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1 Introduction

Let I be a finite index set (for example a finite subset of some lattice) and X = (X;(t),i €
I,t € [0,7]) be an Rl-valued diffusion which is the solution of the following finite-
dimensional stochastic differential equation (s.d.e.)

dXi(t) = dBi(t) — %Vih(X(t)) dt, Qiel, teloT] (1)

where h is a smooth function from R’ into R and (B;)scr is a sequence of independent,
real-valued Brownian motions. This stochastic dynamics corresponds to a perturbation by
gradient interactions in the form of drift terms of a sequence of finitely many Brownian free
dynamics at each lattice site. Moreover, the stationary measures for (??) are proportional
to the measure

p(dx) = exp(—h(x)) ®jes dx;.

When I is replaced by Z? and the dynamics (??) is generalised in a natural way (see (?7)),
a relevant question is the following : if the initial law is Gibbsian, is the law of the process
X (t) also Gibbsian at any time ¢ > 0, in other words

does the Gibbsianness property propagate?

In fact, even if the initial distribution is locally absolutely continuous, the law of X (¢)
for a time ¢ > 0 can be much less regular in the sense that the sum of the interactions
between the (infinitely many) components can explode. So, to obtain a positive answer to
the above question, we restrict our study to two particular regimes which can be better
controlled. In Section 3, we present the propagation of Gibbsianness if the time ¢ is short
enough, and in Section 4, we analyse for arbitrary times the case of small interactions
between the coordinates for a strongly unique initial Gibbsian condition, in other words
high-temperature evolution and high-temperature initial Gibbs measure.

These results were announced in [?]. We were inspired by the nice work of van Enter,

Fernandez, den Hollander and Redig, who consider in [?] the question of possible loss
and recovery of Gibbsianness in the context of Interacting Particle Systems with values
in {—1, —i—l}Zd which follow a high-temperature Glauber dynamics. They treat several
cases and can exhibit situations where the process at time ¢ is strong Gibbsian (in a
sense to be defined below), and other situations where it is not. See also [?] for related
results for Kawasaki dynamics. Unfortunately, since our state space RZ? is unbounded,
we cannot use all the criteria they have at their disposition (in particular, the criterion of
non-Gibbsianness contained in [?]) to test the Gibbsianness/non-Gibbsianness of v‘. So
our present results only concern situations for which the Gibbsianness is conserved. We
hope to extend them soon to some non-Gibbsian example.
To our knowledge our paper and the recent results presented in [?] are the only ones
related to the propagation of Gibbsianness under a stochastic evolution like a diffusion
with values in a continuous space (the state space is the infinite-dimensional vector space
de). In [?] the authors allow unbounded interactions but are then obliged to introduce
a somewhat weaker notion of Gibbsianness.



2 Gibbs measures and infinite-dimensional gradient diffu-
sions : the framework of our study

Let us first introduce some definitions and notations.

An interaction potential - or interaction - ¢ on RZ is a collection of functions oA
from RZ" into R U {400} where A varies in the set of finite subsets of Z. Each ¢y is
supposed to be measurable with respect to Fj, the o-algebra generated by the canonical
projection on R®; that is for any z € de,

oa(z) = da(zA)

where x5 is the projection on R? of z.

The interaction ¢ is said to be of finite range if it satisfies :
(FR) Jr > 0, diameter A >r = ¢pp =0

The interaction ¢ is said to be regular bounded if it satisfies :
(RB) VA, ¢ is C3, bounded with bounded derivatives.

The interaction ¢ is said to be absolutely summable if it satisfies :
(AS) Vi€ Z4 Y, 19aloo = Y pas SUD, pun |64 ()] < +o0
Remark that absolute summability for unbounded spins is a rather strong condition, which
is chosen here for technical convenience.
When an interaction ¢ is (AS) one can define the collection h? = (hﬁ) acza of associated

Hamiltonian functions on RZ by

hi= > ¢ (2)

AAOAAD
More generally, we note for x,y € RZ* and AACZ?

Miamy) = D oén(@ayan),
A:AN'NAF£D
A CAUA

where xAya\x is the element in RZ* equal to x on A, y on A\A and 0 outside of A U A.

¢
AZd

a function of xx. To recall this property, we will sometimes denote it by hi o(TA)-

For example, A% ,(z,x) coincides with hi(m) Furthermore, hﬁ’w(x) =Y nca Par(ar) is

In fact, as soon as the series on the right-hand side of (??) converges pointwise, one
can define a Hamiltonian function associated to a (possibly non absolutely) summable
interaction. To simplify we will always denote by hf) the function h‘{bi} (i € Z%), by
hi’A(a:) the function hﬁ?A(x,x) (A, AezZxe ]RZd).

We call p a Gibbsian measure on RZ? associated to the reference measure m and to an

interaction ¢ for which the series (?7) converges if it satisfies the system of Dobrushin-
Lanford-Ruelle (DLR) equations :

pldz;/xj,j #1i) = iexp —(hf(m)) m(dx;), i € 7%
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The set of such measures will be denoted by G(¢, m). (For general references on Gibbs
measures, see [?] and [?].)

The measure p will be called strong Gibbsian if the associated interaction is absolutely
summable, i.e. satisfies (AS).

Let ¢ be a so-called dynamical interaction on ]RZd, having a C?-regularity and
satisfying (FR). The associated hamilton function h;, denoted by h; to simplify, is also
C%. We can now consider the following infinite-dimensional system given by :

{ dX;(t) = dBi(t) — 3V;hi(X(t))dt , i € Z¢, t € [0,T], 3)
X(0) ~v

where v is a probability measure on RZ. We will become more precise in Section 3 (resp.
Section 4 ) about the exact assumptions on h and v we take to assure that the infinite-
dimensional stochastic system (??) has a unique strong Markovian solution X with values
in the infinite product of continuous trajectories Qp = C([0, 7], R)2". Deuschel described
in ([?],[?]) the Gibbsian structure on the path space Qr of the law @V, when the initial
distribution v itself is Gibbsian (associated to an initial interaction ). Later, this
result was completed and generalised in [?], by showing a bijection between the set of
Gibbs measures associated to the initial interaction ¢ on RZ" and a set of Gibbs measures
on the path space Qr describing the full dynamics. Having a Gibbs representation of Q¥
on the path level (even a strong Gibbsian one, see [?] Corollary 2) , we would like to
know if at each time ¢, the law ! of X (t), a probability measure on de, remains strong
Gibbsian. Clearly, v! is the projection at time ¢t of Q¥, but projections are maps which
do not conserve a priori the Gibbsianness (see the famous examples of [?], and also [?],
[?] among others). In [?] it was remarked that, projecting at time 0 a general strong
Gibbs measure on the path space, the image measure which is obtained on the state space
preserves a Gibbsian form in the following weak sense : it is associated to a modification
(cf. [?] Section 1.3, for the exact definition), roughly speaking to a family of compatible
local densities with respect to a reference measure. But the regularity of the density and
the existence of an underlying nice interaction potential is completely unclear. In the
Remarks after Proposition 2.5 in [?], a reference to the work of Kozlov was given to clarify
this question. The object of this paper is to present a positive answer for the projection
at time ¢ > 0.

The challenge is to control the evolution of an initial absolutely summable interaction
¢ under the dynamics (?7?7). It is clear that, even if ¢ is of finite range this property
immediately disappears for any time ¢ > 0 since the interacting diffusion carries instan-
taneously information between all the coordinates. Moreover, to assure that at time ¢,
the process is still Gibbsian and associated to a "good” interaction, i.e. an absolutely
summable one, we are obliged to restrict our study to two cases; first for small times ¢,
which implies that the process stays close to the initial Gibbsian condition. Secondly, for
small dynamical interaction ¢ between the coordinates, which assures that the sum of the
initial interaction and the interaction induced by the dynamics does not explode.



3 Propagation of Gibbsianness during a short stochastic
diffusive evolution

Let us consider the infinite-dimensional gradient system (??) introduced in Section 2 where
the initial distribution is Gibbsian. We have the following result.

Theorem 1 Let Q¥ be the law on Q = C(R*,R)Zd of the infinite-dimensional diffusion
solution of

N[ —

dX;(t) = dB;(t) — +V;hi(X () dt , i € Z9, t > 0, 4
{ X(0) ~v 4)

where v € G(@,dx) with support included in 1*(v), with v = (e~*1),cpa, a > 0. Let us
moreover suppose that

e the initial interaction ¢ is of finite range (FR) and each @y is Lipschitz continuous
(uniformly in A)

e the dynamical interaction o is of finite range (FR), and each ¢y is C* with bounded
derivatives of order 1 and 2 (uniformly in A).

Then, there exists a time tg > 0 depending only on ¢ and ¢ such that, for any t < to,
{V'=Q"oX (1) v € G(¢,dx)} C G(¢', dx)

where @' is an absolutely summable (AS) interaction depending only on the initial and
dynamical interactions ¢ and .

Remark 1 One can make explicit some additional assumptions on @ in order to assure
that G($,dx) contains at least one measure with support included in I*(vy). For example
suppose there exists a > 0,b > 0 such that for each i € Z¢

(i) VeeR, aV;pi(z)>alx|—0>
(i) a> > [Vigalloo-

A>i
#A>1

ai|

Then there exists v € G(@, dx) satisfying [ ||z| v (dx) < +o00 where [|z||, =: Y, cpa |xile”
This obviously implies that v{x : ||z|y < +o0} = 1.

As example, the following concrete pair interaction @ satisfies conditions () and (i7) : take
as self-interaction (; for each site i the same C'-regularization around 0 of the function
T+ alz|, and as finite range pair interaction @y ;; any C! function on R? with small
enough bounded derivatives.

The proof of Remark 77 is postponed to the end of the section.

Proof of Theorem 7?7 :

The proof is based on an approximation of v* by a sequence of probability measures v/},
which are the laws at time ¢ of finite-dimensional systems. It will be relatively easy to
obtain a Gibbs representation for each Vf\. But the delicate point will be the convergence



of their associated Hamiltonian functions towards a limiting function, which will be a good
candidate as Hamiltonian function associated to v'.

Let us first recall a representation theorem, which we will use for the initial Gibbs
measure v (Theorems 7.12 and 7.26 in [?]).

Lemma 1 The probability measure v, like every element of G(p,dx), is a mizture of
elements of ex G(p,dx), where ex G(p,dx) is the set of extremal Gibbs measures p which
are characterized by the following property : there exists y € RZ? such that

= Ali/n%d PAy @ Oy, where pip ,(dzp) = Z/l\7y e ane@y) qy (5)
The family of s, is in fact the family of finite-volume specifications with fixed boundary
condition y.
The limit in the above Lemma is taken in the following sense: for any increasing sequence
A, of finite subsets in Z? converging to Z% when n goes to infinity, M,y @ Oy, converges
in the local convergence topology towards p.

We first prove the theorem in the case where v € ex G(p, dz).
Let (VA y)acza be the approximating sequence of v defined by (??). For A C Z¢ fixed and
any ¢ € A, we introduce the i-decoupled infinite measure I/j\’y as follows :

Yag,

. 1
Vpy(dza) = ~—e_hA\i’Ac($’y)dmA\idxi.
Ay

Since IEA,Ac (z,y) = IEA\Z-’AC (z,y) + hi(zayac), we obtain
ny(da;A) = ehi(@ayae) vAy(dxy). (6)

Let us remark that Vj\ b ® dy,e converges in A towards a measure V' on RZ" which is
absolutely continuous with respect to v and satisfies :

Vi(dx) = M@ y(da).
In the same way, we denote by pp and ,uf\ the following measures (not necessary finite) :
pa(dzy) = e~ hao(za) dzxa, ,uj'x(d:n,\) = e havio(@av) dzp\;dz;. (7)
Then
pi(dzy) = e"r D) p (day). (8)

Let us now introduce the following finite-dimensional approximation of the dynamics (?77?) :
1
dX;(t) = dB;(t) — §Vihi,A(XA(t))dt, Vie At > 0. 9)

Remark that we also could write the drift as —3V;hp g(Xa(¢)). Under this form, ja is
clearly a reversible measure associated to this dynamics.

We denote by Q3* the law on C(R™,R)* of the solution of (??) when the initial condition

is x5 € RA,

We now introduce, in the same way as above, some decoupled (infinite- and finite-dimensional)
dynamics at the site i :



{ dX;(t) = dB;(t) — 3V;hjza (X ())dt, Vj € ZN\{i}, t >0 (10)

dXZ(t) = dBZ(t), t > 0.

Q%" denotes the law of the solution of (??) with deterministic initial condition z € RZ,
These dynamics are useful since they are simpler than the undecoupled ones, and we will
prove that the law v of the gradient system at time ¢ is absolutely continuous with respect
to the law at time ¢ of the above decoupled system.

We also consider the finite-dimensional approximation of (?7?) :

{ dXj(t) = dB;(t) — §Vihjmi(Xai()dt, Vi€ A\i, t>0 (11)
dX;(t) = dB;(t).

We denote by Q“’ the law on C(R*, R)™ of the solution of (??) when the initial condition
iszp € RY. o iy is a reversible measure associated to this dynamics.
Since the solution of (??) (when it exists) is Markovian, one has : Q¥ = [ Q" v(dz

More generally, for any measure y, we denote by Q* (resp. Q**, Q) or Q A’Z) the mixture

of Q¥ under p : Q" = [ Q% u(dzx) (resp. [ Q% u(dz), [ Q% p(dz) or [ QY u(dx)) .
We also define the projections at time t of these measures :

V= QYo X (1)t = QU o X (1) g, = QR o X () g, = Qo X(1)
Lemma 2 For each t > 0 and i € Z%, the following weak convergences hold :

lim I/A =" and lim 1/5\2 = b,

A7 A /74

Proof :

We only prove the first convergence. The proof of the second one is analogous.

Under the assumptions satisfied by ¢ in Theorem ?7, it is simple to verify that for any
initial deterministic condition z € I1(y) = {y = (¥i)ieza € RZ* lylly < 400}, a strong
solution of (?7) exists in C(RT,I!(y)). It is obtained as limit of finite-dimensional diffusions
solution of (?7). More precisely, let A,, be an increasing sequence of finite subsets in Vi
converging to Z* when n goes to infinity. To clarify the notations, instead of using the
canonical processes, for z € RZ’ we denote by X? the solution of (??) with v = 9, and by
X% the (infinite-dimensional) process with initial condition & whose restriction on A,
solves (?7) with A = A,, and whose coordinates outside A, are frozen in x:. So the law
of X7 is equal to Q and the law of X (™) is equal to Qiﬁ" ® Oy AS Following analogous
techniques as the one used in [?] Theorem 4.1 (or [?], [?] if the interaction is reduced to
a pair interaction), we now prove that, for any T > 0, X )z g g Cauchy sequence in
Li(C([0, ], 11 (7).

Let r the range of ¢ and K > 0 the supremum of a Lipschitz constant for V;h; (uniform
in j) and a bound for sup, |V;h;(x)|. Let m < n and let A, denote the r-interior of A,
defined by A;, = {j € Ay, : VEk with |k —j| <r k€ A} . So Ay, C Ay C Ay

Fori e Ay,

n I
X0 = X = 51 [ Vibia, (X)) = Vi, (X () s
0

K t n),xr m),r
5 X [ - X ) s

{ili—il<ry 70

IN
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Thus,

Blsup | X" (s) - XM (s)]) < 5 | B 13 ) = X ) s

s<t Uili—il<r} u<s
Forie Ap \ A5,
X () — XM (8]

= |/ Vihin, (XM (s)) = Vihia,, (X™)2(s)) ds|

< /X“‘” — XM (s) \ds—|—7| Z Vipn (XM (5))ds]
{5:l5— z\<r}ﬂA O AN G A
AN CAn
Thus,

K ¢ K
B(sup | X[ (s) - X" () < 5 Y / E(sup| X (r) — X (r)]) ds + St

<t L 0 r<s 2
= {7:l7—il<r} =

For i € A, \ Ay, we have
1 t
X (0) = X0 = Blt) — 5 [ Vi, (X)) s
0
thus, using Doob inequality for B;,

K

E(sup |X{"(s) = X" (s)]) < 2VE+ 1.
s<t 2

For i € A%, | X" (t) — X" (1) = 0.

To obtain the desired Cauchy property, we apply the following infinite-dimensional version

of Gronwall’s Lemma (see for example [?] Lemme 1, page 197). If for each i € Z%, fi(t)

satisfies
t) < g+ qu/ fi(s

jeza

with Y . 74 qijvi < Cv; for some constant C' > 0 and any j € 7%, then the following
inequality holds in I*(v): || f(t) [,<| ¢ ||5 €“t. Taking here f;(t) = E(sup,<; ’X (n), “(s) —

X))y gy = B la, () 5 @) = VE+ )Ty, pe (0) and C = Eeorg{k €
7%, |k| < r} one obtains

Blsup || X% (s) = XV (s) ) < (Vi 4 on)( Y W ewCr (12)

< .
sst i€AR\AS,

Since 7 € I1(Z%) the right hand side of this inequality goes to 0 when n and m are large
enough - uniformly in z - we conclude that X()* converges in L*(C([0,T],1*(v))) uni-
formly in x towards X*.



Moreover, with similar computations as above, one obtains the following Lipschitz regu-
larity of X7 as a function of x :

3C" >0, E(Sglg 1 X7(s) = X¥(s) [ly) <l @ =y [l e
EAS

Now, the law of the solution of (??) is just a mixture under v of the laws @Q*. We may
claim this since the support of v is included in /! ().
Let us now prove the local convergence of Vf&n,y towards v?. Let g be a A-local Lipschitz

function on RZ* with Lipschitz constant K, and fix m < n large enough to have A C A, (C
A;). We have

| / g(za)t(dz) - / g(za)h, (2, )]
oy / 9(Xa(£)Q(dX) — / G(XA(B)Q (dX,)

= | /R y / 9(XaA()Q%(dX)v(dx) — /R N g(Xa()Q (dXa, VA, y(dza,)|
< Cl + CQ + Cg

where

C1 = /de ‘/Q(XA(t))Qw(dX) _/Q(XA(f))Qifnm(dX)]y(dx)

[ [ stxawn@iy @ovan) - [ [ a(xa)@ir @m, ,(des,)

C3 = /]RAn ’/Q(XA(t)) i[:nm(dX)_/g(XA(t))QjC\I:Ln(dX”l/Amy(d:L'An).

S
I

With the above notations,

c = / Elg(XX(8)) — (X3 (1) v(da)

< Ky [ BIXK(0) - X))
< K/ B IXF() - X (1) v(da)
[ISYAN
< Kylinf )™ [ EY 0 - X 0] vldo)
iEA
< Kylinf )™ [ B X0 = XO00) ) ()
< al Y, )

i€(Af,)°



using (?7?) for the last inequality, where ¢; > 0 is a constant depending only on ¢, p, g, 7, A, 7.
In the same way, one has

G = | FlgX(0) = g (X0 v, (don,)
< K, RAnE|X(Am)’I(t)—X(A")’””(t)|u,\my(dxAn)
< Ky(inf )™ [ B X0 - X0 0) ) v, dan,)
< al Y, m)

i€(Ag,)°

The second term is controlled in the following way :
Co=| [ Blg(x{ @)wlds) — [ E@XT0))n,(do, ).

But, for m fixed, X(Am)’m (t) and then E(g(X(Am)’m (t)) are Ap,-local functions in x depending
continuously on z,,,. So, thanks the local convergence of the finite-volume specifications
VA, .y towards v when n goes to infinity, this term vanishes for m fixed and n going to
infinity.

To complete the proof of the convergence of Vf\my towards v! it remains now to take m
large enough in such a way that (Zie( AS)e vi) (and thus C1 4+ C3) stays as small as nec-
essary. |

To prove that v! is Gibbsian, we will use the fact that v? is absolutely continuous with

respect to v%*, which itself is a consequence of the absolute continuity of Z/Ky with respect
. d t
to szy. Let us start with a nice representation of this density dZ’t‘f.
K A”y
Lemma 3 For eacht >0, A C Z% and any i € A,
¢ . o (efA,y<XA<t>>—fA,y(:cA>)
dyfay (zp) = e hi@avac) x : (13)
dVA’?y EQT\AZ <€fA\i,y(XA(t))_fA\i,y(xA)>
where 3
fay(@) = hyp(za) — haae(z,y).
Proof :
We have :
duvt duvt d dut
M (2p) = () R (a) A (2a).
dvy’, dpa dp'y dvy',

10



Using the reversibility of Qi* (resp. me ) the first term of the right hand side is obtained
as follows : for any regular bounded local function g,

/ glma)h,(dzn) = / o((Xa(H)QL (dX)

- [/ g<<XA<t>>ZAf<XA<o>>QXA<dX>

= [ [ atcxaon e

= [ ot [ PEEAOIQR @ aldan),

(Xa(1)@QY" (dX)

Then
dz/f\

, B dl/A’
il wn) = g (" (Xa0))

Doing a similar computation for the decoupled dynamics one obtains

dvt, 1

- My = E oo (efA,y(XA@)))e—hi,A(m) Egen (efA\i,y(Xm)))‘
YAy !
X _
—hia(za)+i(m) efK(@a) EQiA (efAyy( O fAﬂ(mA))
e i, i\Li ,
efviy () By <efA\i,y(XA@))—fA\i,y(xA))
A
which is the same as the expression (?77). [ |

Let us first remark that, since ¢ is of finite range, the expression e~hi@ayie) does not
depend on y and on A for A large enough. We will now prove, using cluster expansions,
that the last ratio in (??) is a function of x indexed by A which converges uniformly in y
when A tends to Z¢.

Thanks to Girsanov theorem, the probability measures QT\A and Qf\Al have a Gibbs
representation on the path space C(R+,R)A, that is, if one restricts them to the the
canonical filtration at any time ¢ they have both an explicit density with respect to the
Wiener measure with deterministic initial condition x5, denoted by ®;cap". The density
of Q3" is the following :

Pr(Xy) = expY / —%vihi,A(XA(s))dXi(s)—é / %(v,-h,-A)?(XA(s))ds),
icn V0 0

which becomes, using Ito formula,

FA (X))
= op (= gna(Xal) + 3ao(xa )+ X [ (FAma - (Tl ) (Xa(e)as )
€A
= exp ( -y (I)A(XA)>7 (14)
ACA

11



with

4(X0) = LealXalt)) — 50a(Xa(0) (15)
—/ GZAJSOA(XA(S))—é >y VjsDB(XA(S))VjSOC(XA(8)))d5-
0 JEA B,CCA jeBNC
A

The family ® = ($4) 4z is an interaction potential on §; since ¢ is of finite range (FR),
® is of finite range too. Denoting by H the hamiltonian function associated to ®, we then
obtained that, for any A C Z% and i € A, on the events depending only on times between
0 and t,

W (dXy) = e o) @y p% (dX5). (16)

In the same way, one proves that
QR4(dXn) = eI @y % (dX;) © p (dX5). (17)
Let us describe some properties of the interaction potential ®.

Lemma 4 There exists a constant C' > 0 independent of the time t such that for any
X €Q and any A C Z°

@a(X)| < C(t+sup|X;(t) = X;(0)]).
JEA

Proof :
It is clear, due to the equality (??) and the assumptions given on . [ |

We can now expand the terms EQ/E\A (efA,y(XA(t))_fA,y(l'A)> and EQiA (efA\i,y(XA(t))_fA\i,y ($A)) .

We give the detailed computations only for the first expansion, since the second one is
obtained in a similar way.

Bgen (efA,y<xA<t)>ffA,y<xA>> = Eg,_, <exp ( -y \IJZ(A(XA))> (18)
ACA

where WY is the following interaction potential on C([0, T], R) :

VM) = BA(X) — pa(X () + 2aXO) + Y (En(Xa(yar) — G5(Xa0)yac) ) (19)

BCZ4
BNA=A

d

We also denote by ¥ the interaction potential on C([0, 7], R)Z

U4(X) = @a(X) = pa(X (1) + pa(X(0)) + (2a(X (1) - 2a(X(0))) (20)
and immediately remark that, as soon as A is large enough with respect to the index set

A, U =Wy
As in the Lemma ??, we obtain the following estimates for the interactions ¥¥* and U.

12



Lemma 5 There exists a constant C > 0 independent of the time t such that for any
Y ERZd,A CZ* X €Q and any A C A,

WAL < Ot sup X5 () - X,(0)])

JeEA
and
WA(X)] < C(t+sup|X;(0) - X;(0)]).
JjEA
Proof :
It is a direct consequence of Lemma 7?7 and the assumptions given on ¢ and @. The
uniformity of the first upperbound with respect to y and A is then clear. [ ]

Let us now introduce the main notations and tools we need for the cluster representa-
tion. Let N € N large enough is such a way that for #4 > N, \Iffg’A = 0. Such a number N

exists since \IIZ’A is of finite range uniformly in y and A. Let V be a finite subset of Z? such
that for any A C Z% with \I':'I{"A # 0 then A C Njea(V+7). (Such a set exists. For example

if ¢ and @ are nearest neighbor pair potential interactions, then for #A4 > 3, \IIZ;’{A =0 and
one can take V={i € Z?: |i| =1l ori=2j,|j|=1ori=j+k|j| =1,k =1}.)
Let us define a subclass of finite volumes in Z< :

D—{ACZd: 1§#A§NandACﬂjeA(V+j)}.

A finite set v = {A1, Aa, ..., A}, n > 1, of elements of D is a cluster. It is called connected
if for any A;, A; € v, there exists a sequence i = iy, 2, ..., i, = j such that A; NA;, # 0,
Ay NAy, #0, ..., A; . N A; # 0. We call support of the cluster v the subset of Z¢
equal to | J;"; A; and denote it by supp(y). The integer number || is the cardinality of
the support of ~.

We denote by A the set of connected clusters and Ay the subset of A which contains
the clusters whose supports are included in A. A collection of clusters ~v1,7va, ..., is
called compatible if their associated supports are disjoint. We denote by L, the set of all
compatible collections of non-empty clusters belonging to Ajx.

We can now start the expansion of the expression (77).

E a (efA,y(XA(t))—fA,y(l’A))
@y

= LEg,cppi < H (6ADZ{A(XA) -l 1))

ACA

= Eajenn” <1+Z ) /Cy’A(M)(X)’Cy’A(’m)(X)---/Cy’A(vn)(X)>,

n=1{y1,..yn}eLp

where

KA (X) = T (7750w 1)

Aey
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We then obtain the below cluster decomposition :

Egea (efA,y(Xut))—fA,y(m)) =14+> Y KYM)EYM) . KYMw)  (21)
n=1{vy1,..yn }ELA

where
K¥NY) = By (KM ()(X)).

In a similar way, we obtain for any ¢ € A :

oo
E s (efA\i,y(XA(t))*fA\i,y(:rA)) - 14+ Z Z Ki”A(%)K%’A(vg) o ngc/’A(’Yn)
n=1 {’Ylu“-'Vn}GﬁA\i

Let also define the coefficients related to the interaction ¥ (instead of W¥%) by :

KeX) = [T (7N 1), Ka() = By (K()). (22)

Aery

In the next lemma, we provide estimates for the weight of the clusters (uniformly in z, y
and A).

Lemma 6 There exists some strictly positive constant A(t) which tends to 0 as t goes to
0 such that, for any x € ]RZd, any y € ]RZd, ACZ% and any v € A

KL < AP and | Ka(y)] < AP,

Proof :

We need to commute several times integration and products. To this aim, the following
abstract integration lemma, which generalizes Holder inequalities, is very useful. It is
proved in [?] Lemma 5.2 :

Lemma 7 Let (pug)zex be a family of probability measures, each one defined on a space
E., where the elements x belong to some finite set X. Let us also define a finite family
(9k)k of functions on Ex = X exE, such that each gy is Xi-local for a certain X C X,
in the sense that

gr(e) = gr(ex,), fore= (éx)rcx € Ex.

Let pr, > 1 be numbers satisfying the following conditions :

1
veex, ) — <1 (23)

Then

< H(/ |9k P* @z, dum>1/pk. (24)
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Let V= {A1,Ag,..., Ay} € A; we apply Lemma ?? with X =supp(y), Xk = Ak, gx =
e \I]Ak -1 and pr = p for all k, with p an even integer number greater than N. Since

1
ZAkBkaS » <1, we get

n

_\p 1/p
|K%A(7)| < H E®j€Akpmj <|e — 1|P>
k=1

Using the bound of Lemma 7?7, we obtain
n 1/
| KV ( A H A ( Ctrsupjeq, |X;(t)—z5]) _ 1)P) p'
]EAk

Now, due to the existence of any exponential moment for the N-dimensional Brownian
motion,

E®jeAkP J

o (e X0 _ 1) <y

where the constant A(t) tends to 0 as ¢ goes to 0, uniformly in z and A € D. One obtains
the first desired upperbound :
K2 ) <A@

The second upperbound is then obvious. |
One can then deduce from Lemma ?7 the following upper bound : for any cluster v € A
and for ¢ small enough,

sup  sup > |KEA ()]l < ). (25)
zyeRz! ACZY Y EA:
supp(y)Nsupp(y')#0

So, following Kotecky and Preiss (cf [?] page 492), we can expand for ¢ small enough the
logarithm of both, denominator and numerator of the ratio in (?7?) :

In (EQXA (efA,y(XA(t»fA,y(zA)))
= In <1 +Y. > EX)EE (). ng/‘(%)>

n=1{y1,..yn}€Lp
= > Y an ) EEN ) KM (), (26)
n=1 {717"%’7”}6-/\/[/\

and

E

In

<efA\i,y(XA(t))*fA\i,y(wA)) >

TA
Qni

1YY RPORE ). K

( =1 {71, }ELAN

= > > aly K ) - K (), (27)
n=1

=1 {y1,..;7n}EMp\;

= In

15



where M is the set of collections of clusters v1,...,7, € Aa such that their union is
also in Ay, that is the union is connected too, and the real numbers a(~1,...,7,) are
coefficients coming from the Taylor expansion of the logarithm function.

The logarithm of the ratio is equal to the difference of the logarithms (?7) and (?77?). It
has then the following expansion for ¢ small :

YooY alm ) K2 ) - KEN (). (28)

n=1{y1,...,yn}EMay:
supp(U;7v;)31

Since the inequality (??) holds uniformly in z, y and A, following [?] (see also [?] or [?]),
we conclude that the series (?77) converges uniformly in x, y and A. Moreover, for any

cluster v, K%’A(’y) tends to K,(7) as A goes to Z%; using Lebesgue dominated convergence
t ~
de{”iZ (zp) converges uniformly in z, y towards e~(®)eGi(@)

theorem, we conclude that

where

o0
Gi(z) =) > a(v1, - m) Ke(1) - . Ko(m). (29)
n=1{y1,....,yn }EMq:
supp(U;7;)31
We are now able to complete the proof of Theorem ?7.
From Lemma ??, for each regular local bounded function ¢ from R? into R, we have

t _ : t
/R L oea) V() = i [ g@a)h,(de)
dvt

. Ay t.4
—  lim Ay i (d
i - g(a:A)dykzy (za) vy, (dzn)

B /R glaa)e OO ).

Thus, on R%’, the probability measures v!(dz) and e "(@+Gi(@) i (dz) coincide for each
i € Z%. Furthermore, since each Vf\’fy is the law at time ¢ of a decoupled dynamics with
decoupled initial condition, it is a product measure on R*\* x R{#} whose projection on
the i*"-coordinate is exactly the Lebesgue measure. It implies that their infinite-volume
limit v is a product measure on RZ\i x R{}, whose projection on the it"-coordinate is
the Lebesgue measure too. Then, v! is a Gibbs measure associated to Lebesgue measure
as reference measure and to the interaction (! given by :

h@)=@ga) =D D> aln,. o m) Ke(n) . Kalym)- (30)
n=1{v1,...,yn}EM4
supp(U;7;)=A

This interaction potential is an explicit small perturbation of the initial interaction ¢. The
proof of Theorem ?7? is now completed in the case v € exG(p, dx).
on the other hand, due to Lemma ?7, v can be represented as a mixture v = [ vgm(df),

where vy are elements of exG(@,dx). Therefore, vt = QJvom(d) o X (1)~1 = i <Q”€ o
X(t)_1>m(d9) = [y, m(df). Since we just proved that v} € G(¢',dz), this implies that
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vt e G, dz) too. [ |
Proof of Remark 77 :

It is done similarly as in [?] page 71. For any n > 1 and y € RZ" we first prove that
Jran 2lly¥A, 4 (dx) is bounded uniformly in n and y. For i € A,, by integration by parts,

Doy = /A exp(—hy, ga(z,y))dwn, = /miviilAn,Zd(xuy) exp(—hy, za(z,y))dzy, -
RAn
Thus fxivifLAmZd (x,y) va, y(dza,) = 1. But

2iVihy, za(@,y) = @i Vigi(x) + D 2iViga(ra,yag)

A>i
#A>1
> alwi| —b— D @il [ Vigallso
A>i
#A>1
> (a— Y [IVi@alloo) || —b.
A>i
#A>1

Thus, for some a’ > 0, [(a|z;| — b)va, y(dza,) < 1 which implies that there exists a
constant ¢ > 0 independent of n and y such that [ |x;|va, 4(dza,) < ¢ . This bound
remains valid for the integral under v, and then

/\x\hy(dx) = /Z |2zg| eVl (da) < cZe*a”' < +00. ]
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4 Small dynamical interactions

Let us now consider infinite-dimensional gradient dynamics where the dynamical interac-
tion is small. Since the self-interaction does not need to be small (on the contrary) we
divide the dynamical interaction into two parts as follows U + S where U is the self-
interaction and § > 0 is a small parameter. We then consider the following dynamics :

{ dX;(t) = dB;(t) — U (X;(t)) dt — EVihi(X (8))dt , i € Z¢, t > 0 (31)
X(0) ~v

This dynamics is a small perturbation of a free system, which is furthermore supposed to
have nice ergodic properties, in such a way that its behavior for large times is close to the
stationary one.

The self potential U, supposed to be a C2-function, is called ultracontractive if the
semi-group associated to the one-dimensional free dynamics dx(t) = dB(t) — U’ (z(t)) dt,
where B is a real-valued Brownian motion, is ultracontractive. We denote by m the unique
initial distribution on R which makes the process x(-) stationary; one has

m(dg) = %e_U(E) s, €eR.

Let us notice that there exists in the literature several types of conditions which imply
the ultracontractivity of U. Let us cite one set which is useful (cf. Theorem 1.4 in [?]) :

1 o0
U’ — i(U’)2 is bounded from above, 0 < li7m|§‘_,ooU”(f) and / d¢ < +o0.

1
U'(€)

A typical example of such self-potential is given by U (&) = |£|*2 for some s > 0.

In the previous section, no particular assumption was given on the set of Gibbs mea-
sures G(@, dz), which contains the initial distribution v. Thus G($, dz) could be a singleton
or it could have more than one element (phase transition). In the contrary, in this section,
to control the evolution of the interaction at each time t we use techniques involving Do-
brushin’s uniqueness condition, and therefore, we should suppose that the initial measure
v is the unique Gibbs measure associated to some interaction ¢: G(¢,m) = {v}.

Let us now introduce two definitions.

We say that an interaction ¢ on RZ" satisfies the strong Dobrushin’s condition if

it is absolutely summable and if the following inequality holds :

(SDC) SUPjeza Do psi(#A — 1) supy yera [0a(2) — da(y)] < 2.

In [?] such an interaction is called a ”high temperature interaction”. It is well known
that if an interaction ¢ satisfies (SDC), then it satisfies the Dobrushin’s uniqueness con-
dition which implies that G(¢, m) contains at most one element (cf. for example [7],
Proposition (8.8)).

We can now state our result.
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Theorem 2 Let Q be the law on 0 of the infinite-dimensional diffusion solution of (?7)
where v € G(¢,m) with support included in 1'(v), with v = (e=),cpa, a > 0. Let us
moreover suppose that

o the self-potential U is ultracontractive,
e the initial interaction ¢ satisfies (SDC), and

e the dynamical interaction ¢ is of finite range (FR), regular bounded (RB) and sat-
isfies the following assumption

sup sup sup |U'(z;).Vipa(z)] < +o0. (32)
ACZ4 €N zeRA

Then, there exists By > 0 depending only on ¢ and ¢ such that, for any B < By and for
allt >0,
V' =Q o X(1)7 € G¢',m)

where @' is an absolutely summable (AS) interaction.

Condition (??) is a balance condition between the self-potential U and the dynamical
potential . This is satisfied for example for any potential ¢ which is constant at infinity.

Proof :

Let us first remark that for ¢ small enough, we could use similar techniques as in the proof
of Theorem ?7?, writing the cluster expansion now no more with respect to the time but
with respect to both small parameters ||@|lo and 5. But we want to obtain more than
a perturbative result around the free stationary case. Therefore, when ¢ is not supposed
to be close to 0, we have to develop other techniques than before. To this aim let us
introduce some more notations.

As in the last section, the infinite-dimensional dynamics (??) is obtained as limit of the
following finite dimensional dynamics : for A C Z¢, A finite ,

dX;(t) = dB;(t) — %U’(Xi(t)) dt — gvihi,A(X(t)) dt i€, t>0. (33)

For any x,y € ]de, A C Z% and I = [a, b], we use the notations :

- QY (resp. Q) : law on Q of the solution of (??) with initial distribution v (resp. d;).

- Q3 i law on C(R*,R)? of the solution of (??) with initial deterministic condition .
- P? : law on Q = C(RT,R)%" of the solution of the free system ((??) with 8 = 0) and
initial condition x; it is the infinite product of the one-dimensional free dynamics P,
each of one having at time ¢ p;(z;,-) as density function with respect to m.

- P law on C(RT,R)™ of the solution of (??) when 3 = 0 with initial condition zx.

- PYY: law on C(I,R)™ of the solution of (??) when 8 = 0 conditioned to the initial and
the final values : Xa(a) = xp et Xp(b) =ya

Step 1 : Density of Q3 o X (¢)~! with respect to Py o X (¢)~! on R*

Our first aim is to obtain this density as an exponential function of an uniformly
convergent sum of interactions. By Girsanov theorem, Q" restricted to the canonical
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filtration at time ¢ is absolutely continuous with respect to Py* with density denoted by
F\. Making similar computations as in the proof of (??), one obtains

Bx(X) = e (= 1oaa(a(0) + 3 oCXa0) + 3 [ (§50mag(Xa(s)

€A

~ P (TihngP(Xa(6) + 10U X5 i o(Xa(5) ) s

= exp (= 38 (¥a) + 5aa(XaO) + [ 3 a(X(s)ds).  (34)

where for A C Z¢, g4 is the following F4-measurable function on RZ

ga(z) = *ﬂ E :( ipa(ra) +U (%)W@A(MD - *52 E E Vies(z)Vipc(xo).
icA B,CCA ieBNC
BUC=A
BNC#D

Moreover, due to the assumptions on ¢ and (?7?) there exists a constant C > 0 such that
VACZ  |galls < CB. (35)
From (?7), one deduces that

Qpt o X(1)~!

1
P x (T = e eI (o y), (36)
A
with
fa(z.y) = Epry [exp > galx )] (37)
0 Aca

We are now looking for a cluster representation of fy (z,y) for 4 small.

We first work at the space-time level as in [?] or [?] (cf. also [?] or [?]); Clusters are
then subsets of Z% x N. In Step 2 , we will project this representation at times 0 and ¢,
obtaining clusters in Z¢ x {0,1}.

Let us introduce the notations we need. Let N € N large enough is such a way that for
#A > N,ga =0. Such a number N exists since g4 is of finite range by constrution.

Let V a finite subset of Z? such that for any A C Z¢ with g4 # 0 then A C Njea(V+ 7).
Let us define a subclass of finite volumes in Z¢ x N :

:{A:Ax{j,jJrl}CdeN: lg#AgNandACﬂieA(V+i)}.

A finite set v = {A1,Aq,...,Ap},n > 1, of elements of D is a cluster. It is called
connected if for any A;, A; € v, there exists a sequence ¢ = i1,%2,...,%, = J such that
A, NAL A0, A, NAL#0,...,A; NA,; #0. We call support of the cluster v the
subset of Z4 x N equal to |J;_; A; and denote it by supp(y). The integer number |7| is
the cardinality of the support of ~.

We denote by A the set of connected clusters and Ay «[o,as) the subset of A which contains
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the clusters whose supports are included in A x {0,---, M} C Z% x N. A collection of

clusters v1,7v9,...,7 is called compatible if their associated supports are disjoint. We
denote by Lxx[o,ar) the set of all compatible collections of non-empty clusters belonging
to AAX[O,M]‘

We can now start the expansion of the expression (77).

Let M be some integer which we will fix later, and T = ﬁ We decompose the time
interval [0, ¢] into M subintervals I; = [jT;(j+1)T],j =0,--- , M — 1. We obtain, taking
o =2,

fa(z,y) = / / / AHA Ajﬁjexp( /Ing<X<s>>ds) ﬁgm@?),x@”)

e

2z 2D
PA,ID (dX)PAJ1

- / / / (HZ > szwl)(X)/cM(w)(X).../cMm)(X))

n=0 {v1,....7n}ELAx 0, M]

S(M=1) -
(dX).. -PA,IM_l’y(dX) m®A(dﬂc(1)) .. .m®A(dx(M 1))7

z,z(1) (D (2 2 (M=1) B
Py (dX)PA,Il (dX>"'PA,IM_Iy(dX)m®A(da?(l))...m®A(dg;(M 1))_

K () has the following form :

Ku()(X) = H <pT (Xi (T), X ((5 + 1)T)) exp (/ gz‘(X(S))dS) - 1)

Il I
{i}x{j,j+1}evy J
J<M -2

11 <exp ([ aatx(as) - 1)

Ax{Gj+1}ev L
#A>2
J<M—2

H (exp (/I 7 gA(X(s))ds) - 1>.

Ax{M—-1,M}ey
We denote by €(7") the fluctuation of the kernel pr around the equilibrium :

e(T) = sup |pr(a,b) — 1. (38)
a,beR

(Let us recall that by definition, p; is the density function with respect to the stationary
measure. )
Since U is ultracontractive, one has

lim ¢(7T") = 0. (39)

T—o0
Let us choose (y and Tp such that for any 8 < fo, eCToB _ 1 < 1. We consider now both
cases, t < Tp and t > Ty separately.
For t < Ty we fix the integer M equal to 1. So T' =t and we only have to control IC;(v),
which has the following simple form :

el

=TT (e /[0 oAl (e))ds) - )| < (77 - 1),

Ax{0,1}evy
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For ¢ > Ty we fix the integer M equal to [ty/3] + 1, which is the smallest integer strictly

larger than t\/3; so T =

we obtain

t
[tvBI+1’

Kar()(X)] < ((1 T e(T))eCT8 1) ﬁ

< 2<(1 + e(lﬁ))eé\/ﬁ — 1> -
<A@,
where 3 — A(() tends to 0 as 5 goes to 0. Thus,
fo(z,y) =1+ > K3/ (K3 (2) - K3 ()

n=0 {y1,....;7n}ELAx [0, M]

where

2 (M=1) 4

which tends to 400 when 3 vanishes. For # small enough,

(40)

x e _
K%Y (v) = / / Ky (M(X)Pyy (dX) ... Py ¥ (dX) m®N (dz W) . om®M (dz M),

and inserting (?7) we obtain

sup K3 ()] < A8,
x7y7

As in the last section, this implies that for any cluster v € A and for 8 small enough,

sup > K@) <.
z,y€RZ4 >0 ~EA:
supp(y)Nsupp(y')#0

For 8 small enough, following Kotecky and Preiss, one obtains the following expansion for

the logarithmus of fi (z,y) :

I (£a(e,9)) = > 3 a1y K (1)K (2) - K5 ().

=0 {y1,...7n }eEMp x[0,M]

We now leave the space-time level and go to the level of the projections at times 0 and ¢,

obtaining :

In (fA(:C, y)) = Z Z Z a(vi, - m)KY (1) - K3 (),

ACA =0 {y1,..7n }EMpx [0, M]
Tr('yly"w'yn):A

where Tr(v1,...,7,) denotes the spatial trace of the cluster ~1,...,7,, that is the projec-

tion of its support on Z¢.
Thus from (?77),

x -1
m(y/\) — e Taca PAl@y)
A [¢]
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where

1

Eu(z,y) = 5B(paly) —pal)

-> > a(y1s- ) K () - K (). (43)
n=0 {71,..7n }EMp x [0, M
Tr(v1,7m)=4A

We note some important properties of the function ®°.

Lemma 8 The function @i(:z:,y) defined on RZ" x RZ" is indeed Fa x Fa-measurable
and satisfies

lim sup > _(#A — 1)| @R o0 = 0.
F=0iend 15

Proof :

The measurability property of @g is a consequence of the following observation : K7 ()
depend on z (resp. on y) only on supp(y) N (Z¢ x {0}) € Tr(y) = A (resp. on supp(y) N
(24 x {t}) C A, so that in fact D2 (z,y) = @1 (za,ya).

Moreover, Kotecky and Preiss proved in [?] the following exponential decrease of <I>’i with
respect to A: For any a € R, there exists 3, > 0 such that for all 5 < 3, one has

sup sup Zea#AH(I'iHOO <1. (44)
i€ZAteERT AT,

This implies that, uniformly in i and ¢, the sum ), (#A — 1)||q’i||oo converges for
small enough. Since limg_,o ||'I>g||OO = 0, we obtain the desired result. [

Step 2 : Study of Q¥ = Q¥ o (X(0), X (¢t))~! on RZ>{0.1} and its Gibbsian properties

In order to prove the Gibbsianness of v = Q¥ o X (t)~!, we study as intermediate step
QY = Q¥ o (X(0),X(t))~", the joint projection of Q¥ at time 0 and t on the space R,
where S is the so-called bi-space : S = Z% x {0,1}. (In the framework of Probabilistic
Cellular Automata, the idea to analyse the properties of the process on a bi-space was
already powerful, cf. [?]).

Lemma 9 For 8 sufficiently small Q" is a Gibbs measure on RS with reference measure
m and associated Hamiltonian function H which is defined as follows : if we denote by

(A, A') the subset of S equal to (A x {0}) U (A" x {1}),

Haay(@y) =hale) = > Iplesy)+ Y &’ (z,y). (45)
IEAUA AcCz?
AN(AUANY 0

Proof :

Since the initial interaction ¢ satisfies the strong Dobrushin’s condition (SDC), v is the
unique element in G(@,m); it can be approximated by the sequence of finite volume
specifications with free boundary conditions : (vp = % exp —h AD MmN \cza. Let Q5 be
the law on C(RT,R)? of the solution of (??) with initial distribution v4. Similarly to the
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proof of Lemma ?7, for any bounded regular local functional G , the sequence [ G dQ'*
converges towards [ G dQ” when A tends to Z%. In particular,

lim | G(X(0),X VA—/G (1)) dQ",

A—74d

which means that the joint projection of Q* at times 0 and ¢ on the space (RQ)A con-
verges towards QY, the joint projection of Q¥ at times 0 and ¢, considered as probability
measure on (R2)Z’. Now, for 3 sufficiently small, using Girsanov formula and (77), it is
clear that the family (Q*)a is the Gibbsian specification on (R2)Z" with free boundary
condition associated to the reference measure on R? m(d¢, d¢) = py(&, ()m(dé)m(d¢) and
the interaction

Ua(z,y) = Balz) + 5 (2,y), (z,y) € R)Z, A c Z¢

(This function on (RZ)Zd is indeed an interaction due to the measurability property of
'I’g proved in Lemma ?7?.) Since ¢ satisfies the strong Dobrushin’s condition (SDC) and,
by Lemma ?7, > A5 (#A — 1)H<I>iHoo is as small as required for [ small enough, the
interaction W satisfies also Condition (SDC) for 8 small. This implies in particular that
the set G(¥, m) of Gibbs measures on (R2)%" contains at most one element; this element
is nothing but Q¥, limit of the free boundary specifications (see [?] Example (4.20) for the
relation between free boundary conditions and usual boundary conditions.) The measure
QY thus satisfies (DLR) equations with the Hamiltonian function associated to ¥ and
the reference measure m. If we now consider the natural bijection between (RQ)Zd and
R®, Q¥ is a measure on R satisfying (DLR) equations for any finite volume of the type
(A,A) € S, with Hamiltonian function Ha a) and reference measure m. This is enough
to deduce the desired result, since any finite volume (A, A’) C S can be included in some
symmetrical volume (A", A”) C S. [ ]

We now condition the measure QY to finite-dimensional projections at time t. Let us
denote by Q"¥A° the probability measure QV(-|Xae(t) = yae), which is defined for any
finite subset A of Z¢, and for vf-a.a. y. The next lemma gives a Gibbsian description of
this measure. Its simple proof is omitted.

Lemma 10 The probability measure QYA conditional law of Q¥ o (X (0), X (t))~! given
{Xac(t) = yac}, is a Gibbs measure on RZDAOUAALY yith, reference measure m and

Hamiltonian function HYAC defined for (A, A') C Z% x A by
HUX oy (@, 20) = Hia o (@, 2ay8¢), @ € R*, z) € RN,
QYY2° can be decoupled as follows :

QYA (dx, dzp) =
o Hpt Ti, %i) €Xp ( > ‘I’i(%ZAyAc))m®A(dZA)Q”’yAC (dz), (46)

Z(ya) o =t
ANAHAD
where QVYA° is a probability measure on RZ, Furthermore, QYA belongs to G(®YA°, m)
where the interaction ®YA° is defined for x € RZ* by :
Y (2) = Gi(wi) — Liene Inpr(2i, 1), i€z (47)
Q%C (x) = @A(%) + HAOAZ@ Qi(l‘ay/\c)v fOT’ AC Zdu #A > 2.
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In the next lemma we show that uniformly (with respect to A and y) the local specifications
of Q¥¥2¢ converge to this Gibbs measure.

Lemma 11 For 3 sufficiently small and t > 0, for A C Z% and for all y € de, the set
G(®Y2¢,m) contains a unique element denoted by QYA°. Moreover, for any A C 79,

lim sup sup sup sup |QVYA°(A) — QYYA°(Alzarc)| = 0. (48)
Az AeFa ACZa yERZd zc€RZ4

Proof: Considering the form of the interaction potential ®¥A° given in (?7?), it is obvious,
as in the proof of Lemma ??, that for 3 sufficiently small, ®¥A¢ satisfies (SDC). Therefore
the set G(®YA°, m) contains at most one element. The strong convergence of the local spec-
ifications to the limiting Gibbs measure is a classical result, which is proved for example
in [?], Theorem 8.23. The uniformity in A and y in (??) comes from the same uniformity
obtained in the (SDC). [

Remark 2 Since QVYA¢ is well defined for anyy € de, Q"¥ac 4s also defined by (77) not
only for vt-a.a. y but for all y. This is a regqular version of the conditional probabilities

Q¥ (dx dyl|ype).

We now observe that, for a.a. yae € R, vy(-|yac) is the marginal on RZ* of QU¥ac. This
means that, for any regular bounded function g on R,

/ g(z ) (dznyae) = / 9(20) QU (dir, dzp).

From Lemma 77 and Lemma 77, we obtain the existence of a regular density fa for the
conditional probabilities v/¢(-|yac) :

vi(dzalyac) = fa(zayae) m®*(dzp),

with
_ 1 o _ B YsYAC
faly) = /de Z/\(Mgpt(l‘uyz)exﬁ)( A%d 'I’A(av,y))Q YA (da). (49)
ANAHAD

Let us remark that fj is well defined on the full space RZ?,

Step 3 : Use of Kozlov representation theorem

To complete the proof of Theorem 7?7, it is enough to show that the local densities fi
- expressed in (??) - of the family of conditional probabilities v(:|Fpc) are built on an
absolutely summable interaction potential. Unfortunately, in this context, we cannot write
explicitely the interaction as we did in the section 3. We will only prove its existence and
regularity, using the pioneering work of Kozlov. In [?], Theorem 1, he proved the existence
of an absolutely summable interaction under the assumption that for any A C Z%, fo
satisfies the following properties :

(boundedness) 3C4, Cy > 0 such that C; < infd faly) < sup fa(y) < Co,

yER? yeRrz?
(quasilocality) lim ~sup [fa(y) — fa(9)| = 0.
ASZEd
y,geR
YA=YA
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The first condition is equivalent to the uniform boundedness of In(fa) and the second one
is the uniform quasilocality.

Proof of the boundedness of fa : Since, from Lemma ??, QV¥A° is a Gibbs measure with
associated interaction ®¥A°, one can desintegrate it on F, and obtains

faly) = / Fa(ae, y) Q¥ (da) (50)
where
f T Ac = 1 €T, ; X —‘~ ) — B T ﬂ1®A X
Fatene) = | s [Tt exp (a0 PR ))m (da).
ANAD
with

Sa(ene) = / exp(—ha(2)) m®A (dzy),

and Za(yae) = /Hpt(wi,yi)exp<— > ‘ﬁ(%?/)) m® (dyp) QY (dw).

i€A Aczd

By assumption, the initial Hamiltonian & is uniformly bounded; then there exists ¢; > 0
and ¢y > 0 such that
1 -
—exp(—ha(x)) < co.
o P )

On the other hand, from Lemma 7?7 it is clear that for 5 small enough, there exists c3 > 0
and ¢4 > 0 such that

Va,y € de7 c3 < exp(— Z @i(m,y))) < ¢4.

AcCz?
ANA#D

d
Vo € R%, e <

Then, for any yre € RA,

c3 / [ pe(ai, yi)m®* (dya) Q742 (dax) < Zip(yae) < ca / [ pe(as, y)m®* (dya) Q42 (da).
€A €A
Since, for any i € Z¢ and z; € R, J pe(mi, yi) m(dy;) = 1, we obtain ¢z < Zp(yac) < ca.
This bound implies that, for all y € RZd,
C1C3 Co2Cyq
— < faly) < —.
C4 C3

Proof of the quasilocality of fa :
Above, we have shown that the function f) defined on RA® x RZ? is uniformly bounded.
Furthermore, it satisfies

limd sup  sup |fa(zac,y) — fa(zae,§)| = 0.

AL y,g}eRZd ERZ?

ya=ya

Using the integral representation (?7) and (?7), one obtains that fa itself is quasilocal.
|
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Remark 3 If we remove the ultracontractivity assumption on the self potential U, the
result of Theorem ?7 remains valid, that is for any fived t, V' is strong Gibbsian for
G < 0o, but now the critical value By depends on t.

5 Corollaries and additional remarks

We proved in the previous sections results on propagation of Gibbsianness. In this last
section, we are interested by the propagation of other properties. Does the Strong Do-
brushin condition, or the uniqueness of Gibbs measures, or the phase transition property
propagate between time 0 and time ¢?

We begin with a direct corollary of Theorem 77.

Corollary 3 Let us consider the system (?7?) under the assumptions of Theorem 7?. If
the initial interaction @ satisfies (SDC), then for t small enough, the interaction o' at
time t satisfies (SDC) too.

Proof :
The representation (??) shows that ¢! is a perturbation of ¢. Similarly as in Lemma ?7,
we obtain that for ¢ small enough ! satisfies (SDC). [

In the case of free systems, we can even say something for times ¢ not necessarily small.
Let us define the following decoupled dynamics :

{ dX;(t) = dB;(t) — LU (X;(t))dt ,i € Z¢, t > 0

X(0) ~v (51)

where v is a Gibbs measure in G(@,m); U is supposed to be C? and the measure e~V d¢
can be normalised into m(d§) = %e‘U(f)dﬁ.

Proposition 4 If we consider the free system (?77) where the initial interaction ¢ satisfies
(SDC), then for any time t > 0, the set G(¢',m) is reduced to the unique Gibbs measure
equal to the law of X (t).

Moreover, if the dynamical self interaction U is ultracontractive, then for t large enough,
the interaction at time t ©' satisfies Dobrushin uniqueness criterium.

Proof:

Let ¢ be a Gibbs measure in G(p!,m). Suppose that p is extremal; then, as recalled in
Lemma 77, u is the weak limit of its local specifications, that is : there exists y in RZ*
such that p = limy sza fACyac)m®r @ §,,., with fu defined in (??). But the expression
(??) is now much simpler than in Section 4 since the system is free (3 = 0). In this special
case, the local specification fa of v! in A has the following simple expression :

£aw) = [ T putos )@ (da), (52)
SN

So, for all A € Z¢ and all bounded regular Fa-measurable function g , we have

/g(zA)u(dz) = lim g(zA)/Hpt(xi,zi)Q”’yAc(dx) m®A(dzA)

A 74

i€EA
= i 1y ~1 B4 d OZS d )
Al/n%d//g(za)gpt(x zi) m== (dza) QYA (dx)
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since for every i € A\A, [ pi(xi, z;)m(dz;) = 1.

On the other hand, Lemma ??, which holds for A = Z% too, shows the weak con-
vergence of QYYA° against Q" which is equal to v when 8 = 0. Since the function
z— [ g(2a) [L;ea e(wi, 2)m*> (dya) is bounded and local, we then get

[ otea — [ [ otea) [ o o™ (@es)utae).

IEA

The preceding equality shows that locally, i is nothing but the measure v transported by
the free dynamics. Thus, u does not depend on the boundary condition y. This proves the
uniqueness of the extremal Gibbs measures in G(!, m). Thus the set of Gibbs measures
is reduced to one element too. The first part of the proposition is proved.

We now prove the second assertion. For fixed ¢ > 0, one can define as usually Dobrushin’s

coefficients (Ci(tj))i,jezd associated to the interaction ¢* by :

Ci(,? = SUP{HV dyz\yzd\z) — V(dyilFzn ) llvar = 9,5 € RE Jygay; = G5}
= ool [ 15 ~ £@)Imd) 5.5 € B s = )
with, as in (?7), fi(y) = f3(y) = [ pe(zi,y:)Q"?2"\i(dx). To simplify, the Dobrushin’s

coefficients of 4 (time 0) are denoted by (Cj ;); jezd-
The potentiel ¢! satisfies the Dobrushin Uniqueness Criterion if

(DUC) CW = sup; ¢y > jezd Cl(tj) <1

Since ¢ satisfies (SDC), it’s well known (see for example Proposition 8.8 in [?]) that
¢ satisties (DUC) too, that is C' := sup;cza ) ;cz4 Cij < 1. Let us prove that ot also

satisfies (DUC) for ¢ large enough. From Lemma ??, Q”Y2%\: and Qy’gzd\i are Gibbs mea-
sures. Using the comparison Theorem 8.20 in [?] Wthh gives bounds for the integral of a
function under different Gibbs measures, one obtains

fily) = £i(@)] < 2e(t)Dy; / Q"2 (daj|wgay ;) — QPN (davjlargay ;) lvar @21\ (d)

< xbug [ [

where €(t) is defined in (??), D; ; is the (4, j)-coefficient of the infinite-dimensional matrix
D=3, nC" (C is the matrix (Ci,j)i,jeZd) and

pt 1‘]7%) pe(zj, ;) VY,
- == | m(dz;) Q77N (dx),
ZJ x yj) Zj(xayj) J

o) = [ B, gp)mldsy)
If we denote by zj(z) = [ ehi @) (dx;) we then obtain following inequalities :

(1 —€(t))zj (@) < 2j(w,y5) < (14 €(t))z(2), (53)

|2 (2, y5) — 2j(@, 95)| < 2€(t)z(z). (54)
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Thus,
fi(y) = fi(@)| < e(t)Ds (A + B),
with

and

A= [ [t e ) = s ) mey) Q4 ),
J
1

// el ) zi(@yy) 72, 0))

Using inequalities (??) and (?7) we obtain

e_h‘]'($) —_—
) .7

2e(t)

1—e(t)

(For t large enough, 1 — €(¢) is greater than 0.)
On the other hand,

m(dz;) Q"2 (dx).

—h; (@) (i) — 2 : -
s< [f Mpt(%gj)|z]<x,ﬁ>(m ;;;x’yﬁ\m(dxj)Qy,dex)

e—hi(@) oy 2e(t) N\ AYYgdrs
= //Mpt(x]7y])1 —€(t) m(dz;) Q \i (dx)

1—e€(t)

Finally, we obtain the uniform bound |f;(y) — fi(9)| < fi:y D; ;. Thus, for all i € N,

2¢(t)? 2¢(t)? 1
(t) « 22\ D < =\ -
c > D,

1 —€(t) =

Since €(t) vanishes when ¢ goes to infinity, C®) is strictly lower than 1 for ¢ large enough.
|

Let us go back to the general system (??), with a true interaction in the dynamics.
We know that for small times the set G(¢!,m) contains a unique Gibbs measure. But
it is not clear whether this property remains true for any time. What we prove in the
following proposition, is that it is at least true for ¢ large enough. Unfortunately, unlike
the preceding Proposition, we do not know if the potentiel ¢! satisfies the uniqueness
criteria (DUC) or (SDC).

Proposition 5 Under the assumptions of Theorem 77, for B small enough and t large
enough, the set G(¢t, m) contains a unique Gibbs measure, the law at time t of the solution

of (77).
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Proof :

For 3 small enough, the interaction potential on R® associated to the Hamiltonian func-
tion H defined in (?7?) is the sum of the initial potential plus a two-body potential induced
by p: and a dynamical potential defined by the cluster expansion. By assumption, the
first one satifies (SDC); the second one vanishes when ¢ goes to infinity, since U is ultra-
contractive and the third one is small in the sense of Lemma ?7. So, for # small enough
and t large enough, the potential associated to H satisfies (SDC) on the bi-space S. Thus,
the specifications of H are global in the sense defined in [?] (see also [?] and [?]). This
means that (DLR)-equations hold also true for unbounded subsets of S. Similarly to the
beginning of the proof of Proposition 7?7, we can show that each extremal measure in
G(',m) is the limit of the projections on RZX{1} of the global specifications associated
to H for a fixed boundary condition y. The uniqueness of such extremal Gibbs measures
is then a consequence of the globality property. We conclude that G(¢?, m) is reduced to
the measure 1. [ |

Let us finish this section with a result about propagation of non-uniqueness.

Proposition 6 Let us consider the system (??) under the assumptions of Theorem ?7. If
#G(p,dx) > 1 (phase transition occurs at time 0) then, for t small enough #G (', dz) > 1
too, that is the phase transition propagates.

Proof :

Suppose #G(p,dx) > 1; let 11 and v, be two distinct measures in G(@, dx). Thanks to
Theorem ?? , for ¢ small enough, v{ and v are in the same set of Gibbs measures G(¢', dz).
It is clear that v} (respectively v4) converges weakly to v (respectively to v5) when ¢ goes
to 0. Thus, for ¢ small enough v} and v} are different measures. |
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