GEOMETRIC FOLIATIONS IN GENERAL RELATIVITY

THOMAS KOERBER

1. LECTURE 1

1.1. Introduction. We consider a spacetime (IV,7) satisfying the Einstein field equations. Recall
from [13] that (IV,7) is encapsulated in initial data (M, g, k) consisting of a spacelike hypersurface
M C N with induced metric g and second fundamental form k. In this context, the scalar curvature
R of (M, g) provides a lower bound for the energy density of (N, ).

If (N,~) models an isolated gravitational system, (M, g, k) can be chosen to be an asymptotically
flat Riemannian manifold in the sense of Definition 1 below. Here and below, we will assume that

k = 0. A bar indicates that a geometric quantity is computed with respect to the Euclidean metric g.

Definition 1. Let (M, g) be a connected complete Riemannian manifold with integrable scalar curvature
R. We say that (M, g) is asymptotically flat if there is a non-empty compact subset of M whose
complement is diffeomorphic to {x € R> : |x|; > 1/2} such that, in this so-called asymptotically flat
chart, g = g + o where

|olg + |z]g | Dolg + |z[3 [ D?0lg = O(|z];7)
for some T € (1/2,1].

We usually fix an asymptotically flat chart and use it as a reference. We use B,., r > 1/2, to denote
the connected, bounded subset of M whose boundary corresponds to S,(0) = {z € R? : |z|; = r} with

respect to this chart.

Definition 2. The mass of a an asymptotically flat Riemannian manifold (M, g) is given by

m—— lim A~ 1/ i9ii — 05957) di.
67" o052, 039 — 08

The mass is a geometric invariant that measures the total gravitational energy of the initial data set;
see [3, 1]. It is positive if the scalar curvature of (M, g) is non-negative and if (M, g) is not isometric
to flat R3; see [28].

Definition 3 (|27]). Let (M,g) be an asymptotically flat Riemannian manifold with positive mass.
The Hamiltonian center of mass of (M, g) is given by C = (C', C%, C3) where

3 3
(1) ct = lim A1 bz (@gw ]g’LZ T gig — at gii) At
16 T™m r—oo Sx(0) mz_l ;

provided the limits on the left-hand side exist.

Remark 4 ([18]). The center of mass exists if (M, g) satisfies the so-called Regge-Teitelboim conditions
X o =2 - 7/2—
95 + 2] |Dglg + [2[2|D%3l5 = O (j2l;* ™) and R =0(lal;"*7)

where
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Example 5. Spatial Schwarzschild (M, gm) of mass m > 0 is given by

My, = {z € R®: |z|; > m/2} and gm = (1+m/2 |93|§_1)4§.
It models initial data for a static black hole with mass m.

A central goal in mathematical relativity is to understand the relationship between the asymptotic

geometry of (M, g) and the global physical properties of (M, g).

Definition 6. We say that a family {3(s) : s € (0,1)} of spheres ¥(s) C M forms an asymptotic
foliation of (M, g) if there is a smooth function u : M — (0,00) with the following properties.
ou—0asx— o0.
o X(s)={x e M :u(x)=s}.

o Fvery s € (0,1) is a regular value of u.

Note that an asymptotic foliation provides an asymptotic coordinate system of (M,g). We will
study geometric foliations that
o are defined in a canonical way,
o detect the mass of (M, g),

o detect the center of mass or the asymptotic energy distribution of (M, g).

1.2. Special surfaces in initial data sets. Let ¥ C M be a closed surface with outward normal v,
area element dyu, second fundamental form h, traceless second fundamental form ;z, and mean curvature
H. The Hawking mass of 3. is defined by

X 1 2
D) =/ =L (1o —— [ B?au).
mi(E) =\ 15, 67 Ju o dn

It provides a measure for the strength of the gravitational field in the domain enclosed by ¥; see [17].
It plays an important part in the proof of the Riemannian Penrose inequality; see [19].
The following proposition shows that the quantity mg(X) is meaningless unless ¥ is in some way

special.
Proposition 7. Let (M, gm) be spatial Schwarzschild of mass m > 0. There holds

ESCL}\I/[)mmH( ) =00 an Eg}\/[mmH( ) 00

where the supremum and infimum are taken over all embedded spheres ¥ C M.

We will study the existence, uniqueness, and asymptotic positioning of two classes of surfaces that

are well-adapted to the Hawking mass.

1.2.1. Stable constant mean curvature surfaces. A closed surface > C M is called a stable constant
mean curvature surface if it passes the second derivative test for area among all volume-preserving
variations. Such surfaces are potential candidates to have least area for the volume they enclose. Their

mean curvature equals a scalar and they satisfy the stability inequality

[0 72+ Rictw) 2 < [ 1977
> >

[ rau=o.

for all f € C*°(X) with
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Proposition 8 ([14]). Let (M,g) be an asymptotically flat Riemannian manifold with non-negative

scalar curvature and ¥ C M be a stable constant mean curvature sphere. There holds mg(X) > 0.

1.2.2. Area-constrained Willmore surfaces. A closed surface ¥ C M is called an area-constrained Will-
more surface if it passes the first derivative test for the Hawking mass among all area-preserving
variations; see [22| where area-constrained Willmore surfaces are called surfaces of Willmore type.
Such surfaces are potential candidates to have a maximal amount of Hawking mass for their area.

They satisfy the area-constrained Willmore equation
(2) AH + (|h|2 + Ric(v,v) + k) H = 0

for some Lagrange parameter x € R. In this context, recall that the first variation of the Willmore

/H2du

along a normal variation with initial speed f € C*°(X) is given by

energy

WE)S) =~ /EfAHJr FIh2H + f Ric(v,v) H dp.

On the one hand, area-constrained Willmore surfaces are expected be fine-tuned to the Hawking
mass. On the other hand, the area-cosntrained Willmore equation allows for more analytical flexibility:
o (2) is a fourth-order quasi-linear equation so that standard tools such as the maximum principle

are not available.

o A closed minimal surface ¥ C M satisfies the second derivative test for the Hawking mass
among area-preserving variations. It does not necessarily satisfy the second derivative test for
area among volume-preserving variations.

o There are infinitely many (area-constrained) embedded stable Willmore surfaces in R?® that
are not congruent to each other; see [4]. By contrast, every immersed stable constant mean

curvature surface in R? is a sphere; see [2].

1.3. Asymptotic foliations by stable constant mean curvature spheres. Let (M, g) be an

asymptotically flat Riemannian manifold with positive mass.
Theorem 9 (|25]|). There exists Hy > 0 and a family
(3) {3(H) : H € (0, Ho)},

where X(H) C M is a stable constant mean curvature sphere with mean curvature H, that forms a

foliation of the complement of a compact subset of M.

Theorem 9 was proved in [20] under the assumption that (M, g) is asymptotic to Schwarzschild; see
Definition 25. We also note the important previous works [18, 24|. Theorem 9 has been extended to a
spacetime setting in [9]. The following proof is from the author’s recent joint work with M. Eichmair
[15].

1.3.1. Heuristics. Since g is asymptotic to g, the results in [2] suggest that large stable constant mean
curvature spheres in (M, g) are perturbations of round coordinate spheres. The Euclidean area is
invariant under rigid motions. We therefore use a Lyapunov-Schmidt reduction instead of the implicit

function theorem; see also [10, 6].
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1.3.2. Spherical harmonics. Recall that the eigenvalues of the operator
—A: H?(51(0)) — L*(51(0))

are given by

(4) {{(l+1):4=0,1,2,...}.

The corresponding eigenspaces Ag(S1(0)) are finite-dimensional and form an orthonormal basis for
L?(51(0)). Ao(S1(0)) consists of constant functions and A;(S1(0)) is spanned by the coordinate func-
tions y — g(y,e;), i =1, 2, 3.

1.3.3. Notation. Given ¢ € R3 and A > 1, we abbreviate
Sea=S\(A8) = {z e R%: [z — A¢ly = A}
Given u € C™(Sg y), we define X¢ »(u) to be the Euclidean graph of u over S¢ . In the estimate (5),

D, the dash, and V denote differentiation with respect to £ € R3, A € R, and z € Se.x, respectively.

1.3.4. Lyapunov-Schmidt reduction.

Proposition 10. Let § € (0,1/2). There are constants Ao > 1 and € > 0 such that for every £ € R3
with |l < 1 =0 and X\ > Ao there exists a function ug y € C°°(S¢x) such that the following holds.
ue ) L Ai1(Sex) and, as X — oo,

A Hugal + [Vugalg + A 1V?ug plg =o(A72),
(5) AL (Du)| e ny =o(A7H2),
l(en) =0o(A?)
uniformly for all & € R with |€]; < 1 — 0. The surface S¢ x = S¢ A (ug ) has the properties
o H € No(Se ) & A1(Sen),

o vol(3¢ ) = 47”)\3.

Proof. Let G be the space of Riemannian metrics on {y € R?: 1 — §/2 < |y|; < 3} equipped with the
C?-topology. We consider the map

¢y R R? given by Oea(y) = A(E+y).
Note that O 5(S1(0)) = S¢ x. The rescaled metric ge y = A2 O satisfies
g, €, 9ge, exyg
llge. — allg = oA T2 [1 = [¢][ /%) = o(ATH/2 571/2).

Let a € (0,1), £ > 0 be an integer, and Ag;(S1(0)) and Ay ;(S1(0)) be the constants and first

spherical harmonics viewed as subspaces of C*®(S1(0)), respectively. We define the smooth map
T: ALQ(Sl(O))J_ x g — [A070(Sl(0)) D Al’o(Sl(O))]J‘ x R

by
T(u, g) = (pl‘Oj[Ao,o(sl(0))@9/\1,0(51(0))]l H, VOI(ELO(U))>

where all geometric quantities are with respect to X o(u) and the metric g. Note that

(DT)l(0,9)(u, 0) = (Pfoi [0,0(51 (0))@A1,0(51 (0))]+ (—Au = 2w), =47 Projy, (s, () “) :
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Since kernel of the operator
—A —2:0%%(S51(0)) = C%(S1(0))
is given by A12(51(0)), (DT)l(0,5)(+,0) = A12(S1(0))" = [Ao,0(S1(0)) & A10(51(0))]* x R is an

isomorphism. The assertions follow from this and the implicit function theorem. (I

To capture the variational nature of the constant mean curvature equation on the families of surfaces

{Xe¢n 1 [€lg < 1 =6} from Proposition 10, we consider the reduced area function
Gr:{€eR’:|¢gy<1-6 =R givenby  GA(&) =" [Zea

Lemma 11. Given § € (0,1/2), there is Ao > 1 such that for every A > X\g and & € R3 with |¢|; < 1-4

the following holds. The sphere X¢ ) has constant mean curvature if and only if £ is a critical point of

G).

2. LECTURE 2

2.0.1. Computing the reduced area function.

Lemma 12. Let 6 € (0,1/2) and a € R? with |a|; = 1. There holds, as A — oo,

(6) diva = = Dytro + O(A71727),

N = DN —

g(Dya,v) = = (Dyo)(7,7) + ON1727)

on Se.x uniformly for all & € R3 with |£|; < 1 — 8. Moreover,
2
(7) V—D:— o(0, ) — Z o) fou + ONT27),

1._
dp = [1 + §[tra —o(v,v)] + O()\QT)] dp.
Here, { f1, f2} is a local Euclidean orthonormal frame for T'Sg y.

Proof. We sketch the proof of (6) and (7).
There holds

Dgtro + O(Jz|;'727).

N |

3
div(a) = Z 9" g(De,a,ej) = Z a* Tt +0O( ]x\gl 2Ty =

i,j=1 i, k=1

Note that ]x\gl =0\ on S .
Let gt = g + to and v; the unit normal of S¢ ) with respect to g;. Differentiating g¢(v4,14) = 1, we

obtain
o(v,v)+2g(v,v)=0.
U
Lemma 13. Let § € (0,1/2). There holds, as A — 0o on S¢ » uniformly for all & € R® with |£]5 < 1-4,
H(Zep) = H(Sep) = A(Sea)ug — [h(Se ) ugn — Ric(v(Se), v(Sen)) ug +o(A2).
In the following two lemmas, we compute an asymptotic expansion of Gy as A — oo.

Lemma 14. Let a € R? with |a|; = 1. There holds, as A — oo,

(DaG))le = % /S [Dat_ra — (Doo) (7, 7) — 22" tro g(a, ) | dfi + o(1)
(39N
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uniformly for all € € R® with [£]; <1 — 6.

Proof. Using that vol(3¢ ) does not depend on ¢ € R?, we obtain
) (DuGle= [ (=20 gfa+ 27" (Daliny )
By Lemma 13, Lemma 12, and (5),

H(Zep) = H(Sen) +0o(A22) = 2071 4 o(A7%/2),

In conjunction with (5) and (8), we find

) (DuGNle= [ H =23 gla,v)du+ o(1)

E&,)\

The first variation formula implies that

/ [H —2X Yygla,v)dp = / [diva — g(Dya,v) — 22" g(a,v)] du

(10) ven e

= /S [diva — g(Dya,v) — 22 L g(a,v)] dp + o(1).
€A

The assertion follows from this, Lemma 12, and the divergence theorem.

Lemma 15. Let 6§ € (0,1/2). There holds, as A\ — oo, uniformly for all & € R? with |£|; <1 -4,
GA(§) = GA(0) + 4mml¢[5+o(1) and
(DG)\)‘g :87rm§ + 0(1).

Proof. Let a € R3 with |a|; = 1. Note that

2
Dutro — (Deo)(,v) = g(a, ) [Dytro — (dive) ()] + Y §(a, fa)(Dy,0)(f5: f3)

a,B=1
2
+ Z [g(av V) (Dfag)(yv fa) - g(a7 fa) (DfaU)(V? l/)]
a=1
Using Lemma 14 and integration by parts, we have
_ 1 _ _ _
(DaGA)le = 3 / [g(a, v) [Dotro — (dive)(9)] + o(7,a) — g(a, D) tra] dp
Sg A

+o(1)
-1 g Dytro — (divo o(v,a) — gla,v)tro| dj
A /S“[gm,a:—xf)[m (divo)(7)] + o(7,0) - gla,7) }du
+o(1).

Moreover,

div(i [D tro — (dive)(e;)] gla, N e — &) + A" o(a,e5) — g(a, ej)t_ra]] ej)

7j=1
=—Rg(a, X"z — &+ O0(z[;>%7).
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Using the divergence theorem and that the scalar curvature is integrable, we find that

(DuGh)e :% 3(a, ) /S ., [[@ve)®) — Dyiwe] an

(11) 4 %)\71 /SM(O) [g(a,a:) [Dy tro — (div 0)(5)] +o(v,a) —g(a,v) tro| di

+o(1).

Using that the scalar curvature is integrable again, we have
/ [(dive)(v) — Dptro| dfi = 16 mm + o(1)
S22(0)

and

A1 [g(a, ) [Dytro — (dive)(9)] + o(v,a) — g(a,v) tro | diz = o(1).
S2(0)
In fact, if (M, g) satisfies the Regge-Teitelboim conditions, the last integral equals g(C,a) 4+ o(1). O

2.0.2. Ezxistence of large stable constant mean curvature spheres.

Proof of Theorem 9. Let § = 1/2. Lemma 15 implies that, for every A > 1 sufficiently large, G is
strictly radially increasing on {£ € R? : [¢]; = 1/2} . In particular, G has a critical point £(\) € R?
with [§(A)]g < 1/2. According to Lemma 11, 3(\) = ¢y » is a constant mean curvature sphere.

By (4), we find that

(12) [ VIR 2 = Rictr) Papz 20 [
S0 $(N)

for every f € [Ao(Sgn),n) @ Al(Sg()\)v/\)]J— provided that A > 1 is sufficiently large. Using that
D?Gy =8mm Id—o(1),
we have

/ V2 B2 2 — Ric(v.v) f2dp >A"3 [8mm — o(1) / 72 du
2(A) Z(N)

for every f € A1(S¢(n),n). In particular, ¥()) is stable.
We have

HEN)=2XA"14+0A2)  and  H(EW) = —2A72 +o(A7%2).

It follows that A — H(X(\)) is strictly decreasing on (Ao, 00) provided that Ao > 1 is sufficiently
large. By Lemma 15, {(\) = o(1). Moreover, DG = o(A™!) as A — oo uniformly for all £ € R? with
€5 < 1/2. Differentiating the equation (DG} )|¢(n) = 0, we find that

€'(\) = [(D*Gy)len)] ™ (DGY) ey = o(A 7).
Consequently,
Ay +ugyny +A6AN) =y +o(1),
y € S1(0). In particular, the family {3(\) : A > Ao} is transversal. O

2.0.3. Asymptotic positioning. The geometric center of mass Copyeo = (CéMC, C%MC, Cg'Mc) of
(M, g) is given by

(13) Coe = Jim [E) ™ [ a'du
H—0 E(H)
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provided the limit on the right-hand side exists.

Theorem 16 ([18, Theorem 1|). Suppose that (M, g) is an asymptotically flat Riemannian manifold
with positive mass that satisfies the Regge-Teitelboim conditions. Then the limits in (1) and (13) ewist
and C = Copyc.

Theorem (16) has been proven under weaker assumptions in [25|. It has been generalized to a

spacetime setting in [9]. In [15], we provide a proof based on the identity (11).

3. LECTURE 3

Let (M, g) be an asymptotically flat Riemannian manifold with positive mass and non-negative

scalar curvature.

Theorem 17 ([15]). There exists r > 1/2 with the following property. FEuvery stable constant mean
curvature sphere ¥ C M that encloses B, satisfies ¥ = 3X(H) for some H € (0, Hy).

Remark 18. Theorem 17 shows that quantities associated to the foliation {3(H) : H € (0, Hp)} are

canonical.

Theorem 17 was proved in [26] if (M, g) is asymptotic to Schwarzschild and in [23] if 7 = 1. Previous
results have been obtained in [20, 18]. The assumption that ¥ encloses B, cannot be dropped; see
[8]. We note that stronger results are available if (M, g) is asymptotic to Schwarzschild and if the
scalar curvature satisfies a growth condition; see |7, 11, 10, 6]. If (M, g) is spatial Schwarzschild, all
embedded constant mean curvature spheres have been classified in [5]. It has been shown in [12]| that

the spheres ¥(H) bound isoperimetric regions.

3.0.1. Christodoulou- Yau estimate.
Proposition 19. Let > C M be a stable constant mean curvature sphere. There holds

9 o
3/\h|2du§167r—/H2d,u.
% )

Proof. By the uniformization theorem, we may choose a conformal diffeomorphism ¢ : ¥ — S1(0) with

/Elbd,u—().

In particular, there exists u &€ C>(X) with §(V 1,7, Vi) = u? 0qp for every local orthonormal frame
{f1, f2} of £. Note that

/ G(Vep, Vap)dp = 2 / w?dp =2 / Vdet (Vap)t Vap dp = 8.
b b)) b
Since X is stable, we have
3
/ |h|* + Ric(v,v)dp =" / |h? §(h, €:)* + Ric(v,v) §(¢, €:)*dp < 8.
b PRy
The assertion follows from this, the Gauss equation
2 ; Lieo 3.9 1
’h‘ +RZC(V71/) = §|h| +ZH +§R—K,

and the Gauss-Bonnet theorem, using that R > 0. O
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3.0.2. Curvature estimates. Let ¥ C M be a closed surface. We define the area radius A(X) of X by
47 A\(X)? = |¥| and the inner radius p(X) by
p(X) =sup{r >1/2: B, NX} =10.

Let {3/}72, be a sequence of stable constant mean curvature spheres ¥, C M enclosing B; with
p(X¢) = oo. By Proposition 19, H = O(\(X,) 7).

Lemma 20. [26] There holds, as { — oo,

|xrzrh12—0<\mr;%>+0( / |h12dﬂ).
)4

Proof. We only sketch the argument. By the Simons’ identity
Ah=V?H+hxhxh+hxRm+DRmx1="hxhxh+h*Rm+ DRmx1.
More precisely,
—|B| AlR| = O(IA[*) + O(H? [h?) + O(lzl5 >~ [AI?) + O(lz|72727 |R)).

In conjunction with the Michael-Simon-Sobolev inequality,

</E£u2du>é =0(1) /ZZ\Vu|du+0(1) /EZH“dM

where u € C*°(X), we obtain

/ it an < 0(1s1;) | P dp
Blz|g/a(@)NZe Blg|2(2)NZ¢

The assertion now follows from Moser iteration. O

3.0.3. Hawking mass estimate. Using the inequality
H?dp < 167,
>
we see that

H? <167+ O0(p(20) 7).
>

In particular, A(3,) " X converges to a round sphere in Haussdorff distance. In particular, sup,cy, 2[5 =
O(A(%0))-

We now prove a refined estimate for the Willmore energy.

Lemma 21 ([11]|). There holds
(14) 167 — [ H*du < O\Z)™).
DY

Proof. Let ¥, C M be the minimizing hull of ¥,. Note that

(15) 67— [ H*du<167— [ H?*dp.
S A

Moreover, there holds A(X,) = (1 + o(1)) A(¥}). By [19],

> 1

b (1 H2du> < m.

167\ 167 Jy
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Corollary 22. There holds
2l [h* = O(l2[77) + O(A(E) ).

3.0.4. Convergence to a coordinate sphere. Let x4 € 3¢y N S,x,)(0). Passing to a subsequence, we may
assume that there is £ € R? with |¢|; = 1 and

. 1 o
(16) Zlggo |$Z|g zy = —&.
Lemma 23. The surfaces 3 H(X¢) S¢ converge to Si(€) in C* in R3.

Proof. We may assume that ¢ = e3. Moreover, we may assume that |zy| ' 2y = —es3 for every £ > 1.

Let v, > 0 be largest such that there is a smooth function u, : {y € R?: |y|; < v} — R with

o [(Vuy)(y) <1,
o (v, p(Ee) +ue(y)) € 3¢

for all y € R? with |y|; < 7. Clearly, (Vug)(0) = 0. It follows that

(17)

41(y, p(e) +we(y))lg > lylg + p(Xe)

and
[(V2ue) (W)lg < 81R((y, p(Se) + we(y)))lg-
Moreover,
iy = 5 1H(Z0] + Ol ™) + O(lalg* MS0) ™) = L IH(S0)| + Ol ™)
Integrating,
|(Vue(y)lg < 4lylg H(Ee) + O(p(S0) ™).
It follows that %H Ve > % for all ¢ sufficiently large. The assertion follows. O

3.0.5. Uniqueness of large stable constant mean curvature spheres. We need the following decay esti-

mapte.

Lemma 24 ([20]). Let ¢ > 2. There holds

o507 [ Jaly?ap < 0().
I4

Proof. This follows from an application of the first variation formula. O

Proof of Theorem 17. Suppose, for a contradiction, that the conclusion of Theorem 17 fails. It follows
that there is a sequence {£,}92, of stable constant mean curvature spheres X, C R? enclosing B1(0)
with p(3;) — oo and Xy # 3(H) for every H € (0, Hp).

Let a € R? with |a|; = 1. Clearly,

H g(a,v) dp = H(Sy) / gla,v) dp.

) )

On the one hand, arguing as in Lemma 12, we see that

ga,v) dp = [g(a,7) + gla,7) fro + O(lal; 7)) dj.
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Moreover, by the divergence theorem,

| stanaa=o
e

Using Lemma 24, we obtain

1 — _
H(Ze)/ gla,v)du = B H g(a,v)trodi+ o(1).
Y, e

On the other hand, by the first variation formula, we have

Hg(a,v)du = / [diva — g(Dya,v)|dp.

> DY)

As in Lemma 12,
1 _
[diva = g(Dya,v)]dp = 5[Datro — (Deo)(7,7) + O(lalg )] df.

In conjunction with Lemma 24, we find

/E [diva gDy, 1)) du = - /E 1Dt~ (Duo)(3,7)] i + o).

Using these estimates and integration by parts, we conclude that

0= /E Z [Dytro — (div o) (7)] g(a, 7) diu + %H(zg) /E 2 [o(a,7) — tro gla, v)] dj

e
Note that
/ \lﬂg lo|lgdi = o(1).
>
Let zp € ¥y with v(z) = —\:Ug\g_l xp and

& = 5 H(%0) 2 ol=).
It follows from Lemma 23 that & — £. We define the map E; : ¥, — R3 by
Fe=o(%0) - 5 HS) o + &
Using Lemma 23 and the curvature estimates, we have

(18) VE; = O(|z|;*?)
—1/2

and, consequently, £y = O(|z[; '~). We obtain

0= /Ze [Dytro — (divo) ()] g(a, 5 H(Xe) z — &) dfi + %H(Eg) /EZ[O'(CL, v) — gla,v)tro] dp
+o(1).

As in the proof of Theorem 9, using the divergence theorem and that R is integrable, we find

0 :g(aafe)/ (diveo)(7) — Dytro dfi
Stsy-1(0)

1 _ - - CHg D)l ) o dis
+ B H(%)) /SH(Zé)l(O) g(a,z) [Dptro — (divo)(7)] + (7, a) — g(a, v) tro dfx

11
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so that
0=167mmg(a,).

It follows that £ = 0. By local uniqueness of the implicit function theorem, we have ¥, = X;

- ” N Eohe
for suitable & € R3 and Ay € R with & — 0 and Ay — oco. By Lemma 11, we have & = £()\¢), a
contradiction. O

4. LECTURE 4

4.1. Asymptotic foliations by area-constrained Willmore spheres. Let (M, g) be a Riemannian
manifold that is asymptotically flat. Area-constrained Willmore spheres are more sensitive to the local

geometry of (M, g). We therefore require stronger decay assumptions on the metric g.

Definition 25. We say that (M, g) is asymptotic to Schwarzschild with mass m > 0 if, in the asymp-
totically flat chart, g = g + o where

‘O”g + |CE’§ |DO’|§ + |IL”§ |D2O'|g = O(’.’E‘;2)

Theorem 26 ([16]). Let (M,g) be asymptotic to Schwarzschild with mass m > 0 and non-negative
scalar curvature. There exists a family {¥(k) : k € (0,k0)} of area-constrained Willmore spheres

Y(k) C M with Lagrange parameter k that sweeps out the complement of a compact subset of M.

Remark 27. The assumption that R > 0 cannot be dropped. Understanding large area-constrained
Willmore spheres in general asymptotically flat manifolds with non-negative scalar curvature appears

to be beyond the reach of the methods presented here.

Theorem 26 has been proved in [22] under stronger decay assumptions on both the metric g and the

scalar curvature R.
4.1.1. Lyapunov-Schmidt reduction. Recall that, given £ € R? and A > 1,

Sea = S\(A€) = {z € R? 1 |z — X¢lg = A},
Moreover, recall that ¥¢ »(u) is the Euclidean graph of u € C°°(S¢ \) over S ».

Proposition 28. Let § € (0,1/2). There are constants Ao > 1 and € > 0 such that for every £ € R3
with |§|g < 1 =38 and X\ > Ao there exists a function ug x € C*°(S¢ ) such that the following holds. Let
Yexn = Xea(ugn). There holds

Seal =4mA°
Moreover, ¥¢ y is an area-constrained Willmore sphere if and only if £ is a critical point of the reduced
Willmore energy Gy : {€ € R3 : |€]; < 1 — &} given by

Gr(6) =272 (/ H*dp — 1671—327rm)\1> :
Y

4.1.2. Computing the reduced Willmore energy. By scaling, we may assume from now on that m = 2.

We use a tilde to indicate that a geometric quantity is computed with respect to the metric g = go.

Lemma 29. There holds
327
1— &2

1+ [¢]g
1—[¢lg

GA(€) =641+ — 487 ¢|; log — 128 7log(1 — \g|§)+2A/ Rdv+O(\1).

R3\Bx (X&)
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Proof. We only sketch the argument.
In the first step, by an explicit calculation, we estimate
H?dj.
Sea
Second, we estimate
H?dp — H? dfi.
S§7>\ 557)\
To this end, note that

(19) H2d,u:167r+2/

A2 dp + 2/ (2 Ric(v,v) — R) dp.
S{,)\ Sé,)\

SS’)\
We have B
/ F2di=0  and / A2 du = O(4).
S€’>\ Sg’A

Next, recall that the Einstein tensor

1
E = Ric —3 Rg
is divergence free. Let Z = (1+ \x|§_1)_2 A1 (z — X €) and note that Z = i on Sg ). By the divergence
theorem,
1 1

(20) E(Z,V)d,u:—/ {g(E,DZ)—(din)R dv+8mmAL.

Sen RAB\(A6) L2 6
Here,

1
DZ =Lzg9— 3 tr(Lz9) g

is the conformal Killing operator. Using that DZ = O(A~! \$|§1) and R = 0, we see that the relevant
contribution of the perturbation o is given by

H / (divZ) R do= A~ / Rdv+O(\?).
6 Jr3\By(A6) 2 R\ By (A¢)

Finally, we estimate

(21) H?*dp — H?dp.
e Se A

To this end, let W = —AH — H(UOI|2 + Ric(v,v)) and @ be the linearization of W. We compute

W (Se,») explicitly in terms of spherical harmonics. Using that
Q(Sea)(ugn) = W(Sen) =28 A7 = W(Sen) =28 A7+ OA°) = W(Eg ) — s H(Sen) + O(A),
that W (3¢ \) — k H(2¢)) € A1(Se,)), and that

Q(Sep)(ugn) = =A% ugn — 207 Augy + O(A ),

we obtain an expansion for ug ) in terms of spherical harmonics. We then estimate (21) using the first

and second variation for the Willmore energy. (I

Proof of Theorem 26. Note that

327
1—[¢)2

1+ [¢]g
1—[¢lg

647+ — 487 |§|§_1 log — 128 log(1 — |£|§) — 00
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as [£|g — 1. Using that R > 0 and that R = O(|x|g_4), we see that G(£) > G\(0) for every ¢ € R3
with |{]7 = 1 — ¢ provided that § > 0 is sufficiently small and that A > 1 is sufficiently large. In
particular, G\ has a critical point for every A > 1 sufficiently large. U

Remark 30. We can construct Riemannian manifolds that are asymptotic to Schwarzschild which
have local concentrations of negative scalar curvature and such that, given § > 0, for infinitely many

values of A, G\ has no critical point £ € R? with |€|; <1 — 6.
4.1.3. Asymptotic positioning.

Theorem 31. Let (M, g) be asymptotic to Schwarzschild with mass m > 0 and non-negative scalar

curvature satisfying
3
R(z) = R(—x) and le 81(\33@ R(z)) <O0.
i=1
Then the family {3(k) : k € (0,k0)} forms a foliation of the complement of a compact subset of M.

Remark 32. The weakest possible assumption on the scalar curvature that guarantees that the family

{¥(r) : k € (0,Kk0)} forms a foliation is not known.

Lemma 29 suggests that the asymptotic positioning of the family {X(k) : k € (0, k¢)} is determined
by the asymptotic distribution of scalar curvature in a nonlinear way. In the special case where (M, g)

is vacuum at infinity, we have the following result.

Theorem 33 ([18, Theorem 1|). Suppose that (M, g) is asymptotic to Schwarzschild with mass m > 0

and center of mass C and suppose that R = 0 outside a compact set. Then
lim |2 (k)| ! / xdp = C.
xk—0 (k)

4.2. Uniqueness of large area-constrained Willmore spheres. Let {¥,}7°, be a sequence of

area-constrained Willmore spheres ¥y C M enclosing B such that p(3;) — 0o. Suppose that

(22) H?*dp <167
)

for every £. Note that, equivalently, mg(%y) > 0.

Remark 34. For ease of exposition, we only consider area-constrained Willmore spheres that enclose

By. This assumption is not necessary for the following uniqueness results.
4.2.1. Curvature estimates.

Proposition 35. There holds, uniformly for all x € X,

2
h— M) gls, * =O(|l;) ( / h- A(Ewlg\zﬁdu)

eNB14|z)4(2)

+O(2ls%) + O(s(S0)?) / = AS0) " glss P dp.
eNBy /4 |24 (%)

Proof. This follows from an adaptation of the integral curvature estimates proved in [21]. O

It follows from (22) that

(23) / = AS0) ™ gl 2 de = OAEe) ™ + p(S0)72).
eNB1/4 a4 (2)
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Corollary 36. There holds

[lg [P = A(Se) ™ gl | = ON(E) ™2 + p(S) 7).
4.2.2. A general convexity criterion.

Lemma 37. Let f € CY(R3) be a non-negative function satisfying

3

(24) S 2 Bi(jaf2 f) < 0.
i=1

For every &1, & € R3 with &5, |2l < 1 and A > 0 there holds

/ g(u,@—al)fduz/ 37,62 — €1) f i
S{lﬁ)‘

S&Qv)‘
Proof. We may assume that A = 1. Moreover, we may assume that & # £; and that
& —&

€3 —

e -l
We define the hemispheres

Si={re5(&): (& —&) 200 and S ={zre5i(&): a7 &~ &) <0}
where £ = 1,2. We parametrize S;r via
W (0,7) x (0,27) — S given by U((,p) =& + (sin( siny,sin cos ¢, cos ().
and Sfr by
(0,m) x (0,27) — S where (0,¢) = &1+ (sinf sin g, sinf cos ¢, cosb).
Note that, given (, there is # = 0(¢) with §# < ¢ and t = ¢(¢) > 1 such that
(25) t [&1+ (sinf sing, sin @ cos p, cos )] = & + (sin( sing, sin ¢, cos ¢, cos ().

By a direct computation,
0 sin® cosf > =2 sin ¢ cos(.

Using that f is non-negative and (24), it follows that

/ fa(@,& —&)dn —/ f9(@,& —&)dn
st 52

2 T
> l6— &y /0 /0 (72 (1 W(C ) — F((C )] sin€ cos¢ ¢ dy
>0

The same argument shows that

/ fa(w, & —fl)dﬂ—/ fa(@,& —&)dn > 0.
St S2

4.2.3. Local uniqueness.
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Proposition 38. Let (M, g) be asymptotic to Schwarzschild and suppose that

3

(26) > 2t 0y(|z[2 R(x)) < 0.

i=1
Let {¥,}32, be a sequence of area-constrained Willmore spheres ¥, C M enclosing By such that
p(X¢) — 00, mp(Xe) >0, and 3y # X(k) for every k € (0,k0). Then p(Xy) = o(A(Xy)).

Proof. Suppose for a contradiction, that, passing to a subsequence, A(3y) = O(p(2¢)). By Corollary
36, A(X¢)~! £, converges smoothly to Si(€) for some & € R? with |¢]; < 1. In particular, £, = 3¢, 5,
for suitable & € R? and A\; > 1 with A\, — co. By Lemma 29 and Lemma 37, G, is strictly convex.
In conjunction with Proposition 28, we see that ¥, = X(ky) for suitable ky € (0, k). O

Remark 39. Proposition 38 is in general not true without the assumption (26) even when R > 0.

4.2.4. Slowly divergent area-constrained Willmore spheres. We aim to prove the following improvement

on Proposition 38.

Theorem 40. Let (M, g) be asymptotic to Schwarzschild and suppose that

3
> 2l 0i(|xl2 R(x)) < 0.
i=1
Let {3,}7°2, be a sequence of area-constrained Willmore spheres ¥, C M enclosing By such that
p(Xy) — o0, mp(Xe) >0, and ¥ # X(k) for every k € (0,K0). Then p(X¢) = O(log A(2y)).

Let {¥,}7°, be a sequence of area-constrained Willmore spheres ¥, C M enclosing B; such that
p(X¢) = 00, mu () 2 0, p(3¢) = 0(A(3)), and log(A(Zy)) = o(p(3))

Lemma 41. The surfaces A(3;) ™! 5y converge to S1(€) in C* in R?® for some & € R3 with |€|; = 1.

It follows that, for every /¢ sufficiently large, ¥, is the Euclidean graph over a nearby coordinate
sphere Sy = Sy, (Ae&).

Proposition 42. There holds, as £ — 00,
H(Se) = 2+ o) AEe) " = 4XME) al7 ! + o(p(E0) T  ASe) ™)
and
K(20) = o(p(S0) " AM(Ze) 7?).
We need the following lemma.

Lemma 43. There is a constant ¢ > 0 with the following property. Let & € R3 and X\ > 0. Suppose
that u, f € Ag(Sx(AE))* are such that Au = f. Then

sup |xrg|vu<w>|93c( [ islaa+ sw |m13|fr).
zESN(AE) Sx(A§) zE€SN(AE)

Proof of Proposition 42. We only sketch the argument. For ease of exposition, we assume that x(X,) =
0.
Recall the potential function N : R3\ {0} — R of spatial Schwarzschild given by

N(@) =1+ =77 1= |2[5 ")



GEOMETRIC FOLIATIONS IN GENERAL RELATIVITY 17
and that D2N = N Re. Let F; = N~' H(Z;). By a direct computation,
AF = (b + &+ O(lz]3") + O(lz]3? [F]) Fe + O(||;?) |z]g [V Fel 5.

By the curvature estimates, we have |Fp| = O(A(Z)™1) + O(|x\gl AZe)" Y2 4+ p(20)~1)). Moreover,
using Lemma 41,
Fy = projpy(sy) Fr + projag sy Fo = OA(Ze) 1) + Olog(p(0) ' A(2))) sup |z]g [V Fig.
Using Lemma 41, we may apply Lemma 43 and (23) to obtain
sup [zly [VEly = O((ME) ™2 +p(8) ™) + M) ™" log(p(S) ™ A(Z)

(A(Ze) ™" + log(p(2e) ™ A(Sr)) sup |zl3 |V Flg)

+ p(Eg)_l sup |z|g \VF’\g.
TEY

Absorbing, we obtain

Sup 2|5 [V F|g = O(A(S0) 2 + p(Z) )% + M(Z0) " log(p(Ze) " A(0))) M)~

Using that

Proj s, Fr = O(log(p(S0) ™" A(E))) Sup |z]g [V FYlg
xe

and that, for instance,

log(p(2e) "M ME0)) p(Se) 2 A () = 0(p(E0) T A(S) T,

it follows that proj,, (s, Fe = o(p(Ze) 7L A(Zp) 1) as claimed. O

Proof of Theorem 40. A lengthy computation using Proposition 42, integration by parts, and the di-

vergence theorem shows that
0= [ (=M = (B2 + Rictv,)) H) g(6eo) du— e [ Hg(ée,r)d
14

— 4 p(S0) A - A /E 960 v) Rdji+ o(p(S0) 2 A(S) ).

By Lemma 41, g(&,v) > 0 implies that |z|; > 1/2A(X;). In conjunction with the estimates R > 0,
R = O(]a:|g4), and p(X¢) = o(A(X¢)), we conclude that

0=47mp(Ze) 2 AZ0) " —o(p(Ze) 2 A(Ee) ),

a contradiction. O

Conjecture 1. Let (M, g) be asymptotic to Schwarzschild and suppose that

3
> 2t 0y(|z[2 R(x)) < 0.
=1

There exist r > 1 and A > 1 with the following property. Let ¥ C M be an area-constrained Willmore
sphere with non-negative Hawking mass such that ¥ N B, = 0 and |3| > A. Then ¥ = X(k) for some
K€ (O, Ho),
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