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Introduction
Variational principles in General Relativity:

metric picture:

Lg = Lg (gµν , gµν,α ,gµν,αβ , ϕ, ϕ,ν) = LH(
○
R) + Lmatt ,

affine picture:

LA = LA (Γ
κ
λµ, Γ

κ
λµ,ν , ϕ, ϕ,ν) ,

Palatini picture:

LP = LP (gµν , Γ
κ
λµ, Γ

κ
λµ,ν , ϕ, ϕ,ν) = LH(R) + L̃matt ,

Idea:
All of this formulations are equivalent on shell.
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Introduction

Metric Hilbert Lagrangian:

LH(
○
R) =

√
∣detg ∣

16π
gµν

○
Rµν ∶= π

µν
○
Rµν ,

Variation of the Hilbert Lagrangian:

δLmatt = −
1

16π

○
G
µν δgµν + ∂ν (π

λµν
κ δ

○
Γκλµ) =

=
○
Rµν δπµν

+ ∂ν (π
λµν

κ δ
○
Γκλµ) ,

π λµν
κ ∶= δµκ π

λµ
− δ(λκ πµ)ν .
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Introduction

Typical matter Lagrangian:

Lmatt = Lmatt (ϕ, ϕ,ν , gµν) ,

δLmatt =
1

16π

○
G
µν δgµν + ∂ν (p

ν δϕ) ,

Field equations:

pλ ∶=
∂Lmatt

∂ϕ,λ
,

∂λp
λ
=

∂Lmatt

∂ϕ
,

○
Gµν

= 8πTµν ,

where Tµν
∶=

2
√
∣detg ∣

∂Lmatt

∂gµν
,
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Introduction

Example: Scalar field

Lmatt = −

√
∣detg ∣

2
(ϕ,ν ϕ

,ν
+m2 ϕ2) ,

Field equations:

pλ ∶=
∂Lmatt

∂ϕ,λ
= −
√
∣detg ∣ϕ,λ ,

∂λp
λ
= −

√
∣detg ∣

○
◻ ϕ ,

∂Lmatt

∂ϕ
= −

√
∣detg ∣m2 ϕ ,

○
◻ ϕ = m2 ϕ ,

1
8π

○
Gµν

= ϕ,µ ϕ,ν
−

1
2
gµν (ϕ,α ϕ

,α
+m2 ϕ2) ,
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Introduction

General matter Lagrangian:

Lmatt = Lmatt (ϕ,
○
∇ν ϕ, gµν) = Lmatt (ϕ, ϕ,ν , gµν ,

○
Γκλµ) ,

δLmatt = [
1

16π

○
G
µν
+
○
∇κ R

µνκ
] δgµν + P

λµ
κ δ

○
Γκλµ +∂ν (p

ν δϕ) ,

where Rµνκ
∶=

1
2
(P

κµν
+ P

κνµ
− P

µνκ
) .

Important euality:

P
λµ
κ δ

○
Γκλµ +∂ν (p

ν δϕ) =
⎛
⎜
⎝
P

λµ
κ −

∂Lmatt

∂
○
Γκλµ

⎞
⎟
⎠
δ
○
Γκλµ +

+(
○
∇ν pν) δϕ + pν δ (

○
∇ν ϕ) ,
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Field equations:
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∂ (
○
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,

○
∇λ pλ =

∂Lmatt

∂ϕ
,

Derivative over the connection:

P
λµ
κ =

∂Lmatt

∂ (
○
∇σ ϕ)

∂ (
○
∇σ ϕ)

∂
○
Γκλµ

= ”p ⋅ ϕ” ,
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µνκ
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1
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○
G
µν
= 2 [
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−
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√
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Example: Vector field

Lmatt = −

√
∣detg ∣

2
[(
○
∇ν Xα

)(
○
∇

ν Xα) +m
2 XαX

α
] .

Field equations:

○
◻ Xα

= m2 Xα ,

P
λµ
κ = −

√
∣detg ∣X (λ

○
∇

µ) Xκ ,

1
8π

○
Gµν

= gµν Lmatt + (
○
∇

µ Xα
)(
○
∇

ν Xα) +

+
○
∇κ (X

κ
○
∇
(µ X ν)

−X (µ
○
∇

ν) Xκ
) .



Introduction

Example: Vector field

Lmatt = −

√
∣detg ∣

2
[(
○
∇ν Xα

)(
○
∇

ν Xα) +m
2 XαX

α
] .

Field equations:

○
◻ Xα

= m2 Xα ,

P
λµ
κ = −

√
∣detg ∣X (λ

○
∇

µ) Xκ ,

1
8π

○
Gµν

= gµν Lmatt + (
○
∇

µ Xα
)(
○
∇

ν Xα) +

+
○
∇κ (X

κ
○
∇
(µ X ν)

−X (µ
○
∇

ν) Xκ
) .



Introduction

Example: Vector field

Lmatt = −

√
∣detg ∣

2
[(
○
∇ν Xα

)(
○
∇

ν Xα) +m
2 XαX

α
] .

Field equations:

○
◻ Xα

= m2 Xα ,

P
λµ
κ = −

√
∣detg ∣X (λ

○
∇

µ) Xκ ,

1
8π

○
Gµν

= gµν Lmatt + (
○
∇

µ Xα
)(
○
∇

ν Xα) +

+
○
∇κ (X

κ
○
∇
(µ X ν)

−X (µ
○
∇

ν) Xκ
) .



Introduction

Example: Vector field

Lmatt = −

√
∣detg ∣

2
[(
○
∇ν Xα

)(
○
∇

ν Xα) +m
2 XαX

α
] .

Field equations:

○
◻ Xα

= m2 Xα ,

P
λµ
κ = −

√
∣detg ∣X (λ

○
∇

µ) Xκ ,

1
8π

○
Gµν

= gµν Lmatt + (
○
∇

µ Xα
)(
○
∇

ν Xα) +

+
○
∇κ (X

κ
○
∇
(µ X ν)

−X (µ
○
∇

ν) Xκ
) .



Introduction

Example: Vector field

Lmatt = −

√
∣detg ∣

2
[(
○
∇ν Xα

)(
○
∇

ν Xα) +m
2 XαX

α
] .

Field equations:

○
◻ Xα

= m2 Xα ,

P
λµ
κ = −

√
∣detg ∣X (λ

○
∇

µ) Xκ ,

1
8π

○
Gµν

= gµν Lmatt + (
○
∇

µ Xα
)(
○
∇

ν Xα) +

+
○
∇κ (X

κ
○
∇
(µ X ν)

−X (µ
○
∇

ν) Xκ
) .



Introduction

Example: Vector field

Lmatt = −

√
∣detg ∣

2
[(
○
∇ν Xα

)(
○
∇

ν Xα) +m
2 XαX

α
] .

Field equations:

○
◻ Xα

= m2 Xα ,

P
λµ
κ = −

√
∣detg ∣X (λ

○
∇

µ) Xκ ,

1
8π

○
Gµν

= gµν Lmatt + (
○
∇

µ Xα
)(

○
∇

ν Xα) +

+
○
∇κ (X

κ
○
∇
(µ X ν)

−X (µ
○
∇

ν) Xκ
) .



Track to affine picture

Is it possible to pass from the metric picture to affine one?

YES! UNIQUELLY!

We have to transform the problematic term with a connection:

P
λµ
κ δ

○
Γκλµ= ∂κ (R

µνκ δgµν) − (
○
∇κ R

µνκ
) δgµν .
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Track to affine picture
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κ δ

○
Γκλµ) .

Observation:
Metric appears in two ways: as a control parameter (δg) and
momentum (π).

Remark:
In affine picture metric appears as a momentum!
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Track to affine picture

Conlusion:

We have a non-metric connection! Γ =
○
Γ +N!

Affine picture

Affine Lagrangian (numerical value): LA ∶= Lg − δ [
○
∇κ R

σκ
σ ] ,

We have an affine description of our theory!
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Affine picture

Variation of the affine Lagrangian :

δLA = ∂κ [p
κ δϕ + π λµν

κ δΓκλµ] =

= ∂κ (p
κ δϕ) + πµν δKµν +∇νπ

λµν
κ δΓκλµ .

Comments:
Kµν is only the symmetric part of the Ricci tensor (for general
symmetric connection there also exist a skew-symmetric part!)
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Affine picture – example

Vacuum with cosmological constant:

Lg =

√
∣detg ∣

16π
(
○
R −2Λ)

Non-metricity:

∂Lmatt

∂
○
Γκλµ

= 0 ,

It means, that our "new" connection will be metric, but it will
appear as a field equation (like in Palatini case).
Einstein equation:

○
Rµν= Λ ,gµν ,
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Affine picture – example

To obtain the affine Lagrangian we only have to express metric by
the curvature!

LA =

√
∣detK ∣

8πΛ
.

Variation formula:

δLA = πµν δKµν +∇νπ
λµν

κ δΓκλµ .

Equations:

πµν
=

∂LA
∂Kµν

=

√
∣detK ∣

16πΛ
(K−1)µν Ô⇒ Kµν = Λgµν ,

∇νπ
λµν

κ =
∂LA
∂Γκλµ

= 0 Ô⇒ ∇νgκλ = 0 .
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Extension

Idea:
If we want to take into account whole curvature we have to take
the more general momentum of the connection, which symmetric
part stays thesame as previously.

The extra curvature parts could be interpret as matter fields (as
above).

Example:

LA =

√
∣detR ∣

8πΛ
=

√
∣det(K + F )∣

8πΛ
.

Variation formula:

δLA = πµν δKµν + χ
µν δFµν +∇νP

λµν
κ δΓκλµ .
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Extension

Results:
1 Connection is not metric and non-metricity is related to the

skew-symmetric part of Ricci curvature Fµν (Weyl concept of
unified theory),

2 The skew-symmetric part of Ricci curvature could be interpret
as an electromagnetic tensor (Faraday 2-form) via coupling
constant related to cosmological constant Λ (some realisation
of Einstein idea of unified theory),

3 In first order of approximation it provides to generalised
Born-Infeld theory,

4 In second order of approximation it provides to
Einstein-Maxwell theory with cosmological constant .

What is next?
I want to apply the last (traceless) part of Riemann curvature part
and believe, that it could describe some kind of dark matter.
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Einstein-Maxwell theory with cosmological constant .

What is next?
I want to apply the last (traceless) part of Riemann curvature part
and believe, that it could describe some kind of dark matter.
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