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Background

Kasner spacetimes

Kasner spacetimes are vacuum solutions!

Definition (Kasner spacetimes)

Kasner spacetimes are vacuum solutions

M:=R, x RS,

3
g:=—df + )  tFi(adx))?,
j=1

suchthat -0 4 p? = 57 pj = 1.
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Definition of Kasner spacetimes
The Cauchy problem of the wave equation in Kasner spacetimes
Fourier decomposition of the solution

Background

The wave equation COp =0

(M, g) Lorentz manifold.
@ The d’Alembert operator O := —div(grad(-)).
@ The (scalar) wave equation: Oy = 0.

The wave equation O = 0 in

@ Minkowski space: <8t2 211 8)(/ )go 0.

) . 2° _
@ Kasner spacetimes: (8t2 +15 -2, lzpj (ax,)z) =0.
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Definition of Kasner spacetimes
of the wave equation in Kasner spacetimes
Fourier decomposition of the solution

Background

The Cauchy problem in Kasner spacetimes

For a fixed ty € R4 and given 11,92 € C*({fy} x R3), solve

& 10 8 9
sz 12 =0,
o2 T tat Z 20 (ox)2 ) ¥

90|{t0}><]R3 =1,

0
aﬁahto}x]]ga = 2.

There exists a unique solution to this problem.
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Background The Cauchy problem of the equation in Kasner

Fourier decomposition of the solution

Fourier decomposition of the solution

For (t,x) € Ry x RS,
o1, x) = / ()27 .
R3

where a, : Ry — C solves the ODE:

A i
o’ () + = + o (H)4r ; 25 = 0, Vt € Ry,

aw(lo) = /RS P1 (X)X dx, al, (o) = /ma o(Xx) 62 X gx.
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Definition of Kasner spacetim:

Background The Cauchy problem of the equation in Kasner spacetimes

Fourier decomposition of the solution

Definition

Call o, for w € R® a mode of the wave equation if

//t a:u(t) : /2 _0 Vl‘ ]R
w()+ t ZT , € Ry.

REINET
If w =0, then

| \

() = o, (1) In (%) fo + v ().

N
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The explicit solutions in axisymmetric Kasner spacetimes
of the modes
ological redshift

Results

Axisymmetric Kasner spacetimes

3 3 3
STp=>"p=1 [Ry xR —d?+ > Pi(dx)?
j=1 j=1 j=1

Definition

Axisymmetric Kasner spacetimes: two p; are equal.

The two posibilities:

flat Kasner: {p1,p2,p3} = {1,0,0}
122
non-flat axisymmetric Kasner: {p1,p2,p3} = {—5, 3’ §}
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The explicit solutions in axisymmetric Kasner spacetimes
Asympto e f the modes

Results Application: cosmological redshift

In flat Kasner spacetimes

w(t)

2
all(t) + =2 + aw(t)4r? <wt12 + wp? +w23> =0, Vte Ry

Theorem (explicit solution)

Assume: flat Kasner spacetime with py = 1, po = p3 = 0.
Then

@ wq #0, w2:w3:O_-
Oéw(t) = ¢y e,27riw1 In(t) + 026727”':*;1 In(i)7

] w22 + LU32 #0:

aw(t) = C1dirw, (271'1‘1 /wg + w%) + C2 Yoinw, (271'1‘\ /wg + w%) ,

where cq, ¢; € C are constants depending on the initial data and w.
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xplicit solutions in axisymmetric Kasner spacetimes
symptotic behaviour of the modes

Results

Application: cosmological redshift

The mode solution when w,2 + w32 # 0 in Kasner spacetimes:
aw(t) =C4 J2i7rw1 (27Tt\ / wg + wg) + C Y2i7rw1 (27rt\ / w% + u)g)
=¢1Re (Jgim,1 (27rh/w§ + wg)) + &Re (Yg,-,w1 (271'!@ /ws + w%))

Plot of the case when wy = /w2 + w32 = 5-.

—Re(Y)
— Re(Jl.)
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Axisymmetric non-flat Kasner spacetimes

Oél

t 2 3
o (1) + % + au(t)an? <t2/3w12 + “’2t4+/3w2> —0, ViR,

Theorem (explicit solution)

Assume: axisymmetric non-flat spacetime.

Then the mode v, can be given explicitly in terms of so called ‘Heun biconfluent’
functions.
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Results Application: cosmological redshift

The small time asymptotic behaviour

w2

t
()+aw (t)dn 22 25 =0, VteRy

al(t) +

Theorem (close to Big Bang)

@ Non-flat Kasner spacetime:
aw(t) —(c1In(t) + ) — 0, ast — 0.

@ Flat Kasner spacetime: (p1 = 1,p> = p3 =0)
® wi #0:
() — (01 &2 In(t) + 028—2w1w1 In(t)) 0, ast — 0.

@ w4 = 0:
a,(t) — (¢ In(t) + ) - 0, ast — 0.

The ¢y, ¢ € C depend on w, p and initial data.
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The explicit solutions in axisymmetric Kasner spacetimes
Asymptotic behaviour of the modes
Application: cosmological redshift

Results

Asymptotic behaviour of the modes

Rewrite the equation!

Lemma

The change of variables
s(t) = In(t) = Bu(S) = aw(exp(s)),
translates
( f) wf
ag(t) + + o t)42z 25 =0 VIER:
into

3
B:‘j(s) + IBw(S)47T2 ij28(272pj)s =0,

=1

where B, : R — C.
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The explicit solutions in axisymmetric Kasner spacetimes
Asymptotic behaviour of the modes
Application: cosmological redshift

Results

The large time asymptotic behaviour

2
t ou
(1) + ()+aw r)4222p =0, VteRy

Theorem (large times)
Assume: Kasner spacetime and w # 0 € R3. Then

1/4
3 i
aw(l‘) ijgtg_gpj _ |:C1 6211-/ f'o foo (u)du +oe —2mi ffo u)du:| o0,
1/2
ast — oo, where f,(t) := (Z/ 1 2p,) . In particular

le1] + |ca| + 1
/4
(Z?:1 wj2t272pf> d

for large times. The cy, ¢, € C depend on w, p and initial data.

law (t)] <
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(asner spacetimes

Results

As
Application: cosmological redshift

The definition of cosmological redshift

Observer: 0;
Lightray: v: (a,b) - M
v(s0) = (fo, Xo) € {to} x R?
3
¥'(s0) = (Z v, V) € Tl xRt x R

Jj=1

Definition (Redshift of the lightlike geodesic ~.)

Assumption: v(sp) = p and v(sq) = q

Assumption: wavelength given by X : (a,b) — Ry

Define the redshift as

Av(Sq) = Ay(8p) _ Ay(Sq) 1
Ay (8p) Ay (8p)

zy(p, q) =
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spacetimes

Appllcatlon cosmological redshift

The first notion of wavelength

Definition (The usual definition of wavelength)
The usual wavelength of v is

h
Ey(s)

h:= the Planck constant, E, := the energy of

Ay(8): =

Wavelength:

A(s) = h h B h
TTE(s) T g(v(8)0) (23 v‘2< fo )2"7/)1/2
=1 YI" \ K(s)

=- Cosmological redshift in Kasner spacetimes:

Z/ 1VYj (ttsp)>2pj
21:1 v (ﬁ)zpj

1/2

Z’Y(pv q) = -1

)
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Kasner spacetimes

Results

of
cosmological redshift

The second notion of wavelength in Kasner spacetimes

Recall: ¢(t, x) = / aw(t)e 2™ “dw « Superposition of plane waves!
RS

Choose: Wy 1= (t02p1 vy, t02P2 Vo, t02P3 Vg) .

Recall:  For large times, i.e. t — oco:

1/4

3
_op: 2ri [Lf,. (u)du —2xi [ £, (u)du
Oéw,y(t) § /‘w’ijtZ 2pj _ |:C1e us .[10 w,y( ) 1 e us ftﬂ w,y( ) 0.
j=1

Definition (The large time wavelength)

The large time wavelength of ~ is

1
AT (s) = )
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etimes

Results Appllcatlon cosmologlcal redshift

The usual notion of redshift coincides with the new one

1/2
3 2
Y
fw"{(t) = (Z t2é/ )

=

. 2 2, 2,
Wy 1= (fo P1 vy, by p2V2,t0 p3V3>

1 1
=2 (s) =

fur (K(5)) (Z?:1 V2 (%)2@)1/2

Theorem (Redshift in Kasner spacetimes)

The redshift obtained by using the large time wavelength coincides with the usual
notion of the cosmological redshift and equals

ZJ 1Y) (r[sp))zpj
= v (7% >2pj

1/2

Z’Y(p7 q) = - 17

where t : J — R is the time coordinate of .

v
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symptoti

As >
Results Application: cosmological redshift

Thank you!

Questions?
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