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PART I

The geometry of Classical Mechanics
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Symplectic formulation of Hamiltonian Mechanics

@ Any classical system with n degrees of freedom is
characterized by a Lagrangian

L=L(¢ 1),
where the coordinates ¢' = ¢*(t). We introduce n covectors
given by
_oc
pi = 90
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Symplectic formulation of Hamiltonian Mechanics

@ Any classical system with n degrees of freedom is
characterized by a Lagrangian

L=L(¢ 1),
where the coordinates ¢' = ¢*(t). We introduce n covectors
given by
_oc
pi = 90

@ Locally, the phase space I' of the system is descripted by

({d'}, {pi}). i=12-.n
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Symplectic formulation of Hamiltonian Mechanics

@ Any classical system with n degrees of freedom is
characterized by a Lagrangian

L=L(¢ 1),
where the coordinates ¢' = ¢*(t). We introduce n covectors
given by
_oc
pi = 90

@ Locally, the phase space I' of the system is descripted by
({d'}, {pi}), i=1,2,---,n.
@ The Hamiltonian of the system is a smooth function on T,
H:T >R, H:=pdg —L,
and the dynamics of the system is descripted by
_OH . OH

= 5 pi = — = |
. 7
Op; dq
Marcelo Rubio SF and CPS on SED
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Symplectic formulation of Hamiltonian Mechanics

@ The phase space I' seems to have some intrinsic geometrical
structure related to the form of Hamilton equations.
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Symplectic formulation of Hamiltonian Mechanics

@ The phase space I' seems to have some intrinsic geometrical
structure related to the form of Hamilton equations.

e Let's introduce arbitrary coordinates z*(¢*, p;),
pw=1--- 2nonl.

Marcelo Rubio SF and CPS on SED



Symplectic formulation of Hamiltonian Mechanics

@ The phase space I' seems to have some intrinsic geometrical
structure related to the form of Hamilton equations.

e Let's introduce arbitrary coordinates z*(¢*, p;),
w=1,---,2n on I"."The evolution in the new coordinates is

P oxt i Ozt~ Ozt OH Ot OH

ot T op " T oqh op; ~ Ops g
_ (0Oxt0x¥ Ozt Ox”\ OH L oH
-\ 9q¢® Op;  Op; Ogt ) Oxv oxV’
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Symplectic formulation of Hamiltonian Mechanics

@ The phase space I' seems to have some intrinsic geometrical
structure related to the form of Hamilton equations.

e Let's introduce arbitrary coordinates z*(¢*, p;),

w=1,---,2n on I"."The evolution in the new coordinates is
P oxt i Ozt~ Ozt OH Ot OH
¢! T o T 0q 0pi ~ Opi 0q
_ (0Oxt0x¥ Ozt Ox”\ OH L oH
-\ 9q¢® Op;  Op; Ogt ) Oxv oxV’
and thus,
oH ozt oz¥ Ozt Ox”
G - ' - : _ Ay
- 7 (0(1” op;  Op; (9(1’) {2, 2%}
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Symplectic formulation of Hamiltonian Mechanics

@ Properties of wH”:
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Symplectic formulation of Hamiltonian Mechanics

@ Properties of wH”:

Wt = — WV, (1)
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Symplectic formulation of Hamiltonian Mechanics

@ Properties of wH”:

Wt = — WV, (1)

ozt |
det(w"’) = | ———— 0; 2
@) = || # @)
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Symplectic formulation of Hamiltonian Mechanics

@ Properties of wH”:

Wt = — WV, (1)

ozt |?
det(wh”) = : 0; 2
@) = || # @)
8[Mwl,p] =0. (3)
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Symplectic formulation of Hamiltonian Mechanics

@ Properties of wH”:

W = —w (1)
ozt |2
det(w"”) = | =—— 0; 2
@) = || # @)
Oy = . ®
e In particular, if (', - 22™) = (¢',-- ,¢", p1,-* ,Pn),

0 1
wo_ n
(%)

and we return to Hamilton Equations.
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Symplectic formulation of Hamiltonian Mechanics

@ Properties of wH”:

W = —w (1)
ozt |2
det(w"”) = | =—— 0; 2
@) = || # @)
Oy = . ®
e In particular, if (', - 22™) = (¢',-- ,¢", p1,-* ,Pn),

0 1
wo_ n
(%)

and we return to Hamilton Equations.
o If f:I' >R and g:I' — R, we redefine the Poisson bracket

{f,g} in terms of w:
of g
(f.9) =L 28,
Ozt Ox



Symplectic formulation of Hamiltonian Mechanics

e Fixing g, {f, g} is a derivation on f along the vector

99
X; = Wul/@.

This vector field is called Hamiltonian vector field.
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Symplectic formulation of Hamiltonian Mechanics

e Fixing g, {f, g} is a derivation on f along the vector

Jg

o v

Xg‘ = wH o

This vector field is called Hamiltonian vector field.

@ The inverse of w", w,,, is called symplectic structure.
I ymp
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Symplectic formulation of Hamiltonian Mechanics

e Fixing g, {f, g} is a derivation on f along the vector

Jg
BV
Xg =w ek
This vector field is called Hamiltonian vector field.
@ The inverse of w"”, w,,, is called symplectic structure.

@ A symplectic manifold is a pair (M, w) such that w satisfies

(1), (2) and (3).

Marcelo Rubio SF and CPS on SED



Symplectic formulation of Hamiltonian Mechanics

e Fixing g, {f, g} is a derivation on f along the vector

Jg
BV
Xg =w ek
This vector field is called Hamiltonian vector field.
@ The inverse of w"”, w,,, is called symplectic structure.

@ A symplectic manifold is a pair (M, w) such that w satisfies

(1), (2) and (3).

e Note that (3) implies that w,, is a closed non degenerate
2-form.
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Symplectic formulation of Hamiltonian Mechanics

e Fixing g, {f, g} is a derivation on f along the vector
XH o= o —=

This vector field is called Hamiltonian vector field.
@ The inverse of w"”, w,,, is called symplectic structure.

@ A symplectic manifold is a pair (M, w) such that w satisfies

(1), (2) and (3).

e Note that (3) implies that w,, is a closed non degenerate
2-form.

@ Darboux's Theorem: Let (I',w) be a symplectic manifold.
Then, for each point p € T, there exists a neighbourhood of p
and a chart ({¢'}, {p;}) such that

w =dp; Adg' =d (p;dg’).
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Symmetries and conserved quantities

e Symmetry? ¢ : I' — I" smooth and invertible, that takes a
solution and produces another.
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Symmetries and conserved quantities

e Symmetry? ¢ : I' — I" smooth and invertible, that takes a
solution and produces another.
@ Solution? Curve yv: I CR — T, t — ~y(t) such that
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Symmetries and conserved quantities

e Symmetry? ¢ : I' — I" smooth and invertible, that takes a
solution and produces another.

e Solution? Curve v: I CR — T, t — 7(¢) such that
OH
o o g I
Y Hs, T w Oz
o If {®;}scr is a monoparametric family of symmetries and
p €T, let's consider the curve s — 7,(s) := ®4(p). The
tangent vector
£im d®s(p)
' ds |,

is called an infinitesimal transformation of ® at p.
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Symmetries and conserved quantities

e Symmetry? ¢ : I' — I" smooth and invertible, that takes a
solution and produces another.
@ Solution? Curve yv: I CR — T, t — ~y(t) such that

G — v OH
v=Xy, H=w Pk
o If {®;}scr is a monoparametric family of symmetries and
p €T, let's consider the curve s — 7,(s) := ®4(p). The
tangent vector
_ doy(p)
S - ds s=0

is called an infinitesimal transformation of ® at p.

@ The fields X3, and £ generate a 2-dimensional submanifold on
I", and must be coordinate vector fields:

' N OH ;
0= Xl = Xy + ) 2 [Fra =0
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PART Il

Covariant Phase Space on Field Theories
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Covariant Phase Space on Field Theories

@ Consider a smooth 4-dimensional lorentzian manifold M with
the topology of ¥ x R and ¥ = R3.
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Covariant Phase Space on Field Theories

@ Consider a smooth 4-dimensional lorentzian manifold M with
the topology of ¥ x R and ¥ = R3.

@ M is equipped with a stationary and globally hyperbolic
metric gq, such that Cauchy surfaces are diffeomorphic to X.
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Covariant Phase Space on Field Theories

@ Consider a smooth 4-dimensional lorentzian manifold M with
the topology of ¥ x R and ¥ = R3.

@ M is equipped with a stationary and globally hyperbolic
metric gq, such that Cauchy surfaces are diffeomorphic to X.

@ On this spacetime, consider a dynamical theory for a collection
of fields o™ (), where « labels the fields. We denote

F={¢"  M— T/E,I;’l)“\ ¢ satisfy some boundary conditions}.
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Covariant Phase Space on Field Theories

@ Consider a smooth 4-dimensional lorentzian manifold M with
the topology of ¥ x R and ¥ = R3.

@ M is equipped with a stationary and globally hyperbolic
metric gq, such that Cauchy surfaces are diffeomorphic to X.

@ On this spacetime, consider a dynamical theory for a collection
of fields o™ (), where « labels the fields. We denote

F={¢"  M— T/E,I;’l)“\ ¢ satisfy some boundary conditions}.

@ F has the structure of an infinite-dimensional manifold.
Functions on F are functionals f : 7 — R.
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Covariant Phase Space on Field Theories

@ Consider a smooth 4-dimensional lorentzian manifold M with
the topology of ¥ x R and ¥ = R3.

@ M is equipped with a stationary and globally hyperbolic
metric gq, such that Cauchy surfaces are diffeomorphic to X.

@ On this spacetime, consider a dynamical theory for a collection
of fields o™ (), where « labels the fields. We denote

F={¢"  M— T/E,I;’l)“\ ¢ satisfy some boundary conditions}.

@ F has the structure of an infinite-dimensional manifold.
Functions on F are functionals f : 7 — R.

@ Dynamics is specified by some action Sy, defined over any
measurable region V C M:

Sy (¢®) = /V £(6%, Vad®, VaVy®,--+) dV.
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Covariant Phase Space on Field Theories

@ We require that Sy be stationary under any variation d¢<
such that 6¢%|,,, = 0.
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Covariant Phase Space on Field Theories

@ We require that Sy be stationary under any variation d¢<
such that 6¢%|,,, = 0.

o If £ contains terms which are pure divergences, then Sy must
have surface terms. For example, if the action is of first order,
then L£(¢%, V,¢®), and the variation is
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Covariant Phase Space on Field Theories

@ We require that Sy be stationary under any variation d¢<
such that 6¢%|,,, = 0.
o If £ contains terms which are pure divergences, then Sy must

have surface terms. For example, if the action is of first order,
then L£(¢%, V,¢®), and the variation is

oL oL oL
dSy (0% = —Va o® dV+ 0™ dS,.
v (56%) /v<a<z>a awa) R P
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Covariant Phase Space on Field Theories

@ We require that Sy be stationary under any variation d¢<
such that 6¢%|,,, = 0.

o If £ contains terms which are pure divergences, then Sy must
have surface terms. For example, if the action is of first order,
then L£(¢%, V,¢®), and the variation is

oL oL oL
dSy (0% = —Va o® dV+ 0™ dS,.
v (56%) /v<a<z>a awa) R P

@ A general variation of Sy will be of the form

45y (66%) = /V Gal(6)06°dV + ivF%qﬁa,w“)dsa.
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Covariant Phase Space on Field Theories

@ We require that Sy be stationary under any variation d¢<
such that 6¢%|,,, = 0.

o If £ contains terms which are pure divergences, then Sy must
have surface terms. For example, if the action is of first order,
then L£(¢%, V,¢®), and the variation is

oL oL oL
dSy (0% = —Va o® dV+ 0™ dS,.
v (56%) /v<a<z>a awa) R P

@ A general variation of Sy will be of the form
4S/(00%) = [ Ga(@)307AV + § (676045,
1% 1%

@ G, depends on derivatives up to second order of ¢%, and
F* =0 when §¢* = 0 at JV; so fields equations are

Ga(d) =0
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Covariant Phase Space on Field Theories

@ The covariant phase space of the theory is the submanifold
I' C F given by

I'={¢" € 7| Ga(¢) = 0}.
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Covariant Phase Space on Field Theories

@ The covariant phase space of the theory is the submanifold
I' C F given by

I'={¢" € 7| Ga(¢) = 0}.

@ Given a Cauchy surface X, we define the potential 1-form Oy
on I'as

05(X) ::/EFa(gb,X)dSa,

where X is any vector field on T'.
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Covariant Phase Space on Field Theories

@ The covariant phase space of the theory is the submanifold
I' C F given by

I'={¢" € 7| Ga(¢) = 0}.

@ Given a Cauchy surface X, we define the potential 1-form Oy
on I'as

05(X) ::/EFa(¢,X)dSa,

where X is any vector field on T'.

Definition

The pre-symplectic structure of the theory is

wE(X,Y) = dGZ(X, Y)
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Covariant Phase Space on Field Theories

@ The covariant phase space of the theory is the submanifold
I' C F given by

I'={¢" € 7| Ga(¢) = 0}.

@ Given a Cauchy surface X, we define the potential 1-form Oy
on I'as

05(X) ::/EFa(¢,X)dSa,

where X is any vector field on T'.

Definition

The pre-symplectic structure of the theory is

wE(X,Y) = dGZ(X, Y)

@ By construction, dw = 0.
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Covariant Phase Space on Field Theories

@ The covariant phase space of the theory is the submanifold
I' C F given by

I'={¢" € 7| Ga(¢) = 0}.

@ Given a Cauchy surface X, we define the potential 1-form Oy
on I'as

05(X) ::/EFa(¢,X)dSa,

where X is any vector field on T'.

Definition

The pre-symplectic structure of the theory is

wE(X,Y) = dGZ(X, Y)

@ By construction, dw = 0.
@ w does not depend on the choice of X.
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(Pre)-Symplectic structure

e If V is bounded by two Cauchy surfaces ¥ and ¥’ connected
by some region Ko, C i°, a variation dSy around a solution is

i*dSVZGZ/*GEJrQ}COO, i: ' — F.
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(Pre)-Symplectic structure
e If V is bounded by two Cauchy surfaces ¥ and ¥’ connected
by some region Ko, C i°, a variation dSy around a solution is
i"dSy =0y — O+ 0k, i:I — F.
@ Taking the exterior derivative, we get
0 =i*d*Sy = d (i*dSy) = wyy — wx + wi.. .

@ Choosing boundary conditions such that wx_ =0, w is
independent of the Cauchy surface.
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(Pre)-Symplectic structure

e If V is bounded by two Cauchy surfaces ¥ and ¥’ connected
by some region Ko, C i°, a variation dSy around a solution is

i*dSVZQZ/*GEJrQKOO, i: ' — F.
@ Taking the exterior derivative, we get
0= i*dQSv =d (i*dSV) =Wy — Wy T WK

@ Choosing boundary conditions such that wx_ =0, w is
independent of the Cauchy surface.
@ In general, w is degenerate. If X, X' € Ker(w),
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(Pre)-Symplectic structure

e If V is bounded by two Cauchy surfaces ¥ and ¥’ connected
by some region Ko, C i°, a variation dSy around a solution is

i*dSVZQZ/*GEJrQKOO, i: ' — F.
@ Taking the exterior derivative, we get
0= i*dQSv =d (i*dSV) =Wy — Wy T WK

@ Choosing boundary conditions such that wx_ =0, w is
independent of the Cauchy surface.
@ In general, w is degenerate. If X, X' € Ker(w),

0= £X/w(X,Y) = w(£X/X,Y) —i—w(X, £X/Y)
=w ([X', X],Y).
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(Pre)-Symplectic structure

e If V is bounded by two Cauchy surfaces ¥ and ¥’ connected
by some region Ko, C i°, a variation dSy around a solution is

i"dSy =0y —Os + 6., i:I' = F.
@ Taking the exterior derivative, we get
0 =i*d*Sy = d (i*dSy) = wyy — wx + wi.. .
@ Choosing boundary conditions such that wx_ =0, w is

independent of the Cauchy surface.
@ In general, w is degenerate. If X, X' € Ker(w),

0= £X/w(X,Y) = w(£X/X, Y) +w (X, £X/Y)
=w ([X', X],Y).
so Ker(w) is integrable and one can quotient I" by the integral

manifolds of Ker(w) and obtain a non-degenerate symplectic
structure defined on

I /{integral manifold of Ker(w)}.
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(Pre)-Symplectic structure

o If Sy is of first order,
oL

QZ(X) av ¢aXadSa7
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(Pre)-Symplectic structure

o If Sy is of first order,

oL
O, (X) = 5 ¢aXa dS,,
%,_/

p dq
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(Pre)-Symplectic structure

o If Sy is of first order,

oL
O, (X) = 5 ¢aXa dS,,
%,_/

p dq

w(X,Y) = /E (J+ Jq') dS,
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(Pre)-Symplectic structure

o If Sy is of first order,

oL
O, (X) = 5 ¢aXa dS,,
%,_/

pdg
W(X,Y) = / (Ff + 75)dS
>

0?L

fi= o (YXP - xoyP
Ji PPV 4 ( ) ’
0L
= (VV,XP — XV, V7).
e U vir’)
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(Pre)-Symplectic structure

o If Sy is of first order,

oL
02<X) av ¢aXa dSaa
%,_/

p dq
w(XY) = [ (70 + 7988
>

0?L

¢i= ——— (YoXF - X°oyP
Ji DPPOV 4 ( ) ’
d’°L
o - __ —— _ (yoV,XP — XV, YP).
T2 = 5N, POV o (v, )

@ By virtue of field equations,
Vo (Ji'+ TJ5) =



Symmetries and conserved quantities

@ A smooth vector fieldon I', £ : I' = TT is called an
infinitesimal canonical transformation if
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Symmetries and conserved quantities

@ A smooth vector fieldon I', £ : I' = TT is called an
infinitesimal canonical transformation if

@ Is there some conserved quantity associated with £7
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Symmetries and conserved quantities

@ A smooth vector fieldon I', £ : I' = TT is called an
infinitesimal canonical transformation if

@ Is there some conserved quantity associated with £7

°€§ W= (dw) (57 R ) +d (w(gv ))
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Symmetries and conserved quantities

@ A smooth vector fieldon I', £ : I' = TT is called an
infinitesimal canonical transformation if

@ Is there some conserved quantity associated with £7

°€§ W= (dw) (57 R ) +d (w(gv )) =d (w(gv )) )
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Symmetries and conserved quantities

@ A smooth vector fieldon I', £ : I' = TT is called an
infinitesimal canonical transformation if

@ Is there some conserved quantity associated with £7

°€§ W= (dw) (57 R ) +d (w(gv )) =d (w(gv )) )

Thus, if £ is an infinitesimal canonical transf., there exists a
locally closed one form

0c(X) := w(&, X).
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Symmetries and conserved quantities

@ A smooth vector fieldon I', £ : I' = TT is called an
infinitesimal canonical transformation if

@ Is there some conserved quantity associated with £7
°€§ w = (dW) (57 K] ) +d (W(g, )) =d (W(g, )) ’

Thus, if £ is an infinitesimal canonical transf., there exists a
locally closed one form

0c(X) := w(&, X).

@ Thus, there also exists a scalar function (the conserved
quantity) C¢ such that

dCe = 0.
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Symmetries and conserved quantities

@ A smooth vector fieldon I', £ : I' = TT is called an
infinitesimal canonical transformation if

@ Is there some conserved quantity associated with £7
°€§ w = (dW) (57 K] ) +d (W(g, )) =d (W(g, )) ’

Thus, if £ is an infinitesimal canonical transf., there exists a
locally closed one form

0e(X) == w(§, X).

@ Thus, there also exists a scalar function (the conserved
quantity) C¢ such that

dCe = 0.
o If £ € Ker(w), then £ is an infinitesimal symmetry.
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PART I

Scalar Electrodynamics
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Scalar Electrodynamics (SED)

@ Consider a complex scalar field ® with mass m and charge e,
and a Maxwell field Fyp := 20|, A4y in M.

Marcelo Rubio SF and CPS on SED



Scalar Electrodynamics (SED)

@ Consider a complex scalar field ® with mass m and charge e,
and a Maxwell field Fyp := 20|, A4y in M.

@ The Lagrangian of the theory takes the form

L(®,4) = (Du®) (D*®)" = 20 = LFupF™,
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Scalar Electrodynamics (SED)

@ Consider a complex scalar field ® with mass m and charge e,
and a Maxwell field Fyp := 20|, A4y in M.

@ The Lagrangian of the theory takes the form

L(®, Ay) = (Do®) (D“D)* — m?2|®[% — 4 FopF,

where

Do® = (V, +iedy) ®, (D'®)* = (V* — ieA®) d
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Scalar Electrodynamics (SED)

@ Consider a complex scalar field ® with mass m and charge e,
and a Maxwell field Fyp := 20|, A4y in M.

@ The Lagrangian of the theory takes the form

L(®, Ay) = (Do®) (D“D)* — m?2|®[% — 4 FopF,

where
D,® = (V, +ieA,) P, (D“@)* =(V*—ieA) P

@ L is invariant under
o eI P
(Aa>H<Aa+VaA>’ At M =R
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Field equations and Symplectic structure

o Field Equations:
0P + [m? — e?A"A, + ieV,A® + 2ie AV, ] & = 0,

V.V9IAC — 0AY = e [DVID* — O*VID] + 22 DD* A%,
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Field equations and Symplectic structure

o Field Equations:
0P + [m? — e?A"A, + ieV,A® + 2ie A"V, | & = 0,
V.V9IAC — 0AY = e [DVID* — O*VID] + 22 DD* A%,
@ The covariant phase space is, thus,

I'={¢" := (®,A,)|P and A, satisfy field eq.}.
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Field equations and Symplectic structure

o Field Equations:
0P + [m? — e?A"A, + ieV,A® + 2ie AV, ] & = 0,
V.V9IAC — 0AY = e [DVID* — O*VID] + 22 DD* A%,
@ The covariant phase space is, thus,
I'={¢" := (®,A,)|P and A, satisfy field eq.}.

e Since the action S = [ /=g d*z L is of first order, the
symplectic structure takes the form

w(XY) = [ Freyyis,+ [ FY)as,
b b
where 3 is any Cauchy surface in M with boundary 0X..
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Field equations and Symplectic structure

@ X and Y are solutions to linearized field equations around
some solution ¢%:

X = 5¢% = (60,04,) := (T, ).
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Field equations and Symplectic structure

@ X and Y are solutions to linearized field equations around
some solution ¢%:

X = 5¢% = (60,04,) := (T, ).

o Let's take X = (¥y,al) and Y = (U3, a?). The currents of
w are

TAX,Y) = 2ieA® (D05 — Uy Uh) + ied (Thal — BTal)

—ie@* (\1120/11 — \I/lag) y
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Field equations and Symplectic structure

@ X and Y are solutions to linearized field equations around
some solution ¢%:

X = 5¢% = (60,04,) := (T, ).

o Let's take X = (¥y,al) and Y = (U3, a?). The currents of
w are

TAX,Y) = 2ieA® (D05 — Uy Uh) + ied (Thal — BTal)

—ie@* (\1120/11 — \I/lag) y

and
TS(X,Y) = UaVoUi -0 VO UVl — UiV Uyt abViyad
—aiVad — abVeai 4+ abvial.
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Linearized problem and infinitesimal gauge transformation

e Explicitly, the perturbations (¥, o) satisfy
[D +m? —e2A%A, + eV A + ZieA“Va] U= [262Aa0éa

—ieVqa® — 2iea®V,| O;
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Linearized problem and infinitesimal gauge transformation

e Explicitly, the perturbations (¥, o) satisfy
[D +m? —e2A%A, + eV A + ZieA“Va] U= [262Aa0éa
—ieVqa® — 2iea®V,| O;

VpV%® — 0a® = ie [DVIT* + TVYD* — &*VIU — U* VD]
+2e% [P ® + PU* A + TD* A7),
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Linearized problem and infinitesimal gauge transformation

e Explicitly, the perturbations (¥, o) satisfy
[D +m? —e2A%A, + eV A + ZieA“Va] A [262Aa0éa
—ieVqa® — 2iea®V,| O;
VpV%® — 0a® = ie [DVIT* + TVYD* — &*VIU — U* VD]
+2e% [P ® + PU* A + TD* A7),
@ In particular, the infinitesimal gauge tranformation
Xg = (—ieA®,V \),

satisfies the equations above trivially if we assume that V, is
torsion free.

Marcelo Rubio SF and CPS on SED



Kernel of w

e Computing w (X¢,Y) and integrating by parts, we obtain

w(Xg,Y) =2 }[ /\V[aag]t“nde,
ox

where the integral is over 2, with time-like normal n® and t% is
spacelike normal to 9%. If A — 0 at 9% C i, X € Ker(w).
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where the integral is over 2, with time-like normal n® and t% is
spacelike normal to 9%. If A — 0 at 9% C i, X € Ker(w).

@ Quiz: Does Ker(w) include all local symmetries of the theory?
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Kernel of w

e Computing w (X¢,Y) and integrating by parts, we obtain

w(Xaq,Y) =2 ]{ /\V[aag]t“nde,
ox
where the integral is over 2, with time-like normal n® and t% is
spacelike normal to 9%. If A — 0 at 9% C i, X € Ker(w).
@ Quiz: Does Ker(w) include all local symmetries of the theory?
Answer: No! Explicitly,

£x

eW =
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Kernel of w

e Computing w (X¢,Y) and integrating by parts, we obtain
w(Xg,Y) =2 }[ /\V[aag]t“nde,
o%

where the integral is over 2, with time-like normal n® and t% is
spacelike normal to 9%. If A — 0 at 9% C i, X € Ker(w).

@ Quiz: Does Ker(w) include all local symmetries of the theory?
Answer: No! Explicitly,

‘£ch = (dw)(XGv * )
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Kernel of w

e Computing w (X¢,Y) and integrating by parts, we obtain
w(Xg,Y) =2 }[ /\V[aag]t“nde,
o%

where the integral is over 2, with time-like normal n® and t% is
spacelike normal to 9%. If A — 0 at 9% C i, X € Ker(w).

@ Quiz: Does Ker(w) include all local symmetries of the theory?
Answer: No! Explicitly,

Lx,w = (dw)(Xg,-, ) +dw(Xg, "))
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Kernel of w

e Computing w (X¢,Y) and integrating by parts, we obtain
w(Xg,Y) =2 }[ /\V[aag]t“nde,
o%

where the integral is over 2, with time-like normal n® and t% is
spacelike normal to 9%. If A — 0 at 9% C i, X € Ker(w).

@ Quiz: Does Ker(w) include all local symmetries of the theory?
Answer: No! Explicitly,

Lxow = (dw)(Xg, -, ) +dw(Xg,-)) = 0.
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Kernel of w

e Computing w (X¢,Y) and integrating by parts, we obtain

w(Xg,Y) =2 7{ /\V[aag]t“nde,
ox

where the integral is over 2, with time-like normal n® and t% is
spacelike normal to 9%. If A — 0 at 9% C i, X € Ker(w).

@ Quiz: Does Ker(w) include all local symmetries of the theory?
Answer: No! Explicitly,

Lxow = (dw)(Xg, -, ) +dw(Xg,-)) = 0.

@ The conserved quantity Cx,, is such that

dCx,(Y) =w(Xqg,Y)
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Kernel of w

e Computing w (X¢,Y) and integrating by parts, we obtain
w(Xg,Y) =2 7{ /\V[aag]t“nde,
o%

where the integral is over 2, with time-like normal n® and t% is
spacelike normal to 9%. If A — 0 at 9% C i, X € Ker(w).

@ Quiz: Does Ker(w) include all local symmetries of the theory?
Answer: No! Explicitly,

Lxow = (dw)(Xg, -, ) +dw(Xg,-)) = 0.

@ The conserved quantity Cx,, is such that

dCx (V) = w(Xa,Y) = Cxo(A) =2 ]{ AV, Agtnds,
o
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Kernel of w

e Computing w (X¢,Y) and integrating by parts, we obtain
w(Xg,Y) =2 7{ /\V[aag]t“nde,
o%

where the integral is over 2, with time-like normal n® and t% is
spacelike normal to 9%. If A — 0 at 9% C i, X € Ker(w).

@ Quiz: Does Ker(w) include all local symmetries of the theory?
Answer: No! Explicitly,

Lxow = (dw)(Xg, -, ) +dw(Xg,-)) = 0.
@ The conserved quantity Cx,, is such that
dCx (V) = w(Xa,Y) = Cxo(A) =2 ]{ AV, Agtnds,
(o))
that is, the electromagnetic charge when A — 1.
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Electromagnetic flux at .7~

Particular case: m =0

e What happens at null infinity?
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Electromagnetic flux at .7~

Particular case: m =0

e What happens at null infinity? We consider the conformal
transformation

Gab = Vgap, QLM —=R, Q>0,

where g, represents the physical metric, and g, the
unphysical one.
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Electromagnetic flux at .7~

Particular case: m =0

e What happens at null infinity? We consider the conformal
transformation

Gab = Vgap, QLM —=R, Q>0,

where g, represents the physical metric, and g, the
unphysical one.

e O = 0 represents null infinity, #*. Since F; is conformally
invariant, it must be

Ay, = A,, A*=Q724°
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Electromagnetic flux at .7~

Particular case: m =0

e What happens at null infinity? We consider the conformal
transformation

Gab = Vg, QM-SR Q>0,

where g, represents the physical metric, and g, the
unphysical one.

e O = 0 represents null infinity, #*. Since F; is conformally
invariant, it must be

Ay, = A,, A*=Q724°
e Putting ® = Q1®, the first field equation becomes
0P — e2A%A,D + iedV, A + 2ie AV, =
D2PGV,VQ — 2005V, OV, Q.



How does &(X,Y) change?

@ The volume element in the physical picture is

dS, = 1,dS = To|h|"Y? &%, 1%, = —1, hep = gap|s.
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How does &(X,Y) change?

@ The volume element in the physical picture is
dS, = 1,dS = T,|h|V? d®%, %, = —1, hap = gap|s-
@ Under the transformation ﬁab = 0%hgp, and taking t%t, = —1,

h=0n = [b'/? = QN2
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How does &(X,Y) change?

@ The volume element in the physical picture is
dS, = 1,dS = T,|h|V? d®%, %, = —1, hap = gap|s-
@ Under the transformation ﬁab = 0%hgp, and taking t%t, = —1,
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How does &(X,Y) change?

@ The volume element in the physical picture is
dS, = 1,dS = T,|h|V? d®%, %, = —1, hap = gap|s-
@ Under the transformation ﬁab = 0%hgp, and taking t%t, = —1,

h=0n = [b'/? = QN2

ta=Qte, = |dS,=0%S,

@ By direct calculation, it can be shown that

TJHXY) =0 ' TNX,)Y); j=1,2
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How does &(X,Y") change?

@ The volume element in the physical picture is
dS, = 1,dS = T,|h|V? d®%, %, = —1, hap = gap|s-
@ Under the transformation ﬁab = 0%hgp, and taking t%t, = —1,

h=0n = [b'/? = QN2

ta=Qte, = |dS,=0%S,

@ By direct calculation, it can be shown that

TJHXY) =0 ' TNX,)Y); j=1,2

@ Thus, if the integration is over space-like Cauchy surfaces, the
symplectic structure results conformally invariant.

O(X,Y) =w(X,Y)
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Conformal Symplectic structure
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Conformal Symplectic structure

@ w does not depend on the Cauchy
surface. In particular, one can
take

Y= YUA, A:=S%xI, I CR.
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Conformal Symplectic structure

@ w does not depend on the Cauchy
surface. In particular, one can
take

Y= YUA, A:=S%xI, I CR.

o V*7J,=0o0n M.
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Conformal Symplectic structure

@ w does not depend on the Cauchy
surface. In particular, one can
take

Y= YUA, A:=S%xI, I CR.

o V*7J,=0o0n M.

e Charge flux:

/A T X, Y)dS, =dQ|(Y)—dQle(Y)
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Global Symetries

@ Let k% be a Killing vector field in the spacetime background
(M, gap)- Then,
Lx gab = 0.
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Global Symetries

@ Let k% be a Killing vector field in the spacetime background
(M, gap)- Then,
Lx gab = 0.

o If (&, A,) €T, the perturbation
X% = (®,A,) := (£ ®, £ Ag)

satisfies the linearized SED equations, using the fact that £
conmutes with V, along the Killing field.
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@ Let k% be a Killing vector field in the spacetime background
(M, gap)- Then,
Lx gab = 0.

o If (&, A,) €T, the perturbation
X% = (®,A,) := (£ ®, £ Ag)

satisfies the linearized SED equations, using the fact that £
conmutes with V, along the Killing field.

e Lxw=0
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Global Symetries

@ Let k% be a Killing vector field in the spacetime background
(M, gap)- Then,
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o If (&, A,) €T, the perturbation
X% = (®,A,) := (£ ®, £ Ag)

satisfies the linearized SED equations, using the fact that £
conmutes with V, along the Killing field.

@ £xw=0 = X is a symmetry.
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Global Symetries

@ Let k% be a Killing vector field in the spacetime background

(Mvgab) Thenl
Lk gap = 0.

o If (&, A,) €T, the perturbation
X% = (®,A,) := (£ ®, £ Ag)

satisfies the linearized SED equations, using the fact that £
conmutes with V, along the Killing field.

@ £xw=0 = X is a symmetry.

@ The conserved quantity C associated with this symmetry is
such that

dC (¥, a) = / [26 Im {2\1@.)*14‘1 — 200" A% + Pd* — (I)\II*A“} +
2
+2Re{wVd — oV} + o, 4] + AUy — a'VOAy] dS,.
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Example: Klein Gordon Equation

@ Setting F; = 0 and & = OF,
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Example: Klein Gordon Equation

@ Setting F; = 0 and & = OF,

L =VOV,d — m?d?,
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Example: Klein Gordon Equation

@ Setting F; = 0 and & = OF,

L=VOV,d — m?>®%, 0Ob+ m?d =0,
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Example: Klein Gordon Equation

@ Setting F; = 0 and & = OF,

£:V“<I>Va(1)—m2¢27 Dq)—i—qu):O, (+7_7_7_>'
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Example: Klein Gordon Equation

@ Setting F; = 0 and & = OF,

£:V“<I>Va(1)—m2¢27 Dq)—i—qu):O, (+7_7_7_>'

@ The energy-momentum tensor associated with L is

Top = 2V, @V, ® — gop (VEOV.D — m?®?).
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Example: Klein Gordon Equation

@ Setting F; = 0 and & = OF,
L=VV,d—m?®% 0d+m?d=0, (+,—,—, —).
@ The energy-momentum tensor associated with L is
Top = 2V, @V, ® — gop (VEOV.D — m?®?).

e Taking (t, ) coordinates such that k% = (9;)®* with k%, = 1,
the energy over a t = i space-like slice, %, is

£(®) = — / Tkk? d®z = / [v%vccb 22 - m2®2} &
by b
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Example: Klein Gordon Equation

@ Setting F; = 0 and & = OF,
L=VV,d—m?®% 0d+m?d=0, (+,—,—, —).
@ The energy-momentum tensor associated with L is
Top = 2V, @V, ® — gop (VEOV.D — m?®?).

e Taking (t, ) coordinates such that k% = (9;)®* with k%, = 1,
the energy over a t = i space-like slice, %, is

£(®) = — / Tkk? d®z = / [v%vccb 22 - m2®2} &
by b

- _/ [<i>2 + |V + m2<1>2} d3z.
t=to
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Example: Klein Gordon Equation

@ The differential of energy is

d&€(® + s¥)

dE(T) = ——

- —2/ [cinif L VDV 4 m2<I>\I/] &3
s=0 %
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Example: Klein Gordon Equation

@ The differential of energy is

d&€(® + s¥)

dE(T) = ——

- —2/ [cinif L VDV 4 m2<I>\I/] &3
s=0 %

= 2/ (DU —UV2D + m2dV | d®z
P .

=—UvP
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Example: Klein Gordon Equation

@ The differential of energy is

d&€(® + s¥)

dE(T) = ——

- —2/ [cinif L VDV 4 m2<I>\I/] &3
s=0 %

= 2/ (DU —UV2D + m2dV | d®z
P .

=—UvP

_9 /E v — b .
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Example: Klein Gordon Equation

@ The differential of energy is

d&€(® + s¥)

dE(T) = ——

- —2/ [cinif L VDV 4 m2<I>\I/] &3
s=0 %

= 2/ (DU —UV2D + m2dV | d®z
P .

=—VUd
_9 /E v — b .

@ Using the symplectic formalism,

Marcelo Rubio SF and CPS on SED



Example: Klein Gordon Equation

@ The differential of energy is

d&€(® + s¥)

dE(T) = ——

- —2/ [cinif L VDV 4 m2<I>\I/] &3
s=0 %

= 2/ (DU —UV2D + m2dV | d®z
P .

=—VUd
_9 /E v — b .

@ Using the symplectic formalism,

dE(V) = w(®, V) = 2/

[xpvacb — dVOU| k3
>
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Example: Klein Gordon Equation

@ The differential of energy is

d&€(® + s¥)

dE(T) = ——

- —2/ [cinif L VDV 4 m2<I>\I/] &3
s=0 %

= 2/ (DU —UV2D + m2dV | d®z
P .

=—VUd
_9 /E v — b .

@ Using the symplectic formalism,

dE(T) = w(d, T) = 2/ [xpvacb — $VT| kyd3z
by

_9 /E [wé — o] o
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Final Remarks and future work

@ We presented a covariant formulation to describe the
dynamics of field theories, a notion of covariant phase space
and a symplectic structure.
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@ As future perspectives, we want to obtain some general results
in general relativity, using this covariant framework,
particularly in vacuum spacetimes, as for example:

Marcelo Rubio SF and CPS on SED



Final Remarks and future work

@ We presented a covariant formulation to describe the
dynamics of field theories, a notion of covariant phase space
and a symplectic structure.

@ We have seen how this covariant framework can be used to
derive eventually usefull results in field theories.

@ As future perspectives, we want to obtain some general results
in general relativity, using this covariant framework,
particularly in vacuum spacetimes, as for example:

e give a correct and general definition of angular momentum at
null infinity;

Marcelo Rubio SF and CPS on SED



Final Remarks and future work

@ We presented a covariant formulation to describe the
dynamics of field theories, a notion of covariant phase space
and a symplectic structure.

@ We have seen how this covariant framework can be used to
derive eventually usefull results in field theories.

@ As future perspectives, we want to obtain some general results
in general relativity, using this covariant framework,
particularly in vacuum spacetimes, as for example:

e give a correct and general definition of angular momentum at
null infinity;

e study all the transformations that leave w invariant, and see if
this transformations belong to the BMS group of symmetries
or not.
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Thank you for your attention!
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