

dpi(x) = (—Ape(x) + alpe(x)) dt + Y op(@i(x))dwy(2),t =0,
k=1

po(x) =x,

where x = (x1,..., %) e R?, 1 >0, W(t))sz0 = W1(1),...,wm(t))=0 is
a standard m-dimensional Wiener process, a : R% — R? and
0=(01,...,0m):R? - R? x R™ are measurable functions.

Denote
S={x€|Rd:xd=0},

R ={xeR?:2?>0}, R?={xeR?:x%<0).
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Conditions on coefficient a

(A1) The function a is bounded.

(A2) Lipschitz continuity on R%: There exists K, >0 such that for
all x,yEIR‘i or x,y € RZ,

|a(x) - a(y)| < Kalx - y.
It follows from (A2) that for all X € S, there exist limits

a(%):= lim a(x),a_(%) := lim a(x).

xeR? xeR?
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Conditions on coefficient o

(B1) The function o is bounded.

(B2) Lipschitz continuity on R%: There exists K, >0 such that for
all x,yeR?,

lo(x) - o) < Kglx - yl.
(B3) Uniform ellipticity: There exists a constant By >0 such that
for all xeR?, O e RY,

0*a(x)a*(x)0 = B,10/>.
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Under these assumptions there exists a unique strong solution to
(3). This result follows from [Veretennikov, 1981].

Remark

Note that since o is uniformly elliptic, the solution to equation (3)
spends zero time on S. So we can redefine the function @ on S in
an arbitrary way.
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Theorem 1

Let A >0 and conditions (A1), (A2), (B1), (B2), (B3) hold. Then
A =A(a,0)>0VA>A I C1=C:1(A,a,0)>0
3Cy =Co(A,a,0)>0: Vx,y € R?, and

Elg:(y) — @s(x)| < Cre~ |y — . (4)

Here ¢:(x) is a solution to equation (3) starting at the point x.
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p>0,

It can be checked (see [Aryasova & Pilipenko, 2017]) that for all
P{Vt>0 o) EW
and for x,y € R%

p loc

R4, R} =1,

1
0u(3) — 9u(x) fo (Vepula +E(y— ),y — x)dE,

Elp(y)—p:(x)| <

EI(th(x+£(y —x)), y—x)|d¢ < |y—x|-sup BV, (2)l.
z€R?
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Proof

If a,(x)=a_(x),x€eS, then Yi(x):= Veu(x) is a solution to the SDE

dY(x) = [-A+ Valp, ()Y y(x)dt + ) Vor(@(x)Yy(x)dwp(t),t =0,
k=1

Yo(x)=E,

where E is a d x d-identity matrix. This formula is well known
when a,0 € CLR?). For Lipschitz continuous functions a and o the
result can be found in [Bouleau & Hirsch, 2010], Th. 3.3.1.
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Proof

If ai(x)#a_(x),x €S, then the distributional derivative of « is
equal to
Va(x)+D(x)5g,x € RY,

where §g is the standard surface measure on S,
0 - 0 alx)-alx)
Dx)=1: .. : , x€S.
0 -+ 0 a%(x)-ax)

¢
Yi(x)=FE +f [-A+ Valps(e)]Ys(x)ds+
0

t m t
fo Do ()Y, (0)85(gs(x)ds + Y fo Vb (s Y () dwi(s).
k=1
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Proof

By t
fo D(s ()Y ()55 (s(x))ds

we mean the integral
fo ' Digs YL () = fo Dl Yy dLAp @),
We obtain [Aryasova & Pilipenko, 2017]
Yi(x)=E + fot[—/l + Va(ps ()Y (x)ds+

t m t
fo D(@s ()Y, dLAp )+ Y fo Vi (@s(@)Ys(0)dwp(s),
k=1

where
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: 11t
L3 (p(x)) L°(¢d(x))=1-;1151-— f Ljpy),eq)1<eds =

where ez =(0,0

L 25[ Logionseds:
0,1). The existence and uniqueness of the
solution follows from [Protter, 2004], Ch. V, Th. 7
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Define

where

h(t) = (21— 2K, — K2)t - 2|D|LY(p% (x)),

K, :=ess sup|Va(x)|,K; :=ess sup|Va(x)|
xeRd

xeRd
Do = sup|D(x)].

xeS

For all T >0,

sup Ee"®|Y,(x)1? <d.
te[0,T1]
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By the Holder inequality

1/2 1/2
]EIYt(x)Is(]Eeh(t)IYt(x)Iz) (Ee—hm) <

a2 e(—),+Ka+%K§)t (Ee2lDlL‘3(<pd(x)))1/2_
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Proof

The process (¢:(x));=0 is a multidimensional semimartingale,

t
LAp% ) = 20 ()" — 2" -2 f L00d9? (@), ¢ 20.

It is also local time and (see [Revuz & Yor, 1999], Ch. VI, Corollary
(1.9) and Th. (1.7))

=~ 1 1t
0¢,,d —1; d d —
Lt((p ()= 1811%1 28.[0 ﬂ‘ﬂg(x)56d<(ﬂ (x),<p () =

1 [t d \
=lim— | 1 d d
8111‘(1)1 2¢ Jo <p‘si(x)SEkZZ:1 (Uk((ps(x))) s

L% (x)) < <z LO((pd(x))
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We get

sup < Cle_c“’t
xeR?
holds. Hence,

Elpy(y) — @i(x)] < Cre” 2|y —x|.
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Thank you
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