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Abstract
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1 Introduction

Let 2 = C(R, ]R)%d be the configuration space, and F be the canonical o-field in it. For w € Q
we write w = (w;(t));czd er- Suppose we are given the following infinite-dimensional stochastic
differential equation (s.d.e.)

axi(t) = (- %@'(Xi(t)) £ b(0,X))dt +dB(t), i€ L teR (1.1)

where

e ¢ is a suitable self potential, to be chosen in a class that will be defined later (see Section
4);

eb: C((—oo,O],IR)%d — IR is a measurable bounded local function, say b(w) = b(wa,),
where wy,, is the restriction of w to a finite subset Ay C Z? of space-coordinates, containing
the origin;

e 0;; is the space-time translation on § given by (6;w);(s) = wit;(t + s);
® (Bi);cygd is a sequence of independent real valued Brownian motions.

Such systems restricted to a finite time-interval (say [0,1]), with b(w) = b(w(0)) (Markovian
drift), and when b is the gradient of a smooth Hamilton function (see Section 6), were described

as lattice Gibbs states on C([0, 1], R)%" first by Deuschel in [6, 7] and later in [2].

Our aim is to deal with possibly non-Markovian and non-gradient systems in an infinite time-
interval by using the concept of space-time Gibbs state introduced in [19]: we describe weak
solutions of (1.1) as space-time Gibbs states on €2, and we give a variational characterization of
them.

To be more precise, let @ € Ps(2) be a space-time invariant probability measure on (2, F),
and b be a given function as above. Moreover we denote by P the reference measure in Py(€2),
law of the stationary solution of equation (1.1) with b = 0. - The assumptions that will be given
(see Section 4) on ¢ will guarantee existence and uniqueness of such measure, as well as good
ergodic properties -. Under the integrability condition

H(Q) < +o0,

where H denotes the specific entropy of (Q with respect to P (see Section 4), our main result is
the equivalence of the following assertions:

[A ] @ is a stationary weak solution of the s.d.e. (1.1).

[B ] Q is a space-time invariant Gibbs state for a specification which is built on an Hamiltonian
functional H, that is explicitely given in terms of b. As customary in Equilibrium Statistical
Models, this specification if defined as a perturbation of a reference specification, which in
this model consists of stochastic bridges derived from P.

[C ] @ minimizes the free energy HP, difference of the specific entropy and the specific energy,
defined on Ps(2) by

H(Q) = H(Q) — Bq/( /0 (0. dun(t)) + 5P (D) —b)gwo(0)  (12)



Assertion [C] can be stated in the following way:

1 1
0=H@Q = it [1(@)— Fo( [ blOow)den®) + 5Fa (bw) — )¢ (wo(0)].
Q'EPs(Q) 0 2

H(Q')<+oo
(1.3)
If we consider the specific energy, i.e. the second part of HP, we see that it includes a stochastic
integral. Hamiltonians of this form appeared in Mathematical Physics in the context of diamag-

netic current [17].

Gibbs fields on R%Z" have been considered by several authors from the variational principle
point of view (see e.g. Follmer [8], Lebowitz and Presutti [16], Kiinsch [15]), the difficulty coming
from unboundedness of the spin space. On the other hand, Gibbs fields on the trajectory space
C(R,R) were introduced in the context of Euclidean quantum field theory as quasi-invariant
measures (see Courrege and Renouard [1], Royer and Yor [26] and references therein). The
variational approach of such Gibbs fields was first considered by Roelly and Zessin [24] for the
law of a Brownian diffusion with values in the torus. More recently Osada and Spohn [21]
used D-L-R approach for constructing a class of Gibbsian non Markovian real valued stochastic
processes. One of the difficulties in dealing with Gibbs fields on path spaces, comes from the
fact that disjoint time regions are not independent under the reference measure. In this paper,
following the notions introduced by Minlos, Roelly and Zessin in [19], we deal with Gibbs fields
on C(IR, IR)%d, that is parametrized by space and time Z? x IR, so that both difficulties above
have to be overcome. In particular, the dependence of a stochastic bridge on boundary conditions
becomes essential, and methods from stochastic analysis play a key role.

We finally make some comments on the usefulness of the results proved in this paper. First
of all we have not assumed Markovianity of the system, i.e. b(w) = b(w(0)). Moreover, even in
the Markovian case, not having assumed any smoothness on the drift b, it is not known whether
the s.d.e. (1.1) admits any (weak or strong) solution, or whether among the solutions there is
one that is time stationary. Our results suggest two approaches to the existence of stationary
solutions.

e Stationary solutions may be constructed as space-time Gibbs states, e.g. via cluster expan-
sion. Results concerning space-time cluster expansion for some models can be found e.g.
in [19] and [20]. Our results guarantee that states constructed in that way are indeed weak
stationary solutions of the s.d.e.. Indeed, we show in [5] that a stationary solution of (1.1)
can be constructed by cluster expansion, provided ||bl| is sufficiently small, but with no
Markovianity or regularity conditions.

e Stationary solutions may be obtained by exploiting the variational principle, i.e. by showing
that the free energy HP attains the value 0. This is the case if HP is the (good) rate function
for a Large Deviation Principle. This would require some refinements of the results in [3, 4]
concerning space-time large deviations.

The paper is organized in the following sections.

1. Introduction.
2. Gibbs specifications and space-time Gibbs states.

3. Infinite-dimensional diffusions are Gibbs states.



4. Weak variational principle.
5. The minima of the free energy are diffusions.

6. The case of Markovian gradient systems.

2 Gibbs specifications and space-time Gibbs states

First of all we introduce our one dimensional reference process, which is the time-stationary
solution of the scalar differential equation

dx(t) = —%gp’(w(t))dt + dw(t) (2.1)

where w is a real valued Brownian motion and the self potential ¢ is a C?(IR, IR) function satisfying
the following properties :

—_

lim ¢(z) = 400, and 3Cy € R such that ¢ =: " — —(¢')? < Cy (2.2)

|| —+o0

[\

e ? e L'(R). (2.3)

Property (2.2) guarantees that, for any given initial condition, a unique non-exploding strong
solution of (2.1) exists (see Theorem 2.2.19 in [25]). Property (2.3) insures that the measure
e~ ¥dx, which is invariant, is normalizable. We let W denote the law on C(IR, R) of the stationary
solution of (2.1), and let u(dz) = e~ ?®dz/ [ e~¥Wdy denote the unique invariant Probability
measure associated to (2.1).

Let Q = C(R, IR)ZLd be the canonical configuration space, and F be the canonical o-field.
With P(£2) we denote the space of probability measures on 2, and Ps(2) is the subset of P(2)
containing the probabilities that are invariant for the space-time shift maps (6,-7,5)%%1 R

In what follows we let P be the law of the reference non-interacting infinite system, i.e.

The main object of this paper is an infinite-dimensional diffusion that is obtained by perturb-
ing through an interaction a system of infinitely many independent particles each evolving with
dynamics given by (2.1): we fix a finite subset Ag C Z%, and assume we are given a measurable
bounded Ag-local function b(w) = b(wx,) on C((—o0, 0], R)A°, where this path space is provided
with the topology of uniform convergence on compact subsets of IR™, and the corresponding
Borel o-field. We consider the associated stochastic differential system

1
4X,(t) = (= 3¢/ (6(0) + b6.,X) ) di + dB(t) . 1€ T, tE R, (2.4)
Remark that in time-stationary situation, we can also consider the above system for time ¢ € IR.
We need different filtrations on the space-time structure. Let )V be the set of space-time volumes
V having the form V = A x I where A C Z? finite, and I =lay, az| is a bounded open interval.
For a space-volume A C Z® we define its enlargement AT by

AT ={ieZ: (Ao +i)NA#0D}.



Letting AT = (AT)™, we define the boundary
DA = AT\ A.

For a time-volume I =]ay,as[C R we define its enlargement I* by

It =] — 00, as].

For V.= A x I €V the forward o-field Fy is defined by
Fv=oc{wit):ic ATt t eI},
the backward o-field Fy by )
Fv =o{wi(t) : (i,1) ¢ V}

and the boundary o-field 0Fy by )

OFy = Fy N Fy.

We need now a reference specification, denoted by IIY. It is a kernel based on P, and deter-
mined by R
I, (A) = P(A|Fy) P— as. (2.5)

forall V € V, and A € Fy. It is easy to see that, for V = Ax]ay, as], II{, is given by

I (w, do') = Dicondu(p (dw)) © DieaW 242 (dul) (2.6)

a1,wi(a1)

where Wg2¥ is the law of the stochastic bridge obtained by conditioning W' to be z at time a;
and y at time ap. That IIV is a space-time specification in the Gibbsian sense has been proved

in [19], Example 2, Section 1.4.2.

We now introduce the interaction between the spins through a potential ® = (®y )y ey which
is defined on a subset €' C Q as follows:

Pryr = 0 if BieZl:A=i+ A
Dipagxr@) = = [0 w)dwi(t) + 3 [; [b(0:,1w)(b(6: ) — @' (wi(t)))|dt  otherwise
= — f[ b(@i,tw)dBi(t) + % f[ bg(ei,tw)dt
(2.7)
where Lt
Bj(t) = wi(t) + B ¢’ (wi(s))ds,t €lat, az|.
ai

Note that this potential is not defined a priori on the whole §2, but only for w € Q' for which the
stochastic integral [; b(6;w)dw;(t) makes sense.

Note also that Bj(a; +.) — B;(a1)’s are independent Brownian motions under P.
The associated Hamiltonian is defined for V.= A x I by

= (W) = — w)dB; 1 2(0; 4w we
HV(W)_A/§¢@¢AXI( ) %; { /I b(0: ) dBi(1) — 5 /1 b2(6, )dt}, . (28

We observe that ® and H are space-time translation invariant, and that Hy is Fy-measurable.
Moreover ® has finite range equal to the diameter of Ag.



By means of IIY, the reference specification, and H, the space-time Hamiltonian defined in
2.8), we define for V € V, w € Q the specification ITH (w, .) as the following probability measure
\%

on
exp(—Hy (W) (w,dw’) if 0 < ZH(w) < +o00

otherwise,

_1
1 (w, dw') = { 5\7(“’)
where
2 (w) = [ exp(—Hy (@), o'
Q/
is the (0Fy-measurable) normalization factor.

Remark 1 1. Note that ®(;; 40«1 € L?(P), and therefore is finite P-almost surely. We make
the convention that it is always chosen in such a way that it does not assume the value
—00.

2. The fundamental property
Eplexp(-Hy)|=1 VYV eV (2.9)

holds. It follows from the fact that, for each A C Z¢ finite and a; € IR the process
(exp(—Haxay,as]))az>a; i @ P-martingale for the filtration (Fjxja;,a0()az>as -

3. The fact that IT¥ is a specification comes from a general result of Preston [22].

Definition 1 A probability measure @ on €2 is said to be a space-time Gibbs state with specifi-
cation IT7 if there exists a subset ' C Q such that Q(Q') = 1, H is well defined on €’ and, for
allVeVand Ae Fy N )

QAIFv) =TI/ (4) Q- as.

The set of space-time Gibbs states for II¥ will be denoted by either G(I1) or G(H,T1°).
Moreover we let G¢(IT1*) denote the set of space-time invariant Gibbs states, i.e.

Go(IH) = g(IIH) N P,(Q).

3 Infinite-dimensional diffusions are Gibbs states

We recall that a weak solution of the s.d.e. (2.4) is a probability measure @ on € such that the
scalar processes

(600 = [ (= 32/ CXilo) + b(61,) ) s

are (-independent Brownian motions, where X is the canonical process.

i€#?

Proposition 1 Let Q € Ps(Q) be a weak solution of the s.d.e. (2.4). Then Q € Gs(IT17) where
the Hamiltonian H is defined in (2.8).

Proposition 1 is a direct consequence of the following two lemmas.



Lemma 1 Let Q', Q? be two mutually absolutely continuous probability measures on a measur-
able space (U, F'), and let F be a sub-o-field of F'. We denote by Q% (resp. Q%) the regular
version of Q(-|F) (resp. Q*(-|F)). Then, Q'-a.s., QL% and Q% are mutually absolutely contin-
uous and, denoting M = dQ'/dQ?, we have

dQL
dQ

Proof. Let f and g be respectively F’'-measurable and F-measurable bounded functions. By
definition of conditional expectation

Q*(fg) = Q*(9Q%(f)).

= MQ%(M ™).

On the other hand
Q*(fg9) = Q' (Mfg) = Q' (9Q¥(M))
= Q* (M 'gQ%(Mf)) = Q*(9QF (M QR (Mf))

and the conclusion follows. |

Lemma 2 Let Q be a weak solution of (2.4) and let I =|ay,az]. Define the o-fields
Gy = Gaxr = o{wi(t) : (t < ay,i € Zd) or (t<asigAN)}

and
By = o{w;(t) : (i,t) € A x T}.
If Qg, and Pg, are the reqular versions of Q(-|Gv) and P(-|Gy), then

fﬁij: By = Cvl(w> exp ( -y (— | bbb + . / b?(ei,tw)dt) )

1EAT

The normalization factor Caxr(w) is measurable with respect to the o-field
o{wi(t): (t<a1,i e ATT) or (t <ag,ic dN)},
thus, in particular, Cy (w) is OFy -measurable.

Proof. Given the weak solution @ of (2.4), define the measure R on {2 by

ZS — exp ( IXA; (—/Ib(ﬁi,tw)déi(t) + ;/IbQ(Hi,tw)dt> )

By Girsanov Theorem it follows that R is a probability measure : it is the weak solution of a
similar equation to (2.4) but where the coordinates inside of AT are simply independent diffusions
evolving like (2.1). Then Rg, |5, = P, |B,. The conclusion follows by applying Lemma 1. &

Proof of Proposition 1. Observe that
Fv =Gy VG
where Gy is defined in Lemma 2, and
G, = o{wi(az) 1 i € A}.

By combining Lemma 2 with Lemma 1 the conclusion follows. |



Remark 2 In the literature there are strong regularity conditions on a Markovian drift to ensure
existence (and uniqueness) of strong solutions to equation (2.4) (cf. e.g. [27], theorem 4.1). One
advantage of our Gibbsian approach to infinite-dimensional diffusions, is that Gibbs fields can be
constructed through perturbation methods (e.g. cluster expansion) without Markovianity and
such regularity conditions ([5]).

4 Weak variational principle

In this section we prove one direction of the space-time Gibbs variational principle, which is a
partial converse of Proposition 1.

To simplify the notations, we introduce
B, := By, = By, x]on|
where A, = [0,n — 1] N Z?. We consider also
B~ =c{wi(t): (t<0,icZ or (0<t<1 and i<0)}.

Here ”<” denotes the lexicographic order in Z.

For pu,v probability measures on some measurable space (E,E), we denote by h(u|v) their
relative entropy. Moreover hg(u|v) is the relative entropy between their restriction p|g and v|g
to a given sub-o-field G of £. As before, we denote by ug the regular version of the conditional
probability of 4 w.r.t. G.

We now give supplementary conditions on the self-potential ¢, to ensure that the reference
process z(t) solution of (2.1) is sufficiently ergodic.

Assumption A. The self potential ¢ satisfies either one of the following conditions:

Al.
0< lli‘minf o'(x) < ‘hI|n sup ¢” (z) < +o0 (4.1)
T|—T0o0 x| ——+o00
A2. Property (2.2) and
© 1
0 < liminf ¢”(z) and / dr < 4o00. 4.2
iminf " (2) 7@ (42

The assumption liminf|g_, . ¢”(x) > 0 implies that the measure e~ ¢ dz has tails not
bigger than Gaussian. The remaining parts of either Assumption Al or Assumption A2 imply
the following bounds on the transition density

pe(z,y)
e“P(@/fe“P(ZOdy

a(z,y) =

with respect to the invariant probability measure u(dz) for the diffusion (2.1), where pi(z,y) is
the transition density from y to x with respect to the Lebesgue measure.

Lemma 3 a. Under Assumption Al there is a constant A > 0 such that for all t > 1 and
1" y € R7 2 2 2 2
e ACTYHD < (g y) < AT, (4.3)



b. Under Assumption A2 the stronger uniform bounds
e <g(z,y) <et

hold for ollt > 1 and xz,y € R.
The proof of Lemma 3 will be given in the appendix.

A typical example of a potential satisfying Al is a quadratic potential smoothly perturbed on a
compact subset of IR ; a typical example of a potential satisfying A2 is

o(x) = |z|*t?,  for some s > 0.

For @ € Ps(€2) we define
H(Q) = Q5 (Qp-Wee(0))) (4.4)
where W, is the law of the solution of (2.1) with value # € R at time 0 (note that W, ) =
Ps-|p,). Furthermore, if v is the law of X (0) under @ € P4(2), then the condition H(Q) < 400

implies that
Qls, < W,

where W, (dw) = Wy(dw) ® v(dz) is the law of the solution of (2.1) with initial distribution
v. This fact guarantees that every coordinate is a semimartingale under (), and then that the
stochastic integral under Q makes sense :

HP(Q) = { H(Q) — Eq( Jy b(0o,w)dwo(t)) + 3 Eq (b (w) = b(w)¢(wo(0))) i H(Q) < +o0
+00 otherwise .
(4.5)
We now prepare the proof of the variational principle. Let Q € G4(IT") satisfy H(Q) < +oo.
Instead of 11" we also consider the specification I, built on II° and the following modified
Hamiltonian

@ =-%( bt [ (b0 (0001 - Jwt))it) (16
ieA M7

1+1 ar+l

for Ve V, V = Ax]ai, az[ with a; < az —2. We let Z{?(f) denote the corresponding normaliza-
tion

20(€) = | exp(~Ay(@)°(€, do). (4.7)

We also introduce the following sequence of probability measures on (£2, F), defined for n > 2,
Iy o (dwy,  dSve) = I, (&, dw)Q(dE). (4.8)

The reason for using the modified Hamiltonian Hy is that it is simpler to get estimates for Z{;I

than for 251 . Indeed, in computing Z{; one needs only the restriction of H?/ to the time interval
[a1 + 1, a2 — 1], and this restriction is very regular with respect to P.

In a first step we prove



Proposition 2 If Q € Ps(Q) is such that H(Q) < +oo, then

lim s, QT ) = HP(Q) (4.9)

n—00 ‘Vn|

d+

where |Vy,| = n?t1 is the volume of the space-time region V.

As a second step we show

Proposition 3 If Q € G,(I1") is such that H(Q) < 4oo, then

li 1
11m —
n—0o00 |Vn|

th(Q’Hg,Q) = 0. (4.10)

Thus we obtain, as the main result of this section, one direction of the Gibbs variational
principle.

Theorem 1 If Q € G,(I1") is such that H(Q) < +oo, then HP(Q) = 0.

Remark 3 We make here some considerations of the finite entropy condition H(Q) < +o0.

1. First of all, it implies that under () the canonical process is a semi-martingale, and then,
the Hamiltonian H is well defined Q-a.s. without any difficulty.

2. Follmer et al. introduced in [10], Definition 2.1, a locally finite entropy condition which can
be stated as follows. Let B~ denote the o-field

B~ =o{wi(t): (t<0;ieZ?) or (0<t<1 and i#0)}.
() satisfies the locally finite entropy condition if
H(Q) = Qlhs, (Qs- Way(0))] < +00.

Since B~ C B, Jensen’s inequality yields

~

H(Q) < H(Q).

Therefore our finite entropy condition implies the locally finite entropy condition of Follmer.
3. Suppose that the drift b is Markovian (b(w) = b(w(0))) and of gradient type, i.e. there is
a local C?-function 1 such that the drift b is given by

b(x) = — Z Y(0;x) (4.11)

where 0;x; = x;4; is the space shift on RZ (as customary, the sum in (4.11) is formal, but
its derivative is well defined). For this class of systems, that will be referred to as gradient
systems, the condition H(Q) < +oo holds true for all Q € G4(IT*). This and other aspects
of gradient systems will be the subject of Section 6.

Before giving the proof of Proposition 2, let us recall an important inequality satisfied by the
relative entropy, which will be used at several places in the proof.

10



Lemma 4 For every pair of probability measures (u,v) on a measurable space (E,E), and for
every measurable function f such that f~ € L'(v),

log/Eefdu > /Efdv—hg(u\,u). (4.12)

Proof. When f is bounded above, this is the usual entropy inequality. To obtain it for f~ € L!(v),
it is enough to construct bounded approximations and the inequality remains true for the limit.
|

In the proof of Proposition 2 we need two technical facts. The first is the representation of
the functional H(Q) given by

. 1
H(Q) = lim WhBH(Q\P). (4.13)
which holds for Q € P4(€Q) such that H(Q) < +oo. This is a version of McMillan Theorem. It
can be proved as in Dai Pra [4], Proposition 4.1, and goes back to the work of Robinson and
Ruelle [23]. The second technical fact we need is stated and proved in the following simple but
key Lemma.

Lemma 5 Under Assumption A, if Q € Ps(2) is such that H(Q) < +oo, then

. 1
nEI-Ql—loo WhBAnX{Oa"} (Q‘P) =0.
Proof. We first note that
aQ dQp, x {0} aQ
log — = log ———+ + log —
gdp B, x{0,n} & dPBAnx{O} Bay, x{n} & dP 1By, x 0}
dQp, dP dQ
= log ——2nx{9) +log —— + log — . 4.14
ETAP B gdPBAnx{o} Brnwiny | dP By (.14
Using the time stationarity of () and Lemma 4 applied to p = @ , v =0Q and
o Ba, x {0} Bay, x {n}
d
f=log % we have
Bay x{n}
dQs, dQ
Eq |log ——2nxi0) <E[l —= }:h P). 4.15
@ [og dP Baysiny | — Q|8 dP 1By, « (0} Bans (0} (@1P) ( )
Moreover
dP
logdpi 5 (w)| = Z log g (wi(n),w;(0))
Bayxqoy TAnxin} i€,
where ¢(x,y) has been defined in Lemma 3.
Now, under Assumption A2, |logg,| is uniformly bounded so that, easily
1 dP
lim —Fg |log———— =0. 4.16
n—-+o0o ‘Vn| Q [ g dPBAnX{O} BAnx{n}‘| ( )

11



On the other hand, under Assumption Al, thanks to Lemma 3, there is a positive constant A,
independent on n, such that

| log gn(2,y)| < A(L+ 2% + ). (4.17)

Thus, by space-time shift invariance of @

dP
Eg |log ——— 4 (2Fqwi(0)] +1).
‘ Q[ogdPBAnX{O} n' (2Eqlw3(0)] +1)

Thus (4.16) is established under Assumption Al if we show that Eg[w(0)] < +oo. To see this
we use Lemma 4. For every ¢ > 0

Foled )] < et [log Bp (6@ + sy, (QIP)] (4.18)

Bay, x {n}

that is finite for e sufficiently small, since P[g,,  ,,, has Gaussian tails. Thus (4.16) is established
under Assumption Al too.

By (4.14), (4.15) and (4.16) we get

hBAnx{O,n} (Q‘P) < 2hBAn><{O} (Q‘P> + 0(‘Vn‘) (419)

The fact that
h‘BAnx{o} (Q[P) = o(|Val) (4.20)

is almost obvious. For instance, one can take in (4.13) the space-time volume V,, = A,, x [0, /n]
and obtain

. 1
H(Q) = lim ,ndT%hBAnX[O,\/E](Q’P)
which yields

hBy, 0y (@IP) < hs, o e (QIP) = o(n®).

By (4.19) and (4.20) the conclusion follows. n

Proof of Proposition 2.
Taking into account the definition of H® and (4.13), all we have to show is

li E, 1dH’Q E, 1b9 dB 1 1b29 d 4.21
Jim 15 (log =12 ) = Eo( [ bow)iBo(t) — 5 [ B200)). @2

Note that
= log dHVn( Vs )
B dHO (wV,,fa )

By Lemma 5, (4.21) is established if we can show that

ditf? o

log

5, T8 Gp Brxiom-

1 AT (wye, )
li —Fqg |log —5"—"— =F b(6 dB b? (0 dt). 4.22
n-s¥so [V Vol °8 dI1y, (wye,-) 1Bn Q / (Bo.4w)dBot / (B,1) ) (4.22)
To see this, observe that
dH‘E/I;L (wvﬁ, ) 24 ~

12



Identity (4.22) now follows if we show that

1 - 1 . 1,
i B (v, (@) = Eq( /0 b(do,)dBo(t) — /0 b (B, 0)dt) (4.24)
and ! i
. 4 H .
Jim o [log Z{ (wy)| = 0. (4.25)

Equality (4.24) follows readily by shift invariance of Q and the definition of Hy , provided

/0 b(Oos0)dBolt) € L} Q). (4.26)

To prove (4.26) we argue as follows. Due to the finite entropy condition, the canonical process
under () has a semi-martingale decomposition as follows: there exists a (-square integrable
random variable 3, measurable w.r.t. o{w(t) : ¢ < 0}, such that

(Mi(t) = By(t) — /0 tﬁ(ei,sw)ds)iem (4.27)

are Q-independent Brownian motions. This fact can be proved by using Theorem 2.4 in [10]
or [2] p.166, specialized to the translation invariant case. Indeed (see Remark 3), our entropy
condition is stronger than the local entropy conditions appearing in [10].

Therefore
1 ~ 1 1
/0 b(6o.1)dBo(t) = /0 b(6o,.10) 8(60 1) dt + /0 b(6o.10)dMo (1)

that easily implies (4.26) and thus (4.24).
We are left to show (4.25). First observe that (4.12)

dH?/n (CUVﬁ y )

tog Z{] () = log [ e edmty, (e, ) = log [ ( 2

dP
Bay, x1,n-1]

Bay, x(1,n-1]
(4.28)
Moreover

dH[\)/n (wVTfa )

o i) = ] q1(wi(1), wi(0))q1 (wi(n), wi(n — 1)) (4.29)

icA, Qn(wi(n)vwi(o))

Ba, x[1,n-1]

Under Assumption A2, each term of the r.h.s. of (4.29) is uniformly bounded, that immediately
implies (4.25) after having observed that, by Girsanov formula,

/e_HVn dP = 1.
Under Assumption Al, we use the bound (4.17) on the transition density ¢;(x,y), and we get

dITy, (wg, -)

dP = exp

Bay, x(1,n-1]

—A Y (WR(0) + WD) + wi(n = 1) +wP(n) +1) | .
1€AR

13



Thus, letting dQy"" = e Hva@velgp Ba,, x 1.1+ PY Jensen’s inequality

—AT 37 (wR(0) + wR(1) + wh(n — 1) +w(n) +1) | QL

i€AR

log Z{Z (wye) > log/exp

Ay {E ovg [WP(1) + wF (= ] + 1+ w}(0) + wi(n) }. (4.30)
i€Ap

Thus, the inequality
1 ~
lim inf —— Eg[log Z{! (wye)] > 0

n |Vl
follows if we show that
sup sup sup E_eye [w?(n — 1)] < +oc. (4.31)
n (€A, wvﬁ Qn

To see (4.31), observe that, under sz’?, the canonical process satisfies the s.d.e., for ¢t € [1,n— 1]
dwi(t) = [—cwi(t) + b(gi’tw)]dt + dNZ(t)

where (w;i(1));en, are i.i.d. and distributed according to the invariant measure of (2.1), and

(Ni)iea,, are independent Brownian motions under Q.. Boundedness of b(-) and an elementary
application of Ito’s rule yield (4.31).

We are now left to show

lim Sup 1 |V ’ Eg(log Z{Z (wye)] <0 (4.32)
under Assumption Al. We first claim that
(log2f) € LY(Q). (4.33)

This follows easily from (4.30), (4.31) and the fact that, as shown above, Eq(w3(0)) < +oo for
Q satisfying H(Q) < +o00. By (4.33), we are allowed to use Lemma 4 and obtain

Eg[log Z‘%] < log Ep(Z‘I}L) + hBy, oy (QP)-

Using this inequality together with Lemma 5 and the fact that E p(Z{ZL ) =1, (4.32) follows. W

Proof of Proposition 3. Let Q € G(IT") satisfy H(Q) < 4o0. The following argument goes back
to Preston [22], Lemma 7.7. First note the identity

dQ I (¢, dw)
= JEye) = — > 0] 4.34
i, 5 (@i Evy) 0 (6, o) 5 (4.34)

This follows from definition of H{Z o and the Gibbs property of ). Therefore

d
tog ~2| (€)=

14



n—1

n—1 - 1
2 2
/ b(0;w)dBi(t) — ~ / b?(0;w)dt) — 3 / b(0:)dBi(t)—5 [ D (6 1)t

€A,
) (4.35)
~log Zi, (évg) + log Zy) (€vye)-
We now discuss separately the behavior of each term in (4.35). As in Proposition 2
L i
lim ——Fgllog Zy; (§ve)] =0 (4.36)

We observe also that the semimartingale argument used in Proposition 2 to prove (4.26), applies
here as well to show that the integral with respect to @ of the difference of the first two terms in
(4.35) multiplied by 1/|V,,| goes to zero. The proof is therefore completed if we can show that

lim inf 7EQ(log Z{ (&ve)) > 0. (4.37)

n—oo ‘

Using (4.12) we obtain
tog Z{ (€1;2) = log [ 119, (¢, dw)e™ 1)

4 (¢, dw)
1 (¢, dw)H /H 4 Tog (& dw)
/ (&, dw)Hy, (w v, (€, dw) log o 0 € do)
:/H{Z(ﬁ,dw) / b(0; 1)dBi( / 0,,)dt)
ic A+ 2
~ 1 n—1 9 i
1€A,
:/H%(f,dw / b ztw dB **/ b2 “gw dt
PEAT\Ar
1 _
* / ZWdB b2(0;,w)dt)| + log ZI (&ve).
zg; [0,1]V[n— 1”] ' ) () 2 [0,1]U[n—1,n] ( & ) >} g Vn(gvn)

The proof is complete if we can find a constant C' > 0 such that, for i € A} \ A,

| / Qde)TIA (¢, duw) / b(0;.w)dBi(t)| < Cn (4.38)

and, for ¢ € A,

o[ [ pOwaBo+ [ OB <o @)

The proof of (4.38) follows easily after having observed that B;(t) — [i 5(0s:£)ds is a Brownian

motion under @), with 8 as in Proposition 2.

The proof of (4.39) is slightly harder, since we have to find a semimartingale representation
of B;(t) under HI‘}L. Consider first the part of (4.39) with integral on the time interval [0, 1]. By
definition of II{} , in [0, 1] the law of B;(t) under ITI{} coincides with the law of the solution of

15



(2.1) conditioned to hold &;(0) at time 0 and &;(n) at time n. It is well known [12] that the drift

of such process is given by
1

, d
_590 (;1;) + % lngnft(gi(n)a l’),

where, as above, p;(+, ) is the transition density of the solution of (2.1). Thus, defining
d
>‘TL,£ (t’ ‘T) = df 1Og Pn—t (él (’I’L), 'I)a
x
the process

Bi(t) — /0 e (5, wi(s))ds,

for 0 <t <1 is a Brownian motion under H\% . Therefore

a . 23
[ 1 () /[o,l]u[n_l,n] b (0 ) dBi(1)| (4.40)

— | [nfl o) [ b(0;40) A ¢ (1, wi (1)) |
[0,1]JU[n—1,n]

< Vbl [T (€,) | A2 e(tn(®))dt] .

[0,1]U[n—1,n]

Now note that, by Girsanov Theorem, the quantity

1 - 1
5 [ (dw) [ X2 et wt)ar

equals the relative entropy of the restriction to the time interval [0, 1] of the Stochastic Bridge

W(;L éz(g;) and the measure Wy ¢ o). By using elementary properties of the relative entropy, the
relative entropy above is equal to the relative entropy between the projections at time 1 of

Wg éz(g;) and WO@(O), that are given respectively by
p1(2,&(0)pa1(&(n),2) | qi(@,&(0))gn-1(&(n), )
pn(&i(n), &(0)) = an(&i(n), &(0)) pld) (4.41)
and
p1(2,&(0)dz = g1 (w, &(0)) p(d). (4.42)

By using the same arguments in the proof of Proposition 2, based on the bounds for ¢ (z,vy),
(4.39) follows easily.

5 The minima of the free energy are diffusions
This section is devoted to the proof of the following result.
Theorem 2 Let Q € Ps(S2) be such that H?(Q) = 0. Then Q is a weak solution of the s.d.e.

(2.4).
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We begin with some technical lemmas. In what follows we let
Gn=0{wi(t): (t<0) or (t<1,i€A,)}
G"=0{wi(t): (t<0) or (t<1,i¢A,)}
G~ = o{wi(t): 1 <0,i € Z.
Lemma 6 Suppose H(Q) < oo. Then
H(Q) = lim_ %EQ{hgn(Qg— [Pg-)}-

The proof of Lemma 6 is standard, and is essentially equal to the proof of (4.13). From
Lemma 6, by the same argument as in Lemma 5.5 of [4], we get the following result.

Lemma 7 Suppose HP(Q) = 0. Then
. 1
H(Q) = lim —5Eq (hg, (Qgn|Pgn)).

Lemma 8 Suppose HP(Q) = 0, and let 3 be the G~ -measurable random variable such that, for
alli € 7% .
My(i) = By(t) — / B(6; sw)ds (5.1)
0

are independent Brownian motions under Q) (see (4.27)). Then
1
H(Q) > LEo(5). (5.2

Proof. We sketch the proof of (5.2), although it is analogous to Lemma 5.7 in [4].
Define

i€Ay,

2 = exp {Z (/Ot B(6; sw)dBs (i) — % /Ot 52(9i,sw)ds>] .

By Girsanov Theorem, zi* is a Pg--local martingale. So let 7, be an increasing sequence of
stopping times, 7, — 1, such that for all k the process zj,,, is a martingale. We can therefore
define the random probability measure PJ}J“ by

dP)F = 27, dPg-.
Since Pg— = Pgn on G,, we have
Eq{hg, (Qgn|Pgn)} = Eg{hg, (Qgn|Pi™*)} + Eg{log 2{s,, }

1 Tk
> Bg{log sy} = 5 3 Bo [ 67(6,.)ds
i€An

and the conclusion follows by letting £ — oo and using the Monotone Convergence Theorem. 1

Proof of Theorem 2. Using (5.1), it is enough to show that f(w) = b(w) @Q-a.s.. Note that

! s Lo 1o
Eof /0 b(fo.)dBo(t) — 5b*(@)} = Eo{B(w)b(w) — 5b*(w)}.
Thus, by (5.2)
0=1(@) > 5Fa{(B(w) — b(w))?),

and the conclusion follows.

17



6 The case of Markovian gradient systems

Some of the results in the previous sections can be strengthen in the case of gradient systems.
We recall that a system on RZ" is said to be gradient if b(w) = b(w(0)), where

8xozw0$

jer?

for a local C? function 1. We also assume that the first and second derivatives of 1) are bounded.

It is not restrictive to assume 1 (x) = 9 (zz), where £ is a symmetric finite subset of Z<
around the origin. Thus b is Ag-local where we can choose Ag = {i € Z% : (i 4+ £) N L # 0}, that
is also symmetric around the origin. By symmetry, it follows that {0} = Ay.

Lemma 9 If the system is gradient then H(Q) < +oo for every Q € G4 (IT7).

Proof. Consider the Hamiltonian
Hioyxo21(w) = /b s 1w)d By (t /b2 W) dt
1€Ag

Following a decoupling technique used in [6], for i € Ay we define

ix 8 Zd)em

]EZd

We claim that, for all i € Ag, the difference b;(z) — b(6;(z)) is independent of zo. To see this,
noting that if j & £ then ¢(0;x) does not depend on xy, it is enough to show that

830(8% Z ¥(0;2) — b)) =0 (6.1)

for every i € Ag. Indeed

aio(axz Z v(52) — b(ow)) =

_ 9 9y N L W
- 873:0 ‘Zd <a$ij> (0j2) dzo Azd (ax]) (Oitjz) =
JEZ JEXL

0? 5?2
_ Z <8:v_]<;il j) (ejl') - Z (8.213_2_;21‘_]> (9¢+J’l’) =0.

jer? jers

Having established (6.1), we have two equivalent forms for the local specification Hg)}x]oz[:

1
7 W) exp[—H (0 x]0,2((«') T} )0 2 (W) d’) =

T, 10,21 (W, dw’) = -
{0}x]0,2[

2
= ex bi(w' dw; Ndt)— = [ B (wl(t))d H (s
7 p{go[ /0 (& (1)) (1) + 50 0 / 1) : 2))
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Letting k(z) = 3oz ¥(0;x), we note that k(z) = k(za,) and b = azik(x) fori € Ag. Therefore,
by Ito’s rule,

1 , , 1 2 52
Z/ bi (t) + 5 (Wi()dt) = k(w'(2) = k(W'(0) = 5 D

2
i€Ao 2iEA0 0 8'1:1

Identities (6.2), (6.3) and the uniform boudedness of ) imply that

k(W' (t)dt.  (6.3)

e w, dw’
log H({)O}x]oz[( ’ /)‘ “ (6.4)
{O}X}O,Q[(w’ w
for some constant Cy > 0 independent of both w and w’'.

Consider now @Q € G4(IT'). Recalling that B~ C ]}{O}X]O’Q[, we have

dQp-
1 <
‘ 8 dWwo(O) B W ’ -
dQ]:— 2,w0(2)
{0} x]0,2[ 0,wo(0)
S ’].Og dW2 WO( ) B (W)‘ + ’].Og dWwo(O) B w)’
0,wo(0)
dH dWQMO(Z)
{0} x]0, 2[ 0,wo (0)
log —————= log ———=| (w)|. (6.5)
’ Ao} 002 ‘ ‘ dWeo(0) 181 ‘

By (6.4), the first summand in (6.5) is uniformly bounded. Under Assumption A2, also the
second summand in (6.5) is uniformly bounded, so that clearly

_ _ dQp-
is finite.
Under Assumption Al, it is enough to show that
dWQ,wo(Q)
0,wo(0)
E log ————~ < +00.
Q (’ dW,0(0) 1B1
But, by the estimate (4.17), we have
2,w0((2))
0,wo (0 12 2 2
The fact that the r.h.s. of (6.6) is in L'(Q) is shown in (4.18). n

With the given potential ¢ we can define, for A C Z¢ finite, the Hamiltonian

ha(e)=-2 > (%) (hgoy(2) = —2k(z))

i:(i+Ao)NAZD

and the local specifications on RZ*

HA(l‘ dx') = exp[—ha(2')] @iea AMdz;) ® ®igA Oz (dx}) (6.7)

1
Zh(x)
where \(dz) = e 9@ dz . We let G(IT") denote the set of Gibbs measures for the specifications
in (6.7), and G4(IT") the subset of those that are invariant for the space-shifts (6;),ca-
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Proposition 4 For Q € Ps(R2), we let Qo denote its one-time marginal, i.e.
Qo(E) = Q({{w : w(0) € E}),
where E is a Borel subset of RZ

Then the map Q — Qq is a bijection between Gs(II7) and G,(II").

Proof. Let S be the set of stationary weak solutions of equation (2.4). It is shown in [9], Theorem
3.10, that the stationary measures for (2.4) that are also invariant for the space shifts (6;),ca
are exactly the elements of G4(I1"). This can be rephrased by saying that the map Q — Qg is a
bijection between S N P,(Q2) and Gs(II"). On the other hand, by Proposition 1, Theorems 1, 2
and Lemma 9 we have that S N Py(Q) = G¢(I17). n

In particular, if the potential 1 is bounded with an L°°-norm small enough, together with the
norm of its first and second derivatives, then the Gibbs measures are small perturbations of a free
field, and by [18] Theorem 1 page 105, G,(IT") contains exactly one element (which furthermore
admits a cluster expansion). So G4(IIf) is also reduced to a unique space-time Gibbs measure.
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7 Appendix. Proof of Lemma 3

We begin by proving part a. of Lemma 3. We first associate to the potential ¢(x) the function

An elementary integration argument shows that, under Assumption Al there are constants
Ay, A > 0 and Bi, Bs € IR such that, for all z € R,

—A12? 4+ By < ¢(x) < —Agz® + By, (7.1)

Note that, if we consider the quadratic potential ¢*(x) = %axQ, a > 0, we obtain

~ 1
o*(zr) =a— §a2332. (7.2)

Thus, by (7.1) and (7.2), we get that there are quadratic potentials ¢~ (z) = La"2?%, ¢T(z) =
%a*xQ and a constant C' > 0 such that

VeeR, ¢ (z)—C<@x)<ot(z)+C. (7.3)

Upper bounds for ¢:(x,y). The key idea for obtaining the desired bounds on ¢;(z,y) is to use the
following representation (see [28], Theorem 7.5.13):

t
a(wy) = O o ) B oxp ([ plwads)| [ e (7.4)
’ 0
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where
1 &2
e 2t

Vt(g) = \/ﬁ e

and Eéz is the expectation with respect to the Brownian Bridge with endpoints (0,y) and (¢, z).
By the upper bound in (7.3) and (7.4) we obtain

gt(z,y) < Kex?@ =29t @)eae) 30" W) Clgt (5 ), (7.5)

where K is a positive constant and

1 1
+ _ _ 2.2 2.9
W (@Y) = exp{ 207 [mia” +miy thl'y]}a
with . 1
=%t 2 _ _ _—att
my=e 2, Ut—a+(1 e ),

is the transition density associated with the quadratic potential . It is easily seen that

1 my 1

+ < ot < ﬁ 2 2
qt (m,y) = mexp |:O_t2$y] = 1_€—a+t exp |:20_?(x +y ) .

Since my — 0 as t — 400, there is a T > 0 such that

) oxp [mgxz <t
207
Plugging this in (7.5), we obtain
qr(z,y) < Me9@ed®) (7.6)
for a suitable M > 0 and . )
g(z) = 5@(37) - ZSO+(9C)~ (7.7)
e—v(x)

In what follows we denote by p the probability measure T dx. By abuse of notation, we

e*“P(i@dy
let

6_@(:17)
wle) = fefw(y)dy'

By Assumption A1, u has Gaussian tails. It follows ([28], Corollary 7.5.38) that the semigroup
Tif (@) = [ F©Opi(&a)d
is contractive in L2(u), i.e. there is a > 0 (the spectral Gap) such that for all f € L?(u)
T = [ fdulzzgy < e = [ Fdullzag.
As a consequence, for f € L?(p)

B (e feo) — ([ ] < e g, (7.9
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Now, using the fact that, for g defined in (7.7), e € L?(u), for t > 3T we have

wwy) = [ ar@Dpear(war,y)pte)dzd

IN

M2e9(@)+9() / 99, o (2, w)dzdw

A

M2e9®)+9(y) ”egH%mL)(l + e 20T,

Since the last bound is uniform for ¢ > 27" and g(x) has at most quadratic growth, the upper
bound in (4.3) follows easily.

Lower bounds for q.(x,y). We proceed as in the upper bound. By (7.5) it is easily seen that for
a given T' > 0 there exist M,a > 0 such that

gr(z,y) > Me @47,

We now proceed as in the upper bound, with g(z) = —az?.

We now prove part b. of Lemma 3 and work under Assumption A2. Define
0 a.(w.2) = [ alw. ey, u(w)dy.
Then, for any a € [0, £]

sup |qi(w,z) — 1| = sup |qa * (@t—24 — 1) * qa(w, 2)|
w,z€IR w,z€RR

< sup/ SUP Ga * |qt—2a — 1|(w, ¥)qa(y, 2)pu(y)dy.
z€lR welR

By Theorem 1.4 in [14] the semigroup 7}, under Assumption A2, is ultracontractive, i.e. it maps
L?(p) into L>(u); so there exists C1(a) > 0 such that

Sup o * |qi—2a — 11(w,y) < C1(a)ll(gr—20 — 1) 9 2
weR
So
sup |qi(w,z) —1] < Ci(a) Sup/qa(yvz)l\(%fza— D)9l e uym(dy)
w,z€ER zeR
< Ci@)lly = a—20a = D)l 2wl 220 -

Now, is it known that ultracontractivity implies L2-contractivity. Thus, denoting again by « the
spectral gap,

(@t—20 = D92 (uy = lge—2a(5y) = /Qt72a(x,y)ﬂ(d$)“L2(,u) < e U739 gq (-, y) = 1|2

which implies

sup |q¢(w,z) — 1] < Cf(a)e(tga)“\///(qa(x,y) — 1)2u(dz)p(dy)

w,z€ER

which converges exponentially to zero as t tends to infinity. It allows to conclude that

lim sup |@g(w,z)—1]=0.

t—=+00 4 2eR

22



References

1]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

Ph. Courrege and P. Renouard, Oscillateurs anharmoniques, mesures quasi-invariantes sur
C(R,R) et théorie quantique des champs en dimension 1, Astérisque 22-23, Soc. Math.
France, Paris (1975).

P. Cattiaux, S. Roelly and H. Zessin, Une approche Gibbsienne des diffusions Browniennes
infini-dimensionnelles, Probab. Th. Rel. Fields 104 (1996), 147-179.

P. Dai Pra, Space-time large deviations for interacting particle systems, Comm. Pure and
Appl. Math, Vol. XLVI (1993), 387-422.

P. Dai Pra, Large deviations and stationary measures for interacting particle systems, Stoch.
Proc. Appl. 48 (1993), 9-30.

P. Dai Pra, S. Roelly, Cluster expansion for infinite-dimensional Brownian diffusions with
non-reqular drift, in preparation.

J.D. Deuschel, Non-linear smoothing of infinite-dimensional diffusion processes, Stochastics,
Vol. 19 (1986), 237-261.

J.D. Deuschel, Infinite-dimensional diffusion processes as Gibbs measures on C]0, 1}”,
Probab. Th. Rel. Fields 76 (1987), 325-340.

H. Follmer, On entropy and information gain in random fields, Z. Wahrsch. Verw. Geb. 26
(1973), 207-217.

J. Fritz, Stationary measures of stochastic gradient systems, infinite lattice models, 7.
Warsch. Verw. Geb. 59 (1982), 479-490.

H. Follmer and A. Wakolbinger, Time reversal of infinite-dimensional diffusions, Stoch.
Proc. Appl. 22 (1986), 59-77.

LA. Ignatyuk, V.A. Malyshev and V. Sidoravicius, Convergence of the stochastic quantiza-
tion method I*, Theory Prob. Appl. 37-2 (1990),

B. Jamison, Reciprocal processes, Z. Warsch. Verw. Geb. 30 (1974), 65-86.

G. Jona-Lasinio and R. Sénéor, Study of Stochastic Differential Equations by Constructive
Methods I*, J. Stat. Phys. 83, 5-6 (1996), 1109-1148

O. Kavian, G. Kerkyacharian and B. Roynette, Quelques remarques sur lultracontractivité,
J. Func. Anal. 111 (1993), 155-196.

H.R. Kiinsch, Almost sure entropy and the variational principle for random fields with un-
bounded state space, Z. Wahrsch. Verw. Geb. 58 (1981), 69-85.

J.L. Lebowitz and E. Presutti, Statistical Mechanics of systems of unbounded spins, Comm.
Math. Phys. 50 (1976), 195-218.

N. Macris, Ph.A. Martin and J.V. Pulé, Diamagnetic currents, Comm. Math. Phys. 117
(1988), 215-241.

23



[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

28]

V.A. Malyshev and R.A. Minlos, Gibbs Random Fields, Cluster expansions, Mathematics
and Its Applications Vol. 44, Kluwer Ac. Pub. (1991).

R.A. Minlos, S. Roelly and H. Zessin, Gibbs states on space-time, to appear in Potential
Analysis (2000).

R.A. Minlos, A. Verbeure and V. Zagrebnov, A quantum cristal model in the light mass
limit: Gibbs states, to appear in Rev. Math. Phys.

H. Osada and H. Spohn, Gibbs measures relative to Brownian motion, Ann. Prob. 27, 3
(1999), 1183-1207.

C. Preston, Random fields, L.N. in Math. 534, Springer (1976).

D.W. Robinson and D. Ruelle, Mean entropy of states in classical statistical mechanics,
Comm. Math. Phys. 5 (1967), 288-300.

S. Roelly and H. Zessin, Sur la mécanique statistique d’une particule brownienne sur le tore,
Séminaire de Probabilités XXV, L.N. in Math. 1485, Springer (1991), 291-310.

G. Royer, Une initiation aux inegalités de Sobolev logarithmiques, Cours Spécialisés, Soc.
Math. France, Paris (1999).

G. Royer and M. Yor, Représentation intégrale de certaines mesures quasi-invariantes sur
C(R) ; mesures extrémales et propriété de Markov, Ann. Inst. Fourier (Grenoble) 26-2 (1976)
7-24.

T. Shiga and A. Shimizu, Infinite dimensional stochastic differential equations and their
applications, J. Math. Kyoto Univ. 20, 3 (1980), 395-416.

D.W. Stroock, Probability Theory, An analytic view, Cambridge University Press (1993)

24



