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Résumé

On présente d’abord un critére de convergence vers le processus de
Wiener a parametre v-dimensionnel, pour v > 1. Puis on ’applique pour
montrer qu'un champ aléatoire différence de martingales sur ZZ" satisfait
un principe d’invariance.

Abstract

A convergence criterium to the multi-parameter Wiener process is
proved. Then, it is used to establish that a martingale-difference ran-
dom field on the lattice satisfies an invariance principle.
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1 Introduction

In this paper we are interested in functional central limit theorem, in a other
words invariance principle, for martingale-difference random fields on the lattice
7ZZ". In [4], various examples of martingale-difference random fields have been
described. A particularly important class of such fields consists in Gibbsian
fields with supereven potential.

A central limit theorem for martingale-difference random fields was first
shown in [3], and then generalised to a 1-dimensional functional theorem in
[5]. We present here a complete multi-dimensional invariance principle, which is
proved owing to a convergence criterium for random fields to multi-parameter
Wiener process presented in the next Section.

2 A convergence criterium to the multiparame-
ter Wiener process

NOTATIONS

Let T" be the v-fold Cartesian product of the closed unit interval [0, 1], for
v > 1. We consider on T the usual order: for s,t € T", s = (s(1),...,5*)),
t = (tM .. tW) we write s < t (or s < t) if sO) < @) (or s() < ) 4 =
1,...,v. For t1,t2 € TV t; < tg, we will denote by (ty,t2] the v-dimensional
interval {s € T":t; < s < to} which is often called a block. In other words

v

(t1,ta] = [T (11,457

i=1

We also denote for t € T, [t| = max;<;<, [t?].

C, is the set of all continuous functions on T” endowed with the uniform
metric.

Following the terminology of [1], we call a function z: T — IR a step func-
tion, if  is a linear combination of functions of the form:

t— IE1><~~~><E,,(t) )

where each Ej is either a left-closed, right-open subinterval of [0, 1], or the
singleton {1} and I denotes the indicator of the set E. Let D, be the uniform
closure, in the space of all bounded functions from T" to IR, of the vector
subspace of step functions. Then the functions of D, are a multi-dimensional
version of “cad-lag” functions.

One introduces on D, a metric topology (which coincides with Skorohod
topology if v = 1) for which the space D, is a complete separable metric space
and the Borel o-algebra coincides with the o-algebra generated by the coordinate
mappings (see [6], [2]).

We define the modulus of continuity of an element x € D, by

wy(0) = w(z,d) = sup{|z(t) — z(s)|: t,s € T",|s — t| < 6} ,0 > 0.

If {X(t),t € T"} is a stochastic process then the increment X (B) of X



around a block B = (s, t] C T" is defined by

X(B) = Z (—1)”72::1 aiX(s(l)—i—al (t(l)—s(l)), I ORI (t(V)—S(V))).

Let B = (5,1],8, € T"! be a fixed block in T#~1. If (s,t] C [0,1], then
evidently (s,t] x B is a block in T". R
For h > 0 we will denote by A,y the block (¢, + h] x B.

Figure 1: The weak past o-algebra

We recall that a stochastic process {W(t),t € T"} is called a v-parameter
Wiener process if

1) PW e Cy) =1, P(W(t) = 0) =1 for each t € T%, where T = {t €
TV:31 < j < v such that tU) = 0} is the “lower boundary” of T”.

2) If By,...,By are pairwise disjoint blocks in T%, then the increments
W(Bi),...,W(By) are independent normal random variables with means zero
and variances |B1l,...,|Bg|, where |B| denotes the v-dimensional volume of a
block B from T*.

For t € T we define the “weak past” of t by
T (t) = {s € T":31 < j < v such that s < ¢}

and put
F(t) = J{X(u),u € TV (t)}.

Now we can formulate conditions, which will characterize a random element
X of D, as a v-parameter Wiener process.

Condition 1. For t € [0,1), B = (3,{] ¢ T*~!

a) limy o £ E{|E(X (Aeern)/F(t,3))|} =0,



b) limy o £ E{|E(X?(Ar4n)/F(t,8)) — h|B||} = 0.
Condition 2.

sup E{X%(t)} < 400
teTv

Condition 3. For 0 <t <1
1
lim lim sup f/ X2(Am+h)dP =0
a=oo pio b x2(a, ) >an

The following Theorems 1 and 2 are multidimensional extensions of Theo-
rems 19.3 and 19.4 of [2] respectively.

Theorem 1 Let X be a random element of D, with P(X € C,) = 1 and
P(X(t) = 0) = 1for each t € T%. If X satisfies conditions 1-3 then X is a
v-parameter Wiener process.

Proof : Let B, By, ..., By, be the following family of disjoint blocks in T"
: B = (S,t] X E,Bj = (Sj,tj] X Bj, where B = (§,ﬂ,Bj = (§j,£j] C TV_I,j =
1,..., k. Without loss of generality (by reordering the blocks) we can assume
that Bj Cc T ((s,8)),j=1,...,k. We suppose that t < 1.

Let A1,..., A\x be real numbers and let
Z=MXB1)+ -+ MX(Bg)
Consider the characteristic functional defined for A € IR,s <t < 1 by
(1) Y(t,\) = E{exp[iZ +iAX((s,t] x B)]}.

We want to show that v satisfies the following differential equation :

0 1,5
() £t ) =~ NIBIY(E ).
It is clear that for h > 0, t + h <1,

X((s,t+h] x B) = X((s,t] x B) + X((t,t + h] x B) .

We have that
0+ 1 N) = ()]

= 2 F {exp[iZ + AX(B)] [expl(iAX (D)) — 1]}

- %E {exp[iZ +iAX(B)] - [iAX(Apu4n) — %XQ(At,Hh) +r(AX (Arstn))]}

where 7 is the remaining term in the expansion of the exponential function.
This implies that

! [t + 7, A) = p(t, \)] + %A2|B|w(t, A)

h
o i\ A1,
= E{exp(iZ +iAX(B)) [ﬁX(At,t-&-h) + ?(|B\ -5 (Arien))+
1
+hr()\X(At,t+h))]}
=V, + Uy 4+ U5



where

v, — %E{exp[iz—i—i)xX(B)]X(At,tJrh)}?
Wy = 3 {expliZ + NX(B) - (BB - X2(A )]}
U, = %E{exp[iz +iAX(B)] - r(AX (A1)},

Let us estimate ;. We have

0 < P8 fexp(iz 4+ X (B) BOX (A1) /(0 3))

%E {|BIX(Avin) [ F (9]}

Hence by Condition 1 a) ¥, tends to 0 as h | 0.
Concerning ¥y we can write

IN

A2 - 2 .
0o < SE{|BbB| = X2(Awarn)/F (25| |
A2 - 2 .
= S-E{|nIBI = EIX*(Avarn)/F (2, 5))| |
which tends to 0 as h | 0, by Condition 1 b).
To estimate W3 we note that

Ir(v)] < v3  and [r(v)] < v2.
Therefore
1
W3] < EE{‘T()‘X(At,t-&-h))H

1 A2
<5/ PP )P+ 5 [ X2(Agpn)dP
h X2(Ayqn)<ah h X2(Agopn)>ah

)\2
< pravene s f XAy )P
XQ(At7t+h)Zah

By Condition 3 we conclude that W3 tends to 0 as h | 0.
Thus we have proved that v satisfies the differential equation (2) in the
domain : A € IR, s <t < 1. This implies that, in this domain,

Wt ) = exp[—%ﬂf}\(t — )]s, N -

Since
P(s,A) = E{exp(iZ)}
it follows that .
Y(t,\) = exp(—§A2|B\)E{exp(iZ)}.

or equivalently,

E {exp[i)\lX(Bl) b i (By) +iAX ((5,8) x B)]}

(3) = B{expliMX(Bi)+- -+ iNX (Bl expl- g XBI(E — o)



It follows from Condition 2 and P(X € C,) = 1 that (3) remains true also
for t =1.

Now by taking k¥ =1 and B; = () we find that for any block B ¢ T", X(B)
is a normal random variable with mean zero and variance |B).
Taking £k = 1 and B;, B arbitrary but disjoint, we find that

B {explih X (B1) + IAX(B)]} = exp(—y | Bi]) - exp(— 5 A1 BI),

which means that X (B), X (B) are independent normal random variables with
means zero and variances |B;| and |B| respectively.

In the same way we can get that X (By),..., X (By), X (B) are pairwise inde-
pendent normal random variables with zero means and variances |By|, ..., |Bx|
and |B| respectively. But this implies the independence of X (Bj)..., X (Byg)
and X (B) in the usual sense.

This completes the proof of Theorem 1.

To formulate an asymptotic generalisation of Theorem 1 we need three new
conditions which are weaker versions of Conditions 1-3.

Let {X,,n > 1} be a sequence of random processes of D,,.

Condition 1’ For t € [0,1), B = (3,{] c T*~!,
a)
1
lim lim sup EE {|E(Xn(A¢i4n)/Fn(t,8)|} =0

hl0 pn—oo
b)
limlimsuplE{|E(X2(A )/ Fnl(t §))_h|B||}:0
AL n n t,t+h n\l,

0 n—00

Here F(t, 8) = o{X,(u),u € TV ((t, §))}.

Condition 2’
sup limsup E{X2(t)} < +o0.
teTY n—oo

Condition 3’ For 0 <t < 1

1
lim limsup limsup — / X,QL(At’tJrh)dP =0
X%(At,H;L)Zah

A= hlo n—oo
Theorem 2 Let {X,(t),t € T"} be a sequence of random processes in D,
uniformly integrable for each t € TY. Suppose that, for each t € TV, the

sequence X, (t) tends in probability to 0 as n — oo and that, for any positive €
and 1, there exists 6 > 0 such that for all sufficiently large n

(4)  Pw(Xy,0) >¢€) <.

If {X,.} satisfies Conditions 1’-3° then X,, converges in law to W, where W s
the v-parameter Wiener process on TV.

Proof : The tightness of the sequence {X,} is proven in [8], Theorem 2
or [6], Theorem 5.6. (as generalisation of Billingsley’s criteria for 1-parameter
processes).



Let us denote by X a weak limit of a convergent subsequence of {X,,}; then
P(X € C,)) =1and P(X(t) = 0) =1 for each t € T”. Since {X,} satisfy
Conditions 1’-3’ it implies that X satisfies Conditions 1-3 and also satisfies the
hypotheses of Theorem 1, which completes the proof.

3 An invariance principle for martingale-difference
fields

Before we present the limit theorem, let us recall some notions on the class of
fields we consider.

On the v-dimensional integer lattice Z”, we consider a real-valued random
field {&(t),t € Z"}. The corresponding probability space is (2, F, P), where

Q= ]RZ y, F is the o-algebra generated by cylinder sets and P is the distribu-
tion of £(t).
Let Z be the o-algebra of invariant subsets of (2 :

IT={A€ F:my(A) = Afor eachu € ZZ"}
where {1y, u € ZZ"} is the group of translations, acting on £ by
(TuX)(t) = X(t —u),t € Z".

Definition 1 A random field {£(t),t € ZZ"} is called translation invariant (ho-
mogeneous) if P(tu(A)) = P(A) for each A € F andu € 7.

Definition 2 A translation invariant random field {£(t),t € ZZ"} is called er-
godic if P is trivial on the o-algebra of invariant subsets, i.e. P(A) = 0 or
P(A) =1 for each A€ T.

For u= (uV,...,u")) € Z" let
%' (u) = {t € Z":35,1 < j < v such that t0) <4}

and let ZZ% (u) = 2" \ Z” (u).
For a random field {£(t),t € ZZ"} we put

(5)  P(u) =of&(t),t € ZZ (u)}

Definition 3 We call a random field {{(t),t € 7ZZ"} a martingale-difference if
for each t € 2V

(6) E(E(t)/P(t—1))=0a.s.
where t —1 = (t) —1,... t®) — 1),

Note that our definition of martingale-difference random field is weaker than
the definition given in [3], where the filtration P(t—1) (past of t —1) is replaced
by the filtration generated by all sites of ZZ" different of t.

The following Theorem 3 is the main result of the present paper. It is a
multidimensional extension of Theorem 23.1 of [2].



Theorem 3 Let {{(t),t € Z"} be a translation invariant, ergodic, martingale-
difference random field with finite second moment 0 < 02 = E{¢2(0)} < co. Let

1 1%

(7) Xn(t):rlm Z ¢(n),t e T,
UGZ
O<u<[nt]

where [nt] = ([ntM], ..., [nt™)]) and [] denotes the integer part of a number.
Then
X 2 W,

where W is the v-parameter Wiener process on TV.

Proof : To prove the theorem it is enough to show that the sequence
{X,(t)} of D,-valued random elements defined by (7) satisfies the hypotheses
of Theorem 2.

From (6) we get that

(8) E(&(s)/P(t)) =0a.s.
for any s € Z% (t).

If B = (s,t] x Bis a block in T, B = (4,{] ¢ T“!, then by [nB] we
denote the block ([n4], [nf]] and by [nB] the block ([ns], [nt]] x [n.B]. Note that
[nB] C ZZ".

It is easy to see that

Xn( = ny/? Z 5

u€e(nB]

Therefore by (8)
E(Xn(Att4n)/Fu(t, 8) =0 as.,

where F,,(t,8) = o{&(u),u € ZZ" (¢, 5),0 < u < n} C P(([nt], [n8])) (see (5)).
Using again (8) we find that

E(Xa(Arien)/Fa(t,8) = Y BE(EW)/Fult,5)).
u€nAy yn)

Hence

Lo (X3 (A0 F0(0,5) — B}

:@E ‘E[ ! S gQ(u)—JZ/fn(t,g)”

g Vh|B| uenAg ¢yn)

The last term tends to zero as n — oo by ergodicity. (Indeed since |[nAt,t+h]| is
equivalent to n”h|B|, we have, by the mean ergodic theorem, that W Zue[nAt von] &(u) —
02 when n tends to +00).

Thus Condition 1’ is fulfilled.
Condition 2’ follows from the fact that
1
B0} = 5 Y B}

0<u<|[nt]




tends to 1, as n — oo.
Now we will show that to complete the proof of Theorem 3 it is sufficient to
prove that

(9)  lim sup Ea(i max S?(k)) =0,

a—o0 nY |k|<n
where
Sk) = > &(t).k € Z(0),
t<k
Ea(Y) = / Yap.
{Y>a}

Suppose that (9) holds.

According to a simple multidimensional extension of Theorem 8.4 from [2],
in order to verify the tightness condition (4) of Theorem 2, it is sufficient to
show that for any € > 0, there exist A > 1 and n, such that

Y 5
(10) P(|II£1|2<L|S(k)| > An /2) < 2" > N

But
1

1 2
2 —Ex (= m X|S (k)|)

1
P(— S2(k)| > A2
(o B 18°091 2 X%) < 53 5 s

nY |k|<n

which together with (9) implies (10).
To get the uniform integrability of {X2(t)} for each t € T", we note that

Fa{X2(t)} < Ea(— max 5*(k)) .

onY |k|<n

Using the translation invariance of {£(t),t € ZZ"}, we can rewrite Condition
3’ into the form :

lim limsup lim sup/ X2((h,t—8))dP =0,
@70 hl0 n—oo JX2((hi-3))>ah

where (h,t —5) € T”. This is now a consequence of the uniform integrability of
{X2(t)} for each t € T".

Thus it remains to prove formula (9).
If B is a block (parallelepiped) in ZZ", then by (8),

E {(Z f(u))Q} = B{(w)}

ueB ueB

and if & has a fourth moment then

E{(Zg<u>)4} YOEE W +4 Y B{{(m) ()}

ueB ueB u,u2€B
u; <uz

Y B{eu)Eu)e(us)}

ui,uz,uz€B
ug,uz<us



Suppose first that |£(0)] is bounded by ¢ with probability 1. Then

E{(Zé(ﬂ))4}

(12)

? L ogtlBE

4|B|+4q4‘2,, 5

IN

IA

q4 ’ |B|2 )
where K, =1+ ;—9.
By Cairoli’s maximal inequality ([7], Theorem 2.2)

Y
p{max[500"} < (1) s £{]509} > 1

Hence by (11)

(13) E { max 52(k)} < 22”n”E{£2(O)}

[k|<n

In the same way it follows from (8) that

4 40
E{max S4(k)} < (5)4 K,n*q*.

[k|<n N

&0 - {

£e(t) — E(&(t)/P(t — 1)),
£(t) — &e(t) — E(E(t) — &(t)/P(t —1)).

For ¢ > 0, we define

£(t) if (b)) <,
0 iffet) > e

Let

3
O
—
o+
Ny
Il

dc(t) = &(t) — ne(

Evidently £(t) = n.(t) + 0.(t).
If we denote by

k) =D ne(t), Re(k) = > 6 (t), k € 27 (0),
t<k

t<k

(o
N
[

we obtain that
Therefore 9 9
— max S?(k) < — max S%(k) + — max R(k) .
nY |k|<n nY |k|<n nY |k|<n
This, together with the inequality
EQ(X + Y) < 2Ea/2(X) + 2Ea/2(Y)a

implies that

Ea{lmaXSQ(k)} < 2Ea/2{2mxs2( )}

nY |k|<n nY |k|<n

2
14 2F — 2k)p .
(1) b2 {2 max 209

10



Applying the formula
1
Ea{g} S aE{gz}vg Z 07

we find that
2 4 4
2F — 2(k < —FE 4k
a/2 {TLV |111;1\2}T{ISC( )} = {nzy lIl?‘z}fLSc( )}
1 4 4v 4 1— 4
1 < *1 KV - 2 = 7Ku 5
(15) < 16K,(5)" 20 = S Kye
where K, = 162Kl,(%)4y.
Now by (13)
2F 2 max R?(k)y < 2F 2 max R (k)
— max — max
2\ kjen C - nY |kj<n °©
(16) < 4-22E{5%(0)} .

By lemma 1 p. 184 from [2] , for any two o-algebras A; C As and a random
variable X with E{X?} < oo the following inequality holds :

E{[X - B(X/A2)]} < B{[X — E(X/A)]*}.
Hence taking A; trivial we get that

(17) E{52(0)} < E{(£(0) — £(0))*} = E2{€*(0)}
Combining (14)-(17) we find that

E, {1 max 52(k)} <

K, ct+4-22E-{%(0)}.
nY |k|<n c + cz{f ( )}

Q=

Since E£?(0) < oo we get the desired formula (9).
Theorem 3 is proved.
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