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Organization

Chapter 2, 3 and 4 are based on a lecture “Aperiodische Ordnung” given
by Daniel Lenz, a lecture “Ergodentheorie” given by myself and my PhD
thesis. The content of Chapter 5 is advanced but standard and can be found
in various books about spectral theory. In this notes I particularly used the
lecture notes for “C*-algebras” given by Matthias Keller and the lecture
notes for “Hohere Analysis” given by Daniel Lenz. Chapter 6 is again based
on my PhD thesis and Chapter 7 is taken from the paper “Holder continuity
of the spectra for aperiodic Hamiltonians” by Beckus/Bellissard/Cornean.

There are still various persistent typos hidden in these notes (even from my
eyes). Please leave a comment on moodle or by Email if you come across
them. So, we may weed them out in a joint effort.

Literature

e Boto von Querenburg, Mengentheoretische Topologie, ISBN 978-3-
642-56860-2, 2001 (Topology)

e M. Manetti, Topology, ISBN 978-3-319-16957-6, 2015 (Topology)

e J. Elstrodt, Maf- und Integrationstheorie, ISBN 978-3-642-17905-1,
2005 (Measure Theory)

e D. J. S. Robinson, A course in the theory of groups, ISBN 978-0-
387-94461-6, 1995 (Group theory)

e M. Baake, U. Grimm, Aperiodic Order, Volume 1: A mathematical
invitation, ISBN: 978-0-521-86991-1, 2013 (Quasicrystals)

e M. Baake, U. Grimm, Aperiodic Order, Volume 2: Crystallography
and Almost Periodicity, ISBN: 978-1-1390-3386-2, 2017
(Quasicrystals)

o 1. Satija, Butterfly in the Quantum World, The story of the most
fascinating quantum fractal, ISBN: 978-1-6817-4117-8, 2016
(Popular book)

e D. Werner, Funktionalanalysis, ISBN 978-3-662-55406-7, 2000
(Functional Analysis)

e R. Carmona, J. Lacroix, Spectral Theory of Random Schrodinger
operators, ISBN: 978-1-4612-8841-1 , 1990 (Random Schrédinger
Operators)

e J. Weidmann, Linear Operators in Hilbert spaces, ISBN: 0-387-
90427-1, 1980 (Spectral theory)

e M. Reed, B. Simon, Methods of Modern Mathematical Physics, Vol.
1 & Vol. 2., 1980 (Spectral theory)

e P.D. Hislop, [.LM. Sigal Introduction to Spectral Theory: with ap-
plications to Schrodinger operators, Applied Mathematical Science,
Vol. 113 ISBN 0-387-94501-6, 1955 (Spectral theory)

Further interesting papers

Functional Analysis and the Lemma of Zorn

e Here you can find a work by Karagila discussing the Axiom of choice
and its role in Functional Analysis. This document is designed for
students.


https://doi.org/10.1007/978-3-319-16958-3
https://doi.org/10.1007/978-3-662-57939-8
http://dx.doi.org/10.1007/978-3-662-55407-4
https://arxiv.org/pdf/2010.15632.pdf
https://arxiv.org/pdf/2010.15632.pdf

CONTENTS

Chabuty-Fell topology

Fell - A Hausdorff Topology For The Closed Subsets Of A Locally
Compact Non-Hausdorff space, 1962

e Fell - The dual spaces of C*-algebras, 1960
e Chabauty - Limite d’ensembles et géométrie des nombres, 1950
e Harpe - Spaces of closed subgroups of locally compact groups, 2008

Vietoris topology

Vietoris - Bereiche zweiter Ordnung, 1922

Michael - Topologies on spaces of subsets, 1951

Beer - Topologies on closed and closed convex sets, 1983
Kuratowski - Topology. Volumes I and II., 1966

Harper model - Almost-Mathieu operator

Hofstadter - Energy levels and wave functions of Bloch electrons in
rational and irrational magnetic fields, 1976

Bellissard - Lipshitz Continuity of Gap Boundaries for Hofstadter-
like Spectra, 1993

Avron, Simon - Stability of gaps for periodic potentials under vari-
ation of a magnetic field, 1985

Rammal, Bellissard - Algebraic semi-classical approach to Bloch
electrons in a magnetic field, 1990

Helffer, Sjorstrand - Analyse semi-classique pour I’équation de Harper.
II. Comportement semi-classique prés d’un rationnel, 1990

Convergence of the spectra and Delone dynamical systems

Beckus/Bellissard - Continuity of the spectrum of a field of self-
adjoint operators, 2016

Beckus/Bellissard /De Nittis - Spectral continuity for aperiodic quan-
tum systems I. General theory, 2018

Beckus/Bellissard/Cornean - Holder continuity of the spectra for
aperiodic Hamiltonians, 2019

Beckus/Pogorzelski - Delone dynamical systems and spectral con-
vergence, 2020

Beckus/Bellissard /De Nittis - Spectral continuity for aperiodic quan-
tum systems: Applications of a folklore theorem, 2020

Beckus - Spectral approximation of aperiodic Schrédinger operators

Here you can find an interesting movie about the Penrose tiling and Qua-
sicrystals.

Required background
A solid background in the basic courses Analysis I-III and linear Algebra
is required (in particular topology, measure theory, normed spaces (Banach

spaces),

Hilbert spaces (inner product).

What can you learn?

Basic concepts in topological dynamical systems over discrete groups
and the associated space of invariant probability measures
Symbolic dynamical systems over a finite alphabet


https://www.jstor.org/stable/2034964?seq=1#metadata_info_tab_contents
https://www.jstor.org/stable/2034964?seq=1#metadata_info_tab_contents
https://www.ams.org/journals/tran/1960-094-03/S0002-9947-1960-0146681-0/S0002-9947-1960-0146681-0.pdf
http://www.numdam.org/article/BSMF_1950__78__143_0.pdf
https://arxiv.org/pdf/0807.2030.pdf
https://link.springer.com/article/10.1007/BF01696886
https://www.ams.org/journals/tran/1951-071-01/S0002-9947-1951-0042109-4/S0002-9947-1951-0042109-4.pdf
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.14.2239
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.14.2239
https://link.springer.com/article/10.1007/BF02173432
https://link.springer.com/article/10.1007/BF02173432
http://math.caltech.edu/SimonPapers/183.pdf
http://math.caltech.edu/SimonPapers/183.pdf
https://jphys.journaldephysique.org/en/articles/jphys/abs/1990/17/jphys_1990__51_17_1803_0/jphys_1990__51_17_1803_0.html
https://jphys.journaldephysique.org/en/articles/jphys/abs/1990/17/jphys_1990__51_17_1803_0/jphys_1990__51_17_1803_0.html
https://arxiv.org/abs/1507.04641
https://arxiv.org/abs/1507.04641
https://arxiv.org/abs/1709.00975
https://arxiv.org/abs/1709.00975
https://arxiv.org/abs/1901.07789
https://arxiv.org/abs/1901.07789
https://arxiv.org/abs/1711.07644
https://arxiv.org/abs/1711.07644
https://arxiv.org/abs/1709.00975
https://arxiv.org/abs/1709.00975
https://arxiv.org/abs/1610.05894
https://www.youtube.com/watch?reload=9&v=48sCx-wBs34&feature=youtu.be
https://www.youtube.com/watch?reload=9&v=48sCx-wBs34&feature=youtu.be
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Basic knowledge in spectral theory (spectrum, resolvent as well as
their basic properties)

Approximation theory of self-adjoint bounded operators
Introduction into the area of random Schrédinger operators respec-
tively operator families over dynamical systems

Interplay between dynamical and spectral properties
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1. Motivation

The lecture presents the interplay of analysis, dynamics, probability, spectral
theory and mathematical physics in the realm of solid state physics. The
aim of the lecture is to introduce the interplay between spectral properties
of operators and their underlying dynamics.

The first part of the lecture is devoted to topological dynamical systems
and their associated invariant probability measures. More precisely, X is a
compact metric space on which a group G (say e.g. G =R? or G = Z9) acts,
i.e. there is a continuous « : G x X — X satisfying

ale,r) == and a(g,alh,z)) = a(gh,x),

where e € G is the neutral element of G. For instance, e =0 and gh:=g+h
if G =R?or G =2Z% Then (X,G) is a dynamical system. We will study
the space J of invariant closed subsets of X where Y ¢ X is invariant if
a(g,y) € Y for all g € G and y € Y. Then (Y,G) is also a dynamical
system. A particular focus is put on those dynamical subsystems of X that
are minimal in terms of the partial order of inclusion on such dynamical
subsystems.

We study probability measures ¢ on X that are invariant with respect to
the G action, namely pu(gA) = p(A) for all measurable A ¢ X. We will
study the space of all invariant probability measures and we will prove that
one always admits such measures if the group is amenable. Furthermore,
we will analyze dynamical systems (X, G) that have exactly one invariant
probability measures. Such systems are called uniquely ergodic. Meanwhile,
we get a glimpse on the area of Ergodic theory.

Shift by €
x (—4,-3)

>

7N\

Figure 1. The set A consists of four elements (colors) and we

consider an element in A% . The circled point indicates the origin
0eZ2.

As one of the guiding examples, we will consider symbolic dynamical sys-
tems. Specifically, G is a discrete group, say G = Z% and

X:=AZd={w:Zd—>A}
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equipped with product topology. Then Z% acts on AZ* by translation,
namely

d d
a:Z x AZ > AT a(n,w)(m) = w(-n+m),
see e.g. Figure 1. In this setting, we provide a characterization of the

topology of J and use this to find so called periodic approximations (see
motivation below).

In the second part of the lecture, we will introduce basic concepts of spectral
theory (with a view towards self-adjoint operators). Based on this, we will
analyze operator families Ax = (Az)zex over a dynamical system (X,G).
Such operators are compatible with the dynamics (covariant) and they are
strongly continuous in X. We will characterize concepts such as minimality
by spectral properties of these operator families. Moreover, we construct
approximations of the spectra of such operator families by appropriate ap-
proximations of the underlying dynamical systems.

1.1. Solid state physics and quasicrystals. This lecture seeks to
provide you with some basic facts for random Schrédinger operators associ-
ated with dynamical systems. Such families of operators arise in solid state
physics. In particular, they naturally pop up in the study of disordered
media. Let us start to give some motivation based on solids.

A solid consists of atoms or molecules that are fixed in space. In a math-
ematical description such systems are assumed to be infinite in order to
focus on properties of the solid and ignoring boundary effects. Depending
on the species of the atoms and how they are distributed in space, the phys-
ical properties vary. A crystal is a solid material where these atoms are
arranged in a highly ordered microscopic structure forming a lattice, see
Figure 2. Such systems will be called periodic.

z

Y

Figure 2. Two type of atoms (red and black) that are distributed
on the lattice Z? periodically with respect to the Z3-action.
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One way of analyzing such solids is by X-ray crystallography where an X-ray
beam is sent to the material from various directions, see Figure 3. These
beams are diffracted into specific directions with certain intensities. These
measurements are used to detect the localization of the atoms as well as
their chemical bonds. In the case of a perfect crystal the measured peaks
are sharp and admit only specific symmetries (see the crystallographic re-
striction theorem). Specifically, only n-fold symmetries for n = 1,2,3,4,6
are compatible with a periodic structure. In 1982 (published 1984), Dan
Shechtmann (Technion, Haifa, Israel) discovered materials that had unex-
pected diffraction pattern with sharp peaks but ten-fold symmetry, which is
incompatible with the lattice translation. In 2011, he was awarded with the
Nobel prize for Chemistry for his discovery. Nowadays such materials are
called quasicrystals. In the mathematical model, quasicrystals are modeled
via point sets or tilings of the space. One of the most famous one is the Pen-
rose tiling, see Figure 4. There are two models that are mainly considered
to produce such tilings or point sets. One is the cut-and-project method
and the second one are primitive substitutions. During the lecture, we will
study substitutions in the one-dimensional situation.

screen
rays material
—_— /
_— peaks

Figure 3. Left: Schematic idea for the diffraction experiment;
Right: Diffraction pattern of a quasicrystal observed by D. Shecht-
man, I. Blech, D. Gratias, J.W. Cahn, Metallic Phase with Long-
Range Orientational, The American Physical Society, 1984.

In a mathematical description, there is a choice of an origin and we can move
from one fixed origin to another by shifting it in our space (say R%). In the
case of a periodic structure only a finite number of translations are relevant.
On the other hand, the symmetry group of a quasicrystal or an amorphous
solid can be very small. This leads us to study not a single one but rather
the whole family of solids that is produced by shifting the origin even to
infinity (here is a limit involved). This brings us naturally to the theory of
topological dynamical systems that will be studied in the first part of this
lecture. Then a dynamical system is a compact space X which represents
the set of “all manifestations” of a fixed kind of order or disorder on a locally
compact group G (e.g. G =RY).

In particularly, we will be interested in systems where the local atomic struc-
ture is everywhere the same, namely we don’t admit impurities or defects in
the material. Such dynamical systems are called minimal and we will learn a
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Figure 4. The Penrose tiling which is one of the toy models for
quasicrystals. One can view the vertices as the position of atoms.
In a discretization of the associated Hamiltonian, one is for instance
interested in the spectral properties of a Schrédinger operator on
the graph defined by this tiling. This picture was produced by
Christian Scholz (Universitét Potsdam).

equivalent formulation in the setting of symbolic dynamical systems reflect-
ing this heuristically point of view. The terminology “minimal” comes from
its definition that the topological dynamical system cannot be decomposed
in a smaller one.

Besides that we will deal with probability measures on dynamical systems
that are invariant with respect to the action of G. They allow us to study
statistical properties of solids which is particularly interesting in the case
of quasicristalls and amorphous solids. Here one is interested in properties
that hold almost everywhere with respect to a given invariant probability
measure. We will introduce the space of invariant measures and study basic
properties of this space. In particular, we will prove a special case of the
Banach-Alaoglu theorem. The measure theoretic counter part of minimality
is that the measure is ergodic. The study of these objects is part of the
lecture “Ergodic theory” and here we will only deal with the case where the
dynamical properties forces that we have exactly one invariant probability
measure (which is automatically ergodic). These systems are called uniquely
ergodic.

The second part of the lecture focuses on operators A,,x € X, associated
with dynamical systems (X,G). First we will provide an introduction to
operators and their spectrum. Of particular interest are Schrodinger oper-
ators (or Hamiltonians) that describe the long time behavior of a particle
within such a solid. The idea is that the geometry and dynamics of the
underlying material will determine if a particle can freely move to infinity,
stay in a bounded region or is doing something in between. Thus, one seeks
to connect dynamical properties with spectral properties of such operators.
As discussed before a single x € X might not admit a large symmetry group
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Figure 5. The Kohmoto butterfly plotted by Barak Biber
(https://github.com/DaAnIV/Quasiperiodic, Technion, Is-
rael). On each horizontal line the spectrum of certain one-
dimensional periodic Schrédinger operators H,, is plotted for ra-
tional o € [0,1]. If these rational a’s approach an irrational 3, we
get a Schrodinger operator for a certain quasicrystal. Then these
rational approximations provide us some insight in the spectral na-
ture of them.

while the whole dynamical system X is G-invariant. Similarly, the opera-
tor A; may not have a large symmetry group and so one is interested to
study the family of such operators simultaneously. Therefore, we make the
assumptions on such operator families Ax := (A )zex:

o Ax is covariant or equivariant: This reflects that shifting the origin
from x € X to gr € X leads to a unitary transformation of the
corresponding operators

Ay = UgAge Uyt


https://github.com/DaAnIV/Quasiperiodic
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We will see that unitary transformations preserve spectral proper-
ties and so A, and Ay, have the same spectral properties (we are
independent of the choice of the origin).
o Ax is strongly continuous: This says that A,y should change con-
tinuously if 2 € X varies for any ¢ (a small change in the config-
uration will only change slightly how our operator acts within a
certain region).
We will see that (X,G) is a minimal dynamical system if and only if the
spectrum of the associated operators are constant along z € X.

The sharp peaks and the symmetry in the diffraction pattern that appear
for crystals or quasicrystals reflects that the underlying solid is still ordered
in a suitable sense. Due to this, the mathematical theory of quasicrystals
is often referred to aperiodic order. In this sense quasicrystals are still very
close to periodic structures. We will formally introduce a way to compare
the distance between various dynamical systems. This in particular, enables
us to talk about periodic approximations and so we will discuss the following
questions:

e When does a dynamical system admit periodic approximations?

e Which dynamical and measure theoretic object are preserved by
such an approximation process?

e Which spectral properties of an associated operator family are pre-
served if the underlying dynamical systems are approximated. In
particular, we will focus on the spectrum as a set.

If time admits, we will also study some spectral properties of operators
associated with crystals so periodic structures using that we have a large
symmetry group. Having a suitable approximation theory at hand, this
can be used to study spectral properties of other systems like quasicrystals.
Their spectral properties can be very difficult and fascinating. See for in-
stance Figure 5, where the spectrum of the operators Hy, : *(Z) — (*(Z)
defined by

(Hatp)(n) =¢(n-1) +¢(n+1) + X(1-a,)(na mod 1)¢(n),  neZ,
is plotted.

We note that the study of Hamiltonians associated with solids is best per-
formed in the context of C'*-algebras. For instance any dynamical system
(X,G) admits a C*-algebra and their elements define operator families over
(X,G). As it is, one is even led to a more general algebraic structure, viz
C*-algebras of groupoids when studying certain quasicrystals modelled by
tilings. But this is not considerd here.
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2. Topological dynamical systems

A set G equipped with a composition . : G xG - G and inversion ~': G - G
is called a group if

e the composition is associative, namely (g1.92).93 = g1.(g2.g3) for all

91,92,93 € G,

o there exists a unit e € G satisfying e.g = g.e =g for all g € G,

e forall ge G, we have g.g7 ' =g tg=e.
Furthermore, G is called a topological group if GG is equipped with a topology
such that the composition and inversion are continuous. For a subset H ¢ G,
we define

g.-H:={g.h|heH}.

For the sake of simplicity, we will write gh := g.h and gH := g.H for g,h € G
and H ¢ G. A group G is called abelian if gh = hg for all g,h € G.

EXAMPLE. Let G := R? with z.y := x+vy and 27" := —x. Then R? is an
abelian topological group if equipped with the Fuclidean topology.

EXAMPLE. Let G := Z% with n.m == n+m and n~" == —n. Then Z% is
a countable abelian group equipped with the discrete topology. If M is an
invertible d x d-matriz with real coefficients, then MZ = {Mn|n € Z%}
defines a discrete countable subgroup of RY.

ExaAMPLE. Consider the set of invertible matrices
My(R) := {A = (aij)i; dxd—matriz with real coefficients and det(A) # O}

equipped with the usual matriz multiplication, inverse of a matriz and the
Euclidean topology viewing elements of My(R) as elements of R%. Then
My(R) defines a non-abelian topological group.

ExaMpPLE. Consider the set of upper triangle matrices

1 a b
H3(R):=<10 1 c||a,b,ceR
0 01

equipped with the usual matriz multiplication. If g,h € Hz(R) then, gh €
Hs3(R). Furthermore, each element of H3(R) is invertible (determinant equal
to one). Thus, H3(R) is a topological subgroup of My(R), which is called
the (continuous) Heisenberg group. Since

1

1 a b\ 1 -a ac-b
01 ¢ =10 1 -c |,
0 0 1 0O O 1

it is easy to see that H3(Z) (which is the set of matrices in Hg(R) where
a,b,ceZ) is a discrete subgroup of Hiz(R). Then H3(Z) is called (discrete)
Heisenberg group. Both groups are not abelian but amenable (see definition
later). We will discuss in the Exercise session a different representation of
the Heisenberg group and we will prove there that H3(Z) is amenable.

EXAMPLE. Let S := {a,b,a”t,b71}. Consider all finite words made out of
the symbols of S. A word w := s182... 8, is called reduced if s; + s;rll for alli
(with the convention that (s;})™ = si41). Two words are identified if there
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corresponding reduced words coincide, so e.g. abaa™'b™' = a. The empty
word is denoted by € = aa™! = bb~!. Let Fy := Fg be the set of all reduced
words over S. A group action on Fo is defined by

(8182 - Sn)(tltg .. .tm) i=8182...8pt1l2. .. T,

(s182...8n) Fi=sts . syl

Then Fo is a countable topological group (discrete topology) that is not
abelian mor amenable. This group is called the free group with two gen-
erators a and b.

DEFINITION. A topological dynamical system (X, G) is a (topological) group
G, a compact metric space (X,d) and a continuous action a of G on X,
namely a continuous map
a:GxX > X

satisfying

e a(e,x)=x for all z e X,

e a(gh,x) = a(g, (a(h,x)) forallg,heG and r e X.
In this case we say that the group G acts (G ~ X ) on the space X.

REMARK. For each g € G, a(g,-) : X — X is a homeomorphism (bijective
and bicontinuous) with inverse a(g™',-) : X - X. The case G = Z¢ will play
a crucial role for us.

For the sake of simplification, we will always use the following short notation
gz :=a(g,x).

EXAMPLE. Let X := T := {z € C||z| = 1} be equipped with the Euclidean

metric d and z € T. Then (T,Z) defines a dynamical system via a(n,z) :=

2.

EXAMPLE. Let S = {a,b,a™t,b7'} be equipped with the discrete topology.

Recall that w € Fy is always a reduced word. Let w : N - S € SN be a
one-sided infinite word

w(l)w(2)w(3)w(4)....
Then w is called reduced if w(n) # w(n+ 1)~ for all n e N. Every element
in we SN has a unique reduced representation. Define
X::{w:N—>S Teduced}gSsz HS
neN
equipped with the product topology (i.e. the coarsest topology (topology with
the fewest open sets) on SN such that the maps m, : X - S,m,(w) =

w(n), n € N are continuous). Since S is finite (compact), SV is a com-
pact metrizable space where a metric is given by

d(w, p) = min{l,inf{l neN, wlg,  ny = p|{17_”7n}}}.
n

It is straight-forward to check that X € SN is a closed subset and so X is a
compact metric space with the induced metric d. With this at hand, Fo acts
on X by

a:Fox X > X, a(u,w):=uw(l)w2)w(3)...,
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where a(u,w) is the unique reduced word. Then (X,F3) is a dynamical
system (Exercise). For instance, if u = abba™' and w = ab taab... then
a(u,w) = (abbail)(alflaab. . ) =abba tab aab...=ab aab. ...
—_——
=€

We remark that elements in X are nothing but than infinite strings on the
Cayley graph of the free group, which are also called geodesics. Then the set
of all geodesics (so X ) is called the boundary of this Cayley graph. Thus,
one says that the free group acts on its boundary. The reader is referred to
the book A course in the theory of groups by D. J. S. Robinson in Chapter
2.

-7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7

. 2

o =3

. 4

* =5

Figure 6. The cube @, in gray in Z2

EXAMPLE. Let A be finite and G be a countable group (equipped with the
discrete topology). Consider a sequence K, € G, n € N, of finite sets satis-
fying

e K, ¢ Kpi1 for allneN and

o Upen K =G.

For instance, if G = Z%, we can set

Ky = Q= {gezd

9]0 := max |g;| < n} =(-n-1,n+1)¥nzd
1<j<d

the cubes of side length 2n + 1 around the origin, see Figure 6. Note that
such a sequence (Ky) always exists as G is countable (why?). Consider the
product space
A9 =T[A={w:G— A}
geG
equipped with the metric

1
d(w,p) = min{l,inf{—‘ n €N be such that w|k, = /’|Kn}}-
n

Then (.AG, d) is a complete metric space (i.e. every Cauchy sequence admits
a limits point in AY) and AC is compact (Exercise). In particular, a
sequence (wy) converges to w if wy, and w coincide eventually on a large set



18 CONTENTS

around the origin (namely on a set K, forn large enough), see e.g. Figure 7.
The topology induced by d is nothing but than the product topology.

Then
01 G x A® > A% a(g,w)(h) = w(g D),
defines an action of G on A% (Exercise), confer Picture 1. Such dynam-

ical systems are called symbolic dynamical systems that we will study later
separately in Chapter 3.

Y Y
A A

Figure 7. Two configurations in A% where the black circle indi-
cates the origin. They agree on the gray shaded box @3, namely
d(w,p) = % if K, := Q,. The larger this box the closer these ele-
ments are in the metric defined in the example.

Let us finish the section with a short discussion on so-called Haar measures.

Let X be a topological space. A measure p on the Borel-o-algebra of X
is called finite if u(X) < oo. Furthermore, pu is called regular if p is outer
regular, i.e.,

w(E) =inf{u(U) | U open with Ec U}
and inner reqular
pu(E) =sup{u(K) | K compact with K ¢ E}.

for all measurable FF ¢ X. If a measurable set £ ¢ X satisfies the previous
two identities, we say that E is regular w.r.t. p. Furthermore a measure is
called locally finite if for every x € X, there is a neighborhood U of = such
that u(U) < co. Then a measure p on X is called a Radon measure if it is
locally finite and regular.

For a topological group G, a measure p on the Borel o-algebra of G is called
(left) invariant (translation invariant) if

1(gS) = u(S)
for all g € G and measurable S ¢ G. Then Haar’s theorem asserts that for
every locally compact Hausdorff group there is, up to a positive multiplica-
tive constant, a unique (nontrivial) Radon measure that is left-invariant and
finite on compact subsets of G. This is the topic of a lecture in harmonic
analysis.

You already know such a statement. In particular for G = R? there is
(up to a multiplicative constant) only one translation invariant measure:
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the Lebesgue measure, see Analysis ITI. Also for Z¢, the Haar measure is
given by the counting measure A = ), 740,. One actually can show that
for all countable groups G the counting measure of G is a left-invariant
Radon measure (Exercise). Based on this, we will restrict our further
considerations on countable groups (equipped with the discrete topology).
However, most of our considerations can be extended similarly to general
locally compact Hausdorff groups using its Haar measure.

2.1. The space of dynamical subsystems. Let (X,G) be a dynam-
ical system, ge G and Y ¢ X. We defined

gY :={gylyeY}.
A subset Y € X is called invariant if gY €Y for each g € G. It is immediate
to see that an invariant satisfies gY =Y for all g € G. Examples of invariant
subsets are orbits
Orb(zx) :={gz|g € G}
of an element x € X.
If Y ¢ X is invariant, closed and non-empty, we can restrict the action of

G onto Y. Specifically, (Y, G) itself defines a dynamical system. In light of
this, define the set of all dynamical subsystems by

J=J(X,G):={Y c X|Y is closed, non-empty, invariant}.

Typical examples of elements of J are given by the orbit closures Orb(x).

That Orb(x) is invariant follows by the continuity of the group action
(Exercise). We call a dynamical system topological transitive if there exists
an x € X such that X = Orb(x).

We will now show that this space can be equipped with a natural topol-
ogy. Throughout this lecture we will analyze topological properties of this
space J and show which spectral consequences they have for associated
Schrédinger operators.

Since (X,d) is a compact metric space and each element on J is itself
compact (as a closed subset of X), we have

J < K(X):={K c X compact}.

On K(X) we naturally consider the so-called Hausdorff metric (and its in-
duced topology) induced by the metric d on X. In this way, J is naturally
equipped with the subspace topology of (X ). For this purpose recall that
the Hausdorff metric on K(X) is defined by

og(F,K) := max{sup inf d(x,y),sup inf d(z, y)},
zeF YK yeK TeF

and (K(X),dm) is a compact metric space (Exercise).
PROPOSITION 2.1 (Hausdorff topology). Let (Z,d) be a locally compact met-
ric space. The family of sets

UF,0):={KeK(Z)|KnF=3,KnO+@ for all O € O},

where F € Z is closed and O is a finite family of open subsets of Z, defines
a base for the topology induced on K(Z) by the Hausdorff metric dg .

Week 1
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infmGF |‘T - y‘
4——_’_'—.
F : K
Yy

Figure 8. A sketch of the Hausdorff distance for X = R with
d(xvy) = |I - y|

ProOOF. U(F,{Z}) is open: Let F ¢ Z be closed and Ko € U(F,{Z}),
namely F'n Ky = @. By compactness of Ky,

e:=1inf{d(z,y) |z € Ko,y € F'} > 0.

Thus, if K € K(Z) satisfies 0 (K, Ky) < € then K n F = @ follows and so
K eU(F,{Z}).

U(2,{0}) is open: Let O € Z be open and Ky € U(z,{0}). Then there
exists an x € Ko nO. Since O is open, there is an € > 0 such that B.(z)
(open ball with radius € around z) is contained in O. For every K € K(Z)
with d (K, Ko) < €, we conclude that there is an y € K such that d(x,y) <e
as x € Ko. Thus, K nO # @ implying K e U(2,{0}).

Since each set U(F, Q) is a finite intersection of sets of the form U(F,{Z})
and U(2,{0}), we deduce that U(F,O) ¢ K(Z) is an open set in the
topology induced by dgy. It is left to show that every ball of radius ¢
around Ky € K(Z) in the Hausdorff metric contains such a set U(F,O)
with Ko eU(F,O).

Let Ko e K(Z) and € > 0. Let
F:={zeZ|dist(z,Kp) > ¢}

where dist(z, Ko) := inf ek, d(x,y). By definition F' ¢ Z is closed and F'n
Ky = @. By compactness of K there are z1,...,x, € Ky such that

Kyc U Oj where Oj = B% (l‘])
j=1

It is immediate by construction that Ko € U(F,{O1,...,0,}) and if K €
U(F,{Ol,...,On}),then 5H(K,K0)<€. O

REMARK. (a) We point out that the topology defined on KC(Z) does not need
that Z is a metric space. The topology induced by the open set U(F,O),
where F' € Z is closed and O is a finite family of open subsets of Z, is called
Vietoris topology.

(b) There is another topology that plays a crucial role in C*-algebras, which
is the so called Fell-topology or Chabauty-Fell topology which s defined
on closed (or compact) subsets of a topological space Z and a base for the
Chabauty-Fell topology is given by U(K, Q) where K ¢ Z is compact and O
s a finite family of open subsets of Z. Clearly, the Chabauty-Fell topology
and the Vietoris topology coincide if Z is compact but in general they are
different (Exercise). Such topologies are also called hit-and-miss topologies.

(c) If Z is compact, then K(Z) is compact in the Vietoris topology.
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(d) The cases where Z :=R or Z := X (a compact space on which some group
G acts) play a crucial role in this lecture. In order to distinguish the metric
and avoiding to heavy notation we will use dyy for the Hausdorff metric on
K(R) induced by the Euclidean metric and oy for the Hausdorff metric on
K(X) induced by the metric d on X.

PROPOSITION 2.2. The set (J,0) is a compact metric space.

PROOF. Since X is compact, the space (X)) of all compact subsets of X
is a compact metric space if equipped with the Vietoris topology respectively
the Hausdorff metric 0y (Exercise). Thus, it suffices to show that J ¢
K(X) is a closed subset.

Let Y,, € J be convergent in the Hausdorff metric to a compact Y € K(X).
Clearly, the empty set is isolated in C(X) and so Y # @ follows as Y,, # @.
It is left to show that Y is invariant.

Assume by contradiction, that Y is not invariant. Thus, there is a y € Y
and g € G such that gy ¢ Y. Since the group action is continuous and open,
there exist open subsets U of X such that

yeU, gyegU and YngU=g2.

Consequently, U(gU,{U}) is a (Vietoris) open neighborhood of Y € K(X)
invoking the previous Proposition 2.1. Hence, there exists an n € N such
that Yy, eU(gU,{U}), ie. ,UNY, # @ and gU nY,, = @. Thus, there is an
x e UnY, implying gz € gU nY,, as Y, € J is invariant, a contradiction. [

We continue studying dynamical properties of X. First we will consider the
case when J is trivial, namely J := {X}. The measure theoretic analog
for dynamical systems are ergodic measures (see discussion below). Sec-
ondly, we will study invariant probability measures on X and the case when
this space is trivial, namely that X admits only one invariant probability
measure. Finally, we will compare these properties in this chapter.

2.2. Minimality. The concept of a minimal dynamical system is in-
troduced.

DEFINITION. A topological dynamical system (X, Q) is called minimal if for
each x € X, the orbit Orb(x) € X is dense in X (i.e. Orb(x) =X for all
reX).

In light of the previous definition Y € J(X,G) is called minimal, if the
corresponding dynamical system (Y;G) is minimal. Before showing the
existence of minimal systems, we will provide a characterization.

PROPOSITION 2.3 (Characterization of Minimality). Let (X,G) be a topo-
logical dynamical system. Then the following assertions are equivalent.
(i) (X,G) is minimal.
(ii) If A< X is closed and invariant, then A= X or A=g@.
(ili) If @ # U < X is open, then X =Ugeq gU.

PROOF. (i) = (ii): Let A € X be closed and invariant with A # @. We
will show that A = X.



22 CONTENTS

Since A # @, there is an x € A. Then Orb(x) ¢ A since A is invariant. Thus,

Oy

X2 Orb(z)cA=AcX
follows as A is closed. Hence, X = A follows.

(ii) = (iii): Define

A:=X\(UgU).

geG
Then A is closed and invariant (as Ugeg gU is open and invariant). Thus,
(ii) implies A = @ or A = X. Since U # @, the equality A = X is absurd.
Hence, A = @ follows proving (iii).

(iii) = (i): Assuming (iii), we have to show that the orbit for every x ¢ X
is dense. Therefore, let U € X be open such that U # @. We have to show
that there is an h € G such that hx € U. Due to (iii), we have z € gU for
some g € G. Thus hz € U holds for h =g~ O

REMARK. (a) Terminology minimal: an order (see a reminder below) on the
subsystems of (X, Q) is given by inclusion. Clearly, a subsystem is minimal
w.r.t. this order if and only if it is a minimal topological dynamical system.

(b) Given two minimal subsystems Y,Z of (X,G). Then either Y nZ = &
or'Y =Z holds (Exercise).

(¢) We will see later another characterization of minimality in terms of the
spectrum of associated Schrédinger operators.

Next we come to a structure result that every dynamical system has a min-
imal subsystems. In order to do so, we need Zorn’s lemma. For the sake of
completeness we recall it here.

Recall that a relation on a set A is a subset of A x A. A relation < on a set
A satisfying

e for each a € A, we have a < a, (reflexiv)
e ifa<band b<c, then a<e, (transitiv)
e if a<band b<a, then a =b, (antisymmetry)

is called a order. Then the tuple (A, <) is called an ordered set. Furthermore,
(A, <) is called totally ordered or linearly ordered if a < b or b < a holds for
all pairs a,be A. Let B< A and A be an ordered set. Then a € A is called
upper bound of B if b < a for all b € B. Moreover, b € B is called mazimal
element of B, if a € B and b < a imply b = a.

LEMMA 2.4 (Zorn’s lemma). Consider an ordered set A such that each totally
ordered subset B € A has an upper bound in A, then A has at least one
mazximal element.

THEOREM 2.5 (Existence of Minimal Dynamical Systems). Each topological
dynamical system (X, G) has at least one minimal dynamical subsystem.

PRrROOF. Denote by J the set of all closed, non-empty, invariant subsets
of X. The set J is not empty, since it contains X. We induce a partial
ordering on J viaY > Z <> Y ¢ Z. Let (Y;);er be a totally ordered subset
in J. We will show that Y’ := N;c; Y; is non-empty, compact and invariant.



2. TOPOLOGICAL DYNAMICAL SYSTEMS 23

Every Y; is closed. Hence, the intersection Y’ is closed and, obviously, a
subset of the compact space X. Thus, Y’ is compact. It is left to show
Y’ + @. Assume by contradiction that Y’ = @. Then, we have

X=X \NY:i=UX\Y.
iel iel
As every X \'Y; is open, they form an open cover of X. Thus, there is a

finite subcover X \Y;,,..., X\Y; . Without loss of generality we can assume
Y;, €...cY;, (Exercise). Thus, we have X = U}_; X \Y;, and, therefore,

n n
QZX\(UX\Yik):ink'
k=1 k=1

As the i;’s are ordered by size, and since (Y;) is totally ordered, we have
n
ﬂ Yi, =Yy, # 0.
k=1

This is a contradiction and so we have proven that Y’ is compact and non-
empty.

Moreover, we have
gY'=NgYicNY;
i€l i€l

for all g € G. Hence, the set Y’ is invariant, and, thus an element of J.
Moreover, Y’ is clearly an upper bound for (Y;)i, namely Y’ ¢ Y; for
all 4 € I. Thus, we can apply Zorn’s lemma and infer the existence of a
maximal element Z in J. We have to show that (Z, G) is minimal. Assume
the opposite, i.e., there is a non-trivial, closed, invariant set Y € Z. Then,
however, Y is an element of J with Y # Z and Y > Z. This contradicts the
maximality of Z. Hence, the theorem is proven. U

2.3. Linear bounded maps. In this section we will learn some basics
in functional analysis. We refer the interested reader to the course Func-
tional analysis that is currently given by Prof. M. Keller.

A normed space E is a vector space E over C equipped with a map |- | :
E - [0, 00) satisfying

e |z| =0 if and only if x =0,

o [Ax| =|\||z] for all A\ e C and = € E,

o [z +y| <] + ]yl for all 7,y € E.

If E is a normed space then d(z,y) := ||z — y| defines a metric on E. A
normed space is called a Banach space if (E,d) is complete as a metric space
(every Cauchy sequence converges to an element in E). Note that by the
conditions of a norm, the vector space actions are continuous (multiplication
by constants, addition). If (E, |-|) is a normed space, then ||z|-|y|| < |z-y|
holds for all z,y € E. This follows by the triangle inequality:

|zl <lz -yl +lyl and Jy| <fz-y|+]=].

EXAMPLE. Let X be a locally compact space and Co(X) be the set of all
continuous functions f : X — C that vanish at infinity. In particular, for
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each € > 0, there is a compact K ¢ X such that |f|x<kx| < e. Then Cy(X)
gets a Banach space if equipped with the uniform norm || || defined by

[ flloo = sup [ f(2)].
reX

PROPOSITION 2.6. Let (E, |- |g) and (F,||-|F) be two Banach spaces over
Cand T : E - F be linear (i.e. T(Ax+y) =NT'(x)+T(y) for all z,y € E

and X\ € C). Then the following assertions are equivalent.

(i) T is continuous,

(ii) T is continuous at 0,
(iii) there is an C >0 such that |T(z)| < C||lz| holds for all x € E,
(iv) T is uniformly continuous.

ProOF. This is an Exercise (Sheet 2). O

We define the set of all linear and bounded operators (maps) from a Banach
space F to a Banach space I’ by

L(E,F):={T: E - F linear, continuous }.
A vector space structure on L(E, F') over C is given by
(S+T)(x):=5(x)+T(x), (AT) () :== \T'(z)
for N\eC,xe E and S,T € L(E,F). If F = E, we use the notation L(E) :=
L(E,E). Clearly, the identity operator I(x) := z is an element of L(F).
PROPOSITION 2.7. The map |- | : L(E,F) — [0,00) defined by
Tx|r
7= sup [T]p = sup LI
EES 0 [z]m
defines a norm satisfying |Tz|p < |T||x|g for all x € E. Furthermore,
(L(X,Y),| ) defines a Banach space.

PROOF. First note that the identity written in the definition of |T'| is
obvious by the definition of a norm and since T is linear.

Let A e C. Then
IANT'| = sup [ATz|p =|A| sup |Tz|r =X [T

lzl<1 lzl<1

holds. In addition, |T'| = 0 yields for all z € E'\ {0} that H‘ﬁLF =0 and

so |Txz|F = 0. Since |- |F is a norm, we derive Tx = 0 and so T = 0 as
x € Ex {0} was arbitrary. Furthermore, for x € E with |z|g < 1, we get

[(S+T)(@)[F = [S(x) + T(2)|r < [S(@)|F+ |T(x)|F < |S]+[T].

Taking the supremum over all x € E with |z|g < 1, we infer |S + T <
IS+ 17

Let x € £~ {0}. Then

| T ] -
| T F = |zl < Tz &
(40

holds.
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Let (T))nen € L(E, F) be a Cauchy sequence in L(E, F), i.e. for all € >0,
there is an N € N such that |T,, - T),| < € if n,m > N.. For x € E,
(Thx)nen € F is also a Cauchy sequence in F' as

|Tne = Tz p < [T = T | 2] -

Define Tz := lim;,.oo T,z which converges as (F,|| - |r) is a Banach space.
Clearly, the so defined map T : £ — F is linear since

T(Ax+y) = lim T,(Ax +y) = lim \T,,(z) + T),(y) = AXT'(z) + T'(y)
holds for all z,y € F and A e C.

Next we show that T is continuous and ||T;, = T'| - 0. Let £ >0 and N, e N
be given as above such that

|Tn — T <€, n,m > Nk.

Let x € E with |z|g < 1 and choose mg = mo(z,€) € N such that mg > N,
and [T,z — Tx| < e for m >mg. Thus, for n > N, we derive

| T —Tz|p < |Thr — Tz | p + |Tmex — Tx||p < | Tn — Ting | + € < 26

Hence, ||T}, - T'| < 2¢ is derived for all n > N by taking the supremum over
|z|z < 1. This shows |1, - T - 0.

Fix £ >0 and n > N.. Then

TN <NT = Toll + [Tl < 2 + [Tl = C(n,€) < 00
follows and so |Tx|r < C(n,e)|z| g holds. Thus, Proposition 2.6 yields that
T is continuous, namely, T € L(E, F). O

The norm on L(E, F') is called operator norm.
EXERCISE. Let T € L(E,F') be continuous, then

|7 =inf{M > 0||Tz|r < M|z|g holds for all x € E}
holds. (simple exercise with supremum and infimum)

PRroOPOSITION 2.8. Let E, F,G be Banach spaces over C. Then the following
statements hold.

(@) If T e L(E,F) and S € L(F,G), then |SoT| < |S||T| and SoT €
L(E,G).
(b) If T e L(E,F), then

ker(T) :={x e E|T(z) =0}
1$ a closed subspace of E and
ran(T) ={T(z)|x e E} c F
s a subspace of F.
PROOF. (a) Clearly, SoT € L(FE,G) is a linear map. Since
|SeT(2)|c=S(T(@)|e < [SIIT@)|F<|1SHTzle, ek,

holds by Proposition 2.7, Proposition 2.6 yields that S o7 is continuous. In
addition, the latter estimate gives | SoT'| < |S||T| by taking the supremum
over all z € E with |z|g < 1.
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(b) Since (F,dp) with dp(x,y) := ||x - y||r defines a metric space, we have
{0} c F is a closed subset (finite sets in a Hausdorff space are closed). Then
ker(T) = T71({0}) (preimage) holds. Since T is continuous, the preimage of
closed sets are closed. Hence, ker(T") ¢ E is closed.

If z,y € ker(T) and A € C, then T'(A\z +y) = ATz + T'y = 0 follows. Thus,
Ax +y € ker(T) if z,y € ker(T") is derived implying that ker(7") ¢ E is a
closed subspace.

Let x,y € E and A € C. Then
T(x+My)=T(x)+\T(y)
implies that ran(7T") is a subspace of F'. O

Let (E,||-|) be a normed space that E’ := L(FE,C) equipped with the
previous normed structure is called the dual space of E and elements of E’
are called (linear) functionals.

2.4. The space of probability measures. In this section, the space
of invariant probability measures over a dynamical system (X,G) is in-
troduced. Moreover, we will show that the space of invariant probability
measures is non-empty under suitable assumptions on the group

REMARK. current research questions: convergence of dynamical systems -
convergence of associated measures

For a topological space X, we denote by £ := (X ) the corresponding Borel
o-algebra. We define

M(X):= {M regular Borel measure}

the set of all regular Borel measures on X. We seek to topologize this set.
In order to do so and for later purposes, Urysohn’s lemma will be crucial,
confer Lemma A.7. We will use the following notation. We write

K<f

if K ¢ X is compact, f € C.(X) such that 0 < f <1 and f(x) =1 for all
x € K. Furthermore, we write

f<V
if V ¢ X is open, f € C.(X) be such that 0 < f <1 and supp(f) €V (i.e.,
flx)=0ifz ¢ V).

PROPOSITION 2.9 (Separation of measures by continuous functions). Let X
be a compact metric space and p,v e M(X). If

[ rau= [ rav

forall feC(X), then p=v.

PROOF. Since p and v are regular, it suffices to show p(K) = v(K) for
all compact K ¢ X. Let € > 0. Since v is outer-regular, there exists an open
set Uz 2 K such that v(U.) < v(K) +&. By Urysohn’s lemma, there is an
K < f <U.. Thus,

fx,l f(x)gls
u(K) ()£>Kfodu:];(fdl/ <" v(U) <v(K) +e.



2. TOPOLOGICAL DYNAMICAL SYSTEMS 27

Similarly, one shows v(K) < u(K) + ¢ proving u(K) = v(K) as € > 0 was
arbitrary. O

With this at hand, we can define a topology on M(X). We will do so by
saying when a sequence of measures converge. A sequence (i, )pen € M(X)
converges to pu € M(X) if

I A= [ fd

im [ fdpn= [ fdu

n—oo

holds for all f € C.(X). In this case, we write u, — u. Note that C.(X) =
C'(X) which will be used in the following.

A basis for this topology is given by

U((fi)ians ()iense) = v e MQO || [ v =2

where f1,...,f, € C(X), z1,...,2, € C and € > 0. Then a neighborhood
basis of e M(X) is given by setting 2, := u(fx) for all 1 <k <n. We leave
it as an exercise to show that theses sets define a base for a topology on

M(X).

This topology on M(X) is called the vague topology (which is the same as
the weak-* topology on C(X)' := L(C(X),C)). The previous proposition
asserts that the vague topology is Hausdorff. As we will see later, C'(X)
admits a countable dense subset and so the vague topology is second count-
able.

We will be mostly interested in probability measures (or finite measures).
A Borel measure is called probability measure on X if u(X) = 1. The set of
all probability Borel measures is denote by

MY X) = {,u probability (Borel) measure}.

We will show in the following that M!(X) ¢ M(X). Thus, we can endow
M(X) with the induced topology of M (X).

<€foralll£k§n}

PRroPOSITION 2.10. Let X be a compact metric space. If u is a finite measure
on the Borel-o-algebra B of X, then u is reqular.

PROOF. Define
of = {A e P regular w.r.t. u}
We have to prove that o/ = 4.

Step 1: (7 is a o-algebra) We have to prove that

o X e 427;
e if Ae o/, then its complement is also in 7, namely A€ € &;
o if A; e/ for ieN, then Uy A; € 7.

This is left as an exercise (Sheet 3).
Step 2: (&7 = #A) Due to Step 1 and since &7 < A, it suffices to show that

&/ contains all compact subsets of X as those generate the Borel o-algebra.
Let K € X be compact. For indeed we have

w(K) =sup{u(F)|F < K, F compact}

‘Week 2
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by monotonicity of p. For n € N, there is an N,, e N and z1,...,zn, € K
such that

Na
K ¢V, = Bi(z),
=L

where B, (x) denotes the open ball. Set U, := N}_; Vi which is open and
U, 2 Upy1. Furthermore, it is straightforward to check that K = M,eny Un.

We know from standard measure theory arguments (see Appendix B) that if
Aj; e Awith Ay > Ay > ... and pu(Ap) < oo, then pu(Njeny Aj) = limy oo p1(Ap)
holds. Thus,
) = (U0 = fim 03)
neN
as u(Ur) < u(X) < oo. Hence,

p(K) = lim u(Un) > inf {(U)| K < U,U open} > u(K)

where the monotonoicity was used in the last step. Consequently, equality
must hold in the last step proving that K is regular. O

Based on the Riesz-Markov representation theorem we can show that M!(X)
is compact. This is actually a consequence of a much more general state-
ment, the Banach-Alaoglu theorem. The proof, which we will present here,
transfers to the Banach-Alaoglu theorem for separable Banach spaces. In
this case, we are not relying on Zorn’s lemma and so not on the Axiom of
choice. In order to do so, we first prove that C(X) is separable if X is a
compact metric space. Therefore, the Stone-Weierstrass theorem is used.
This will also imply that M*(X) is second countable.

A topological space Y is called separable if there is a countable dense subset
inY.
LEMMA 2.11. Let X be a second countable space with countable basis {Vy, }nen-

Choose any x, € Vi, for each n € N. Then Y := {x,|n € N} ¢ X is countable
and dense.

PROOF. Let z € X. Then {V, |z € V,,} defines a neighborhood basis
of x. Thus, for each neighborhood U of x there is an ny € N such that
x €V, cU. Since zp, € V,, €U, we derive that in every neighborhood of
« there is an element of Y. Thus, z € Y implying Y = X. O

With this at hand and the Stone-Weierstrass theorem we can prove the
following.

THEOREM 2.12. If (X,d) is a compact metric space then C(X) is separable.

PRrOOF. Since X is a compact metric space, it admits a countable base
for the topology (balls with radius %) By the previous Lemma 2.11, there
is a countable dense subset Y € X. Define

E = {f e C(X) | f is a finite product of functions d(-,y), y € Y} u{1}.

Denote by alg(E) the algebra generated by E (i.e. all linear combinations of
elements of E and products of such elements). We will first show that alg(F)
is a dense subalgebra of C'(X') by using the Stone-Weierstrass theorem. Then
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we will show that alg(F) contains itself a countable dense subset E implying
that C'(X) is separable.

alg(E) ¢ C(X) dense: Clearly alg(FE) is a conjugation invariant subal-
gebra of C(X) containing the constants. Furthermore, alg(FE) separates
the points: For indeed, let z,y € X be different. Let 2’ € Y be such that
0<d(z,z') < %d(x,y). Then d(z',y) > 2d(z,y) since otherwise

Aa,y) < (w2 + (') < 3(e,) + Sdo,y) = day),

a contradiction. Let f(z) := d(z,2') € E. Then 0 < f(z) < %d(x,y) while
fly) > %d(:p,y), namely f(z) # f(y). Thus, the Stone-Weierstrass theorem
implies that alg(F) € C(X) is dense.

alg(E) admits a countable dense subset: First note that E is countable as
the countable union of countable sets. With this define the countable subset

_ N
FE = { Z(rk + isk)gk

k=1

gk EEa Tk,SkEQ}Ealg(E)-

Note that if f,g € E then f-g € E by definition. Recall that alg(E) is
nothing but the linear span of E. Hence, E is dense in alg(F) as

{r+is|r,se@}
is dense in C.

Summing up, alg(E) is dense in C'(X) and E is countable and dense in
alg(E). Thus, C(X) has a countable dense subset, namely it is separable.
O

COROLLARY 2.13. If X is a compact metric space then MY (X) equipped
with the vague topology is second countable.

PROOF. Let E € C(X) be a dense and countable subset that exists by
the previous Theorem 2.12. Recall that a basis on M!(X) for the vague
topology is given by

Ui ahe) = {re M Q0 || [ sidv -,

where f1,...,fn€C(X),e>0and z1,...,2, € C. Since u € M!(X) satisfies

w(X) =1, we conclude
di- [ gd
fo pe | g

neN, fkeE’anqu:rk+isk with }

<5foralll£k§n‘}

<[f = glloo-

Thus, the family

{U({fk},{qk},l/n)

defines a countable basis of the topology of M!(X). O

rp,sp€Qforalll<k<n

THEOREM 2.14 (Compactness of M(X)). Let X be a compact metric space.
Then MY(X) is sequentially compact in the vague topology and M'(X) ¢
M(X) is a closed subset.



30 CONTENTS
PROOF. Let (fin)ney € MY(X) be a sequence. Then
on(f) = L;f dpin

defines a sequence of linear functionals in C'(X)’. We will first show that
the functionals (¢, )nen admit a convergent subsequence and its limit point
(of this subsequence) is denoted by ¢. Then, we will use the Riesz-Markov
representation theorem to deduce that the corresponding subsequence of
(kn)nen converges to a measure p € M (X) satisfying o(f) = [ f dp.

Step 1: Due to the previous theorem, there are (fx)ren € C(X) which
are dense in C(X). We will make a Cantor diagonalization argument,
which is only sketched here. The sequence ( [ fi d'“”)neN is a bounded
sequence of complex numbers as the u,’s are probability measures and

[ f1lloo < oo Hence, there is a subsequence (ug))neN of (fn)neny such that
([x fr d,u ) converges.

Now the sequence ( [x f2 du(l)) ney 18 also a bounded sequence of com-

plex measures and thus (un )neny admits a subsequence (ug))neN such that
( [x fo d,u,ff))nEN converges. It is worth mentioning that ( Ix fi dug))

still converge since (uf))mN is a subsequence of (,ug))neN.

neN

We continue in this manner to get for each i € N a subsequence ( u,(f) )neN Such
that ( Ix fi al,u(z))nE is convergent for all 1 < j < 7. Consider the diagonal

sequence (,un Jnen, then ( [y f; dun ) converges for each j € N.

Let f e C(X). Then there is a sequence (fx;)jen such that | f - fi [ = 0.
In particular ( k; )jen is a Cauchy sequence. Thus, for each € > 0, there is
ic € N such that | fx, = fi, || <& whenever 4,5 >i.. Hence,

‘f s dpl” ffk (M| <

follows, namely we have uniform convergence and so

< fey = fiyloo <2, meN, i j >,

lim lim fk du(") = hm hm i d,un ") = hm [ fd,u(n)

]—)00 n—-oo

exists. Define
p:C(X)=>C, o(f):= hmffdu(")

Then ¢ is linear, bounded (as |o(f)| < ||f]e) and ¢(1) = 1 as i is a
probability measure.

Step 2: By the Riesz-Markov representation theorem (Theorem D.5), there
exists a u e M*(X) (as p(1) = 1) such that ¢(f) = [y f du. By definition
of ¢, we have

lim f Fau(M =o(f) = fodu-

Thus, (,un(zn))neN converges in the vague topology to u € M'(X). Since
(fin)nen € MY (X) was an arbitrary sequence, we have shown that M!(X)
is sequentially compact.
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Step 3: Since M(X) is a Hausdorff space (Proposition 2.9 about the sep-

aration of measures by continuous functions), M!(X) ¢ M(X) is a closed
subset as it is sequentially compact by Step 1 and 2. U

REMARK. For indeed the sequentially compactness would hold for every
ME(X) with ¢ > 0.

COROLLARY 2.15. Let X be a compact metric space. Then M (X) is a
compact, metrizable space.

PRrOOF. It is a fundamental fact in topology that in a second count-
able Hausdorff space, the space is sequentially compact if and only if it is
compact, confer Appendix A. Thus, M!(X) is a compact, second countable
Hausdorff space by the previous considerations. Such topological spaces are
always metrizable (Urysohn’s metrization theorem). O

2.5. Invariant probability measures. As we have seen in the last
section the space of probability measures M!(X) on a compact set X is a
compact space. Furthermore, M!(X) is nonempty as d, € M!(X) for any
x € X. Clearly, d, is a finite Borel measure and so it is a regular Borel
measure as discussed before in Proposition 2.10.

DEFINITION. Let (X,G) be a topological dynamical system. A measure p €
MY(X) is called G-invariant if for all measurable A< X and g € G, we have

1(gA) = p(A).

The invariance of a measure can be characterized by the invariance of in-

tegrals over a suitable class of test functions. Therefore, the action of G

onto X pushes forward to an action onto the set of measurable functions

f: X - C. Specifically, for g € G and f: X — C measurable, define
g,f::fog_lzXe(C.

Then g.f is measurable and if f is continuous g.f is as well continuous (as a
composition of measurable/continuous maps). In the following, we will use
the notation

= d
p(f) L fdp
for all continuous/integrable functions f: X — C.

PROPOSITION 2.16 (Invariance of the integral of bounded functions). Let
(X,G) be a dynamical system and p € MY (X). Then the following asser-
tions are equivalent.

(i) p is G-invariant.
(ii) For every f e C(X) and g € G, we have

fodu=fXg-fdu-

(iii) For every f e L*(X,u) and g € G, we have

fodu=fXg-fdu-
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PRrROOF. (i)=(ii): Let A< X be measurable and consider the character-
istic function 14 : X - {0,1}. Then

flA dN:M(A):ﬂ(gA):flgAdH:/1A°971 d/ng-lAdu-

Let f € C(X) be nonnegative. Then f is uniformly continuous as X is
compact. Standard arguments give that there is a sequence ( fy, )nen of simple
functions (f : X — C is simple if f = Y1, ¢14, for ¢; € C and 4; € X
measurable) such that lim, o ||fn = flleo = 0 and fr(z) < fri1(x) for all
z € X and n € N. Thus,

im |g.fn—g.fleo =0 and fn(g7 %) < fur1(g7 z) for each z € X, neN,
n—oo

for all g € G. Thus the monotone convergence theorem (Beppo Levi, Theo-
rem B.5) leads to

I .nd=[.d dl’fnd=/d.
Jim | g-fndp= | g-fdp and  Nm f frndp= [ fdp

Since f, is a simple function, the previous considerations assert

nd:f.nd, N
fou ngu ne

and so

dp = Ti fnd:r [.nd:f.d
fou Jim | fodp=lim | g-fodp= | g-fdp

follows.

If f e C(X) is real-valued, then f = f* - f~ where f*,f~ ¢ C(X) are
nonnegative. Thus, u(g.f) = u(f) follows by using linearity of the integral.
Similarly, u(g.f) = p(f) is derived if f € C'(X) be complex-valued using

f=R) +i3(f).

(ii)=-(iii): This is clear as we know from measure theory that C'(X) is dense
in L®°(X,p) if X is compact.

(iii)=(i): Let A ¢ X be measurable. Then 14 € L*°(X, p) holds. Thus, for
every g € G,

p(A) = [adu= [ gladu= [ 150 du=po4)

follows from (ii) proving (i). O

We define the set of all G-invariant measures by
MYX,G) = {pe M (X)|pis G - invariant} € M'(X).

We will first show that there always exists a G-invariant measure on (X, G).
A sufficient condition to guarantee the existence of invariant measures is
that the group G is amenable.

Define the symmetric difference of A,B ¢ G by AAB = AN Bu B\ A.
Furthermore, § K denotes the cardinality of a compact (and so finite) subset
K ¢ G where G is a countable discrete group.
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DEFINITION (amenable, Fglner sequence). Let G be a countable group. A
sequence (Fy)nen of compact subsets of G is called Folner sequence if

F,AKF,
lim —u( n n) =

0

holds for every K € G compact. Then a group G is called amenable if G
admits a Falner sequence.

REMARK. Note that
{(F,AKE,) = 6¢(F,AKFE,)

holds where d¢ is the counting measure. As we already have discussed, the
counting measure is the Haar measure of a countable group. Thus, replacing
the counting measure in general by the Haar measure will extend the notion
to general locally compact groups.

EXERCISE. Let G be a countable discrete group and F,, € G, n € N, be com-
pact. Prove that (Fy)nen 48 a Folner sequence of the countable group G if
and only if

o KN KE,)
n—>o00 ﬂFn

=1
for all compact K € G.

ExampLE. If G = Z¢ or G = H3(Z) one can show that the sequence of
closed balls F,, := B, (0) define a Folner sequence (one needs a left-invariant
metric). In particular, groups of polynomial growth (the volume of balls
grow polynomially) are amenable. We will see that H3(7Z) is amenable with
a different Folner sequence (cubes) in the exercise session.

THEOREM 2.17 (Existence of invariant measures). Let (X,G) be a topolog-
ical dynamical system and G be a countable amenable group with Fglner
sequence (Fp)nen. Then there is at least one G-invariant probability mea-
sure on X. In particular, let (xn)neny € X. Then any accumulation point

of

1
= —_— 5h n
Hn an hezl;n z

is an element of MY(X, Q).

PROOF. Let (2 )neny € X. Clearly, u, is a probability measure on X as
8z, is a probability measure for each n € N. As we have seen before, M!(X)
is sequentially compact. Thus, (u,)neny has at least one accumulation g €
M(X) (Theorem 2.14, Compactness of M*(X)). We will show that p is

a G-invariant measure.

Without loss of generality (by passing to a subsequence), we have p, — .
Let ge G and f e C(X). Then

Z g-f(hxy) = Z f(g_lfmn) = Z f(hzy)

heFy, g lheg 1 F, heg~1F,
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holds. Thus,
(. f) = ()] = Tim ——| S g f(ha)= ¥ F(han)
n—oo § oy | e, hel,
= lim | Y fha)- Y flhe)
n=>o0 § Fo | hegip, heF,

IA

1
lim T i (FnAg_an)”f”w

n—o0 u n
Since (Fy,)nen is a Folner sequence, we conclude

F,A¢™'F,
1(g-1) = ()] < lim “HTQ)MM =0.

Hence, p(g.f) = p(f) holds for all f e C(X) and g € G. Consequently,
is G-invariant by Proposition 2.16 (Invariance of the integral of bounded
functions). O

A subset F'¢ M(X) is called convex if for every 0 < A< 1 and y,v € F, we
have A+ (1 - A)v e F.

PROPOSITION 2.18. Let (X,G) be a dynamical system. Then M (X,G) is
a compact and conver set.

PROOF. Clearly, M!'(X) is convex as
X))+ (1 -Mrv(X)=A+(1-N)=1
for p,v e MY (X). In addition, M'(X, Q) is convex since
(Ap+(1- /\)V)(A) =Au(A)+ (1-Nv(A4)
=Au(gA) + (1 -M)r(gA)
=(Au+ (1-2)v)(g4)

if p,v e MY(X,G) and A € X is measurable. Thus, we only need to show
that M!(X,G) is compact.

Let (ftn)nen € MY(X,G) be a convergent sequence with limit point pu €
ML(X). Since p, is G-invariant, we have

dp = li f djin = i f.dnzf.d
founggonu Jim | g-fdpn= | g.fdp

for all f e C(X) and g € G. Hence, p is G-invariant by Proposition 2.16
(Invariance of the integral of bounded functions). Thus, M (X,G) is a
closed subset of the compact space M*(X). O

REMARK. One can actually show that the extreme points of MY(X,G) are
ezxactly the ergodic measures. Here an estreme point of MY (X,G) is an
element that cannot be written in a non-trivial way as a convex combination
of other elements. Furthermore, an invariant measure p € MY(X,G) is
called ergodic if every G-invariant subset A € X satisfies

either w(A) =0 or w(X N A)=0.

Specifically, every invariant set is either the whole space or the empty set
(modulo measure zero sets). Thus, ergodicity of (X,G,pu) is the measure



2. TOPOLOGICAL DYNAMICAL SYSTEMS 35

theoretic analog of minimality of a dynamical system. We refer the reader
to a course in Ergodic theory for further background.

2.6. Semi-continuity of the set of invariant measures. Let (X, G)
be a dynamical system and J be the compact space of dynamical subsystems
of (X,G). We will study continuity properties of the map

J - K(M(X,G)), Y~»M\(Y.G),

where K(M!(X,G)) is the space of compact subsets of M'(X,G). There-
fore, note first that M!(Y, G) can be seen as a compact subset of M (X, G)
by the following.

EXERCISE. Let (X, G) be a dynamical system andY € J. For e MY(Y,Q),
define px € M(X) by

i (4) = p(Y 0 A)
for all measurable A € X. Prove the following assertions.

e ux € MY(X,Q) is an invariant probability measure.

e The map v : MY(Y,G) - MY X,G), p ~ px, is a continuous in-
jective map.

o (MYY,G)) c MYNX,G) is a compact and convex subset.

REMARK. Based on the latter exercise we will identify p € M (Y, G) with
t(p) = px without mentioning v explicitly.

Furthermore, M!(X,G) is a compact metrizable space by Corollary 2.15.
Thus, we can equip the space IC(./\/ll(X ) G)) with the induced Hausdorff
metric (which is nothing but than the Chabauty-Fell topology), see Propo-
sition 2.1.

In general,

J - K(MI(X,@)), Y »M(Y,Q),
is not continuous but we will see that this map is semi-continuous in a
suitable sense. To this end, we need the concept of a support of a measure.

DEFINITION. Let X be a compact metric space and p € M(X). Then the
support of u is defined by

supp(p) = {af € X‘u(f) >0 for all feC(X) with f >0 and f(x) > 0}.
EXERCISE. Let X be a compact metric space and € M(X). Prove the
following assertions.

(a) The support supp(u) € X is closed.
(b) If (X, G) is a dynamical system and u is G-invariant, then supp(u)
18 tnvariant.

Recall that

supp(f) = {z € X| f(x) # 0}
denotes the support of a function f: X - C.

Week 3
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THEOREM 2.19 (Semi-continuity of the invariant probability measures). Let
(X,G) be a dynamical system. Let (Y,) € J be a convergent sequence of
dynamical subsystems in J with limit point Y € J. If jun € M* (Y, G) for
all n € N, then every limit point i of (pn) in MY (X,G) is an element of
MUY, G). Specifically,

limsup M*(V,,,G) == (N UML(Y;,G) c MY(Y,G)
n—o00 keN >k
and limsup,,_, ., MY (Y,,,G) is a convex subset in M (Y,G).

REMARK. We refer the reader to [BP20] for further background where this
result was originally proven.

Proor. Without loss of generality, suppose that p, —= p € M'(X,G)
(otherwise pass to a subsequence using that M*(X,G) is compact). As-
sume by contradiction that p ¢ M (Y,G). It is elementary to check that if
supp(p) €Y, then e MY (Y,G) must hold. Thus

Y N supp(p) + @

follows and so there is an z € supp(u) N Y. Since X is a compact metric
space, Urysohn’s Lemma applies. Specifically, there exists an f € C(X)
satisfying

0<f<1l, f(xz)=1 and supp(f)nY =g.

Thus, x € supp(u) leads to u(f) > 0. By Proposition 2.1 the set
U(supp(f),{X})={ZeT|Znsupp(f) =2, Zn X # &}

is a neighborhood of Y in J. By the convergence of Y,, to Y, there is an
no € N such that Y,, e U(supp(f),{X}) for n > ng. Since supp(uy,) € Yy, we
derive

supp(f) nsupp(un) = 2, for n > ng.
Consequently, pn,(f) =0 follows for n > ny.

On the other hand, the convergence of the measures (), to p in the vague
topology implies

Ozgi_{gloﬂn(f) =pu(f) >0,
a contradiction. Thus, e M(Y, G) must hold if Y,, - Y in J.

We have proven that every limit point p of any sequence j, € M (Yy,G) is
automatically contained in M'(Y,G). Since

limsup M (V,,,G) = () UML(Y;,G)

n—oo keN >k
:{u e MY(X,Q) ‘exists finy, € MY (Yy,, G) with g, — u},
the desired inclusion follows. O

REMARK. (a) For this notion of limes superior (and similarly limes infe-
rior), we forward the more interested reader to the terminology of Kuratowski
convergence for compact subsets of a metric space.

(b) If MY (Y,G) = {u} holds in the previous theorem, then
lim M (Y,,G) = limsup M (Y,,,G) = M (Y, Q)

n—oo
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holds z'fIC(./\/ll(X, G)) is equipped with the induced Hausdorff topology (Ex-
ercise). Specifically, a base for a topology on IC(./\/ll(X,G)) s given by

UF,0)={M e K(M'(X,G))|MnF=3,MnO %@ for all OO}
where F ¢ MY (X, Q) is closed (=compact) and O is a finite family of open
subsets of MY (X,G). Dynamical systems (Y, G) satisfying M*(Y,G) = {u}
are called uniquely ergodic, which is studied in the following.

(c) We will later discuss also a semi-continuity of the spectra of operators,
see Section 5.5.

(d) It is an open question which measures on M (Y,G) can be approzimated
in general, confer exercise session.

2.7. Unique Ergodicity. Since M!(Y,G) is a convex set, it is an
uncountable set in general (as soon as we have two different elements). In
this section, we consider the case, where M!(Y,G) is a singleton.

DEFINITION. A dynamical system (X,G) is called uniquely ergodic if it
admits exactly one G-invariant measure, namely M*(X,G) = {u}.

We already have seen in Sheet 3 that so-called periodic dynamical systems
are uniquely ergodic. Therefore, recall the following definition.

DEFINITION. A dynamical system (Y, G) is called periodic if Y is minimal
and finite.

We point out that a minimal dynamical system is periodic if and only if
Y = Orb(z) is finite for some/any xz €Y.

PROPOSITION 2.20. Every periodic dynamical system (Y, G) is uniquely er-
godic and minimal.

Proor. This was proven in Sheet 3. (]

We characterize unique ergodicity for amenable groups by the pointwise/uniform
convergence of certain averages.

THEOREM 2.21 (Characterization of unique ergodicity). Let (X, G) be a dy-
namical system where G is an amenable group with Folner sequence (Fp,)peN-
The following are equivalent.

(i) For every f e C(X), the sequence of functions

1
gn: X ->C, xH»— Z f(hx)
Fn heF,
converges uniformly to a constant.
(ii) For every f e C(X), the sequence

1
gn: X = C, ajH—Zf(hl')
ﬂ Fn heFy,
converges pointwise to a constant independent of x € X.
(iii) There exists a ue MY(X,G) such that for every f € C(X) and all
reX:
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(iv) (X, Q) is uniquely ergodic.

REMARK. Let G =Z then F, :={1,...,n} defines a Folner sequence. The
quantity
1

— hx

f Fn h;nf( )
can be interpreted as a “time mean” of a certain “observable” f. In light
of this, (iii) asserts that the time mean converges to the space mean of the
observable f. Such type of theorems are called Ergodic Theorems. In gen-
eral the time mean does not converge for all x € X. However, one can
prove almost everywhere convergence (Birkhoff’s Ergodic Theorem) or L*-
convergence (von Neumann’s Mean Ergodic Theorem) w.r.t. an ergodic mea-
sure . This is subject of a lecture “Ergodic theory”.

PROOF. (i)=(ii): This is obvious.

(ii)=(iii): Let « € X be fixed and set
1
Hn = — Z Oha-
an heFy,
Define ¢ : C(X) - C by
. . 1
o(f) = lim p,(f) = lim R > f(ha),
n—>00 n—00 u n hek),

where the limit exists by (ii) and is independent of x € X. Then ¢ is linear
and bounded

(A< f -

Furthermore, ¢ is positive and ¢(1) = 1. Thus, Riesz-Markov representation
theorem (Theorem D.5) implies that there exists a unique pu € M!(X) such
that

w(f)=fodu

for all f e C(X). By construction, we have p, - p and so u € MY (X,G)
holds by Theorem 2.17 (Existence of invariant measures) since (F},)pen is a
Fglner sequence. Thus, (iii) follows.

(iii)=>(iv): Suppose € M (X,G) is such that

for all € X. Let v e M1(X,G). We will show that u = v. Since

g X>C, zo Y f(ha)
i Fn her,

converges pointwise to [y f du and since each term of the sequence is uni-
formly bounded by | f|c, the Lebesgue’s dominated convergence theorem
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[ ([ 1@ au=) v

| Jim ga(y) dv(y)
lim ! > f(hy) dv(y).

n—oo JX IiFn heFy

yields

Rore

Since v is G-invariant, Propositlon 2.16 leads to

[Xﬂfl?nh; (hy)du-— [h f(y)dy—/fdy

n heFy,

[ rau= [ rav

follows for all f € C'(X). Then Proposition 2.9 (Separation of measures by
continuous functions) implies p = v. As v € MY(X,G) was arbitrary, we
conclude (iv).

(iv)=(i): This is left as an exercise (Sheet 4). O

for each n € N. Hence,

2.8. Minimality and unique ergodicity. With this we can get to
the structural connection between minimality and unique ergodicity.

THEOREM 2.22. Let G be amenable and (X,G) be uniquely ergodic with
G-invariant measure (1. Then (X,G) admits a unique closed minimal dy-
namical subsystem. This subset is given by the support of u.

PROOF. We first show that supp(p) is a minimal subset of X. Let
Y ¢ supp(p) be non-empty, invariant and closed. We have to show that
supp(p) =Y. Clearly (Y, G) is a dynamical system and since G is amenable,
it admits an invariant measure v € M!(Y,G). Then v can be seen as an
invariant probability measure on X by setting vx(A) :=v(AnY'), see Sec-
tion 2.6. Since (X, @) is uniquely ergodic, we conclude vx =y and so

supp(p) = supp(vx) €Y < supp(u)
proving the claim.
Next, we show the uniqueness of the minimal set. Let Y € X be minimal.
Then there is (as before) a measure v € M!(Y,G) with extension vy €
MY (X,G) and
supp () = supp(vx) ¢ Y.

Since Y is minimal and supp(u) is a non-empty, closed, invariant subset of
Y, we conclude Y =supp(u). O

COROLLARY 2.23. Let (X,G) be a uniquely ergodic dynamical system where
G is an amenable group. Then the following statements are equivalent.

(i) The dynamical system (X,G) is minimal.

(ii) We have u(f) >0 for all f € C(X) with f>0 and f #0.

PROOF. By the previous theorem, (i) is equivalent to X = supp(u),
which is clearly equivalent to (ii). O
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REMARK. We note that dynamical systems that are minimal and uniquely
ergodic are called strictly ergodic in the literature.
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3. Symbolic dynamical systems

We will focus in this chapter on a specific class of dynamical systems, so
called symbolic dynamical systems. More precisely, we will focus on the
product space A% where G := Z%. Most of the considerations made in this
chapter extend to the case where G is a countable group except the section
on periodic approximations and substitutions where we consider symbolic
dynamical systems defined by substitutions. This part is mainly developed
for G = Z% and it is a current subject of research to extend these notions to
non-abelian groups such as the Heisenberg group. There is also a geometrical
analog of substitutions if G := R? that admit similar properties (Examples
are the Penrose tiling or the Octogonal tiling) but this is not content of this
lecture.

The aim of this chapter is to provide a different description of the topology
on J associated with the dynamical system (A%, G). In order to do so, the
terminology of so-called dictionaries and the local pattern topology is dis-
cussed and we will see that this space is homeomorphic to J, which provides
us with an intuitive description of the topology on J. Furthermore, we use
this description to prove a sufficient condition on the existence of periodic
approximations in the one-dimensional case G = Z. In the case of substitu-
tion dynamical systems, these approximations can be defined recursively.

3.1. Dictionaries. Throughout this chapter, an alphabet A denotes a
finite set equipped with the discrete topology. Elements of A are called
letters. Furthermore, we only treat the case G := Z% with inverse and com-
position given by

gli=—-g and gh=g+h, g,heG.

Y

-7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7

Figure 9. The cube Q4 in gray and Q3 in blue in Z?2

Let
AC = H.A:{w:G—nél}
geG
be equipped with the product topology. In order to define a metric we define
the closed cube

= < = .
Qr={9€G|lgle <r}  where |g]e max|g|
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with side length 2r > 0, see Figure 9.
LEMMA 3.1. The product topology on A is induced by the (ultra) metric

1
d(w, p) = min{l,inf{— ‘ n €N be such that wlg,, = p|Qn}} .
n

Then (A%, d) is a compact metric space and (A%, G) is a dynamical system
where the action is defined by

gw(h)=w(g™'h),  g,heG.

Figure 10. The distance of w and p equals % for G = Z.

PROOF. Since Upeny Qn = Z% and Q,, € Qn41, this follows from a previous
exercise (Sheet 1). O

REMARK. Note that there are various choices for a metric on A® that in-
duces the product topology. However, this choice of the metric is particularly
useful for the quantitative estimates between the spectra of Schodinger oper-
ators over such dynamical systems, see Chapter 8.

Recall that Q ¢ A% is invariant if gQ = {gw|w € Q} ¢ Q for all g € G.
Furthermore, the space of dynamical subsystems

J = TJ(AY,G) = {Q c AY ‘ Q is closed, non-empty, invariant}

is equipped with the Hausdorff metric induced by the metric d on A®. In
the literature, elements of J are often called subshift as G acts on A by
shifting and elements of J are subsets of AC.
Define

AK = {p : K —> A}
for any finite subset K ¢ G. Clearly, AX is finite as the alphabet is finite.
Then an element in AX is called a pattern with support K. If F, K ¢ G are

finite we say, a pattern p € A occurs in a pattern q € AK (we write p < q),
if there is an h € G such that

hF c K and p(g) = q(hg) for all g€ F,

see e.g. Figure 11. Similarly, we say that a pattern p € AX occurs in w e A®
if there exists an h € G such that

(hw)|K =D,
see e.g. Figure 11.

EXERCISE. Prove that the relation < is transitive, namely p1 < pa and p2 < p3
imply p1 < p3.
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o

:
,

Figure 11. We see various patterns p (gray shaded areas) sup-
ported on Q§ where the origin 0 € Q¢ is indicated by a black circle.
The blue shaded patch is supported on @7, and one of the gray
shaded patches occurs in the blue one.

A dictionary will be defined by a suitable collection of patterns. It is more
convenient to consider only patterns defined on

Q;:z{g:: (gl,...,gd)eG‘gi20andg¢£n}=[0,n+1)dmZd

for n € Ny := Nu {0}. Note that @, is nothing but @, intersected with
the positive half quadrant in R?, see Figure 9. The set of all patterns with
support in such boxes is denoted by

A= | A9
TLGNQ

Then a dictionary will be a suitable subset of A*. Before providing the
formal definition, let us make a short excursion to the case G = Z, in order
to explain the key ideas.

A short excursion to the one-dimensional case G =Z

Let G = Z. Then Q} = {0,1,2,...n} holds and so p € A9 can be identified
with a word ag...a, with letters a; € A of length n+ 1. Due to this, we will
introduce the short notation A" := A% for all n € Ny := NuU {0} and call
elements of A" patterns (or words) of lenth n € N. For instance if A := {a, b},
then

Al = {ab) = A,

A? {aa,ab,ba,bb},

A3 = {aaa,aab, aba,baa, bba, bab, abb, bbb},

For the word u := abaabaa, the patterns/words {ab,ba,aa} are all patterns
of length 2 that occur in uw but bb does not occur on u. In the literature one
calls words that occurs in another word also subwords.



44 CONTENTS

Two words u € A" and v € A™ can be concatenated
UV = UL ... URVY ... Uy € AT

With this at hand, we define u* := ww . ..u the kth time concatenation of the
word u. For instance,

(abbaa)?® = abbaa abbaa abbaa.

In dimension one, the so-called empty word e is sometimes useful (recall ex-
ample for the free group acting on its boundary in Chapter 2). In particular,
with the previous notation at hand, we can say that u € A" occurs in v € A™
if and only if there are uj,us € A* U {€} such that

V=Uruuy.

Clearly, a necessary condition for this is that n < m. For instance, consider
u:=ab e A? and v := aabab € A®. Then u occurs in v since

v=au ab or v =aab u € = aab u.

(the space between the words is only to indicate the possible splitting of
v into uj,u and ug). In particular, we can choose u; := a and wug := ab or
u1 = aab and ug := €. So we have seen that u actually appears twice in v at
different positions.

Any element in w € A% can be represented by a two-sided infinite word
wi=... w(-3) w(-2) w(-1) | w(0) w(l) w(2) ...

where ‘ indicates the origin. Then the two-sided infinite concatenation of
word u,v € A" is defined by

ool 00
uP® = uuu v ...

while 4% := u®|u®. The elements of the form u* are particularly interesting
as these are all periodic elements in A%, see later. We can also consider
patterns that occur in an infinite w € A%. For instance, ab,bb and ba occur
in

w = (abb)™ = ...abb abb | abb abb e AT

On the other hand, the word aa is not occurring in w! In particular, all
words of length 2 occurring in w are given by {ab,bb,ba} and similarly one
can define the set of all subwords of a given length n. For w := (abb)™ € AZ,
we get

W(w)nA' = {a,b},

W(w)nA? = {ab,bb,ba},

W(w)nA* = {(abb)", (bab)™, (bba)"},
W(Q)n A = {(abb)"a, (bab)"b, (bba)"b},
W(Q)n A2 = {(abb)"ab, (bab)"ba, (bba)"bb},

for n e N.

In light of this, the set of all subwords of a given w € A” is denoted by W (w).
This set W (w) is also called dictionary, language or lexicon (Worterbuch in
German) in the literature. They are very useful to characterize the topology
on J for the dynamical systsem (LA%,Z). This is even the case for general
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countable groups G or point sets in a continuous group. However, we will
only focus here to the case G := Z? to explain the key ideas.

Back to G = Z¢

Let us define the notion of a dictionary.
DEFINITION. A non-empty set W ¢ A" is called o dictionary if for every
neN and pe W n A9, the following holds.

(D1) If1<k<n and qc¢ AQ% satisfies q < p, then q € W.

(D2) There exists a g€ W 0 A9+2 such that

q(1z) =p(z), forallzeqQy,
where 1:=(1,1...,1) e G.

The set of all dictionaries is denoted by Dic(A%).
REMARK. Condition (D1) says that all patterns occurring in p € W are

automatically elements of W. Then (D2) asserts that every pattern has an
extension into any direction, compare Figure 12.

[ ] (] [&] (¢} (¢} ()
p:
(] ° [ [ ] () L]
q:
o o © o [ ] (e}
/
pi
[ ° o ] [ ] o

Figure 12. Both patterns p and p’ occur in q. So if W is a
dictionary with ¢ € W, then p,p’ € W by (D1). The patterns p
and ¢ are given such that they satisfy (D2), namely 1‘1q|Q; =p.
Specifically, p occurs in g at the blue shaded square as required in
(D2).

PROPOSITION 3.2 (Dictionary of a subshift). Let Qe J. Then the set
W(Q) = {wlgs [neN, weQ}
s a dictionary.

REMARK. We denote by W(w) := W(Orb(w)) the dictionary associated with
the orbit closure of w e AY. Moreover, we have (Exercise)

W(w) = {(gw)|Q;; | geqG, ke No}.

PROOF. Clearly W((2) is non-empty. Let p := w|g: € W() for some
w € ). Suppose h € G and 1 <k <n be such that hQ;, € Q};. Then

p(he) =w(ha) = (K w) (@),  ©eQ;
Since Q is invariant, we conclude h™'w € © implying h_1w|QZ e W(Q2). Thus,
Plag; € W(Q) n A% follows, namely W (Q) satisfies (D1).

Week 4
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Let p:=w|g; € W(K2) for some w € Q. Then ¢ := (1w)|g: , € W((2) satisfies

a(12) = (1w)(12) =w(1 ™ 10) =w(@) = p(a), @@L,
proving that W () fulfills (D2). O

EXAMPLE. Let A:={a,b} and we A% be defined by

a, n+0,
w(n) = {b, n=0.

The associated orbit closure Orb(w) is called one-defect. Then
W(w)n AQn = {ba", aba™ ', aaba™ 2, ..., a"b, a"+1}
holds for each n € N,

The set Dz’c(AG) becomes a topological space if endowed with the local
pattern topology defined by the following basis

¥ (n,U) = {W e Dic(A®) [Wn A% =U},  neNg, Uc A%,
EXERCISE. Let U ¢ A9 for n e N. Define
U = {q € A9 ‘ there is a p € U s.t. q occurs in p}

for 0 <k <n. Show that for all W e ¥ (n,U), we have W n A%k = Uy, for all
0 <k <n. In particular, if Wy n A% = Won A9 then Wi n A% = Wyn A%
follows for all 0 < k < n.

For the following recall, that a topological space Z is disconnected if it is
the union of two disjoint nonempty subsets of Z. Otherwise Z is called
connected. Furthermore, a subset Y ¢ Z is called disconnected (resp. con-
nected), if it is disconnected (resp. connected) as a topological space with
the induced topology. The space Z is called totally disconnected if the only
connected components of Z are singletons {x} ¢ Z. If a topological space Z
is Hausdorff and it admits a base % that consists only of clopen (i.e. open
and closed) sets then Z is totally disconnected (Exercise). We already
know an example of a totally disconnected space, namely AC.

ProposiTIiON 3.3. The family
B = {¥(n,U)|neNo, Uc A%}

of subsets of Dic(AY) defines a base for a topology. The set Dic(A%)
equipped with this topology is second countable and Hausdorff. Furthermore,
each B € % is clopen and so Dic(AY) is totally disconnected.

PROOF. & is a base: The identity
Dic(A%) = | B
Be%#
is trivial. We have to show that any non-trivial intersection of elements of
contains an element of 2. Therefore, let U ¢ A9 and V ¢ A9 for n,m € N.
Without loss of generality assume n < m. If #(n,U)n ¥ (m,V) #+ &, then
there is an W e ¥ (n,U)n ¥ (m,V). Thus,

WnA% =U and WnA9m =V
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follows. Let W' e ¥ (m,V). Since n < m, the previous exercise yields
W' nA% =W A% =U since W' A A% =V =W n A%m,

Hence, 7' (m,V) ¢ ¥ (n,U) follows implying ¥ (n,U)n ¥ (m,V) =¥ (m,V)
if the intersection was non-empty and n < m. This proves that £ is a base
for a topology.

Second countable: Due to the finiteness of the alphabet A, the set A% is
finite for every n € N. Since the countable union of finite sets is countable
A is countable. In particular, Dic(A®) is second countable.

Hausdorff: Let W1 and W5 be two dictionaries. Then

Y (n, Wi n A9 n ¥ (n, Wan A9%) £
holds if and only if W; n A%n = Wy n A9, This equality holds for all n e N
if and only if W7 = Wy implying the Hausdorff property.

Clopen: Consider some n € N and U € A9 . Let W be in the closure
¥ (n,U), i.e. all neighborhoods of W intersect ¥ (n,U). In particular, the
set ¥ (n, W n AQ;) is an open neighborhood of W. Thus, the intersection

Y (n,WnA®) 0¥ (n,U)

is non-empty implying U = W n A9 Hence, W € ¥ (n,U) follows and so
¥ (n,U) is clopen. Specifically, the space Dic(A%) is totally disconnected.
U

Now we can prove one of the main theorems in this chapter where we char-
acterize the topology on J by the local pattern topology.

THEOREM 3.4 (Local pattern topology). The space Dic(A%) and J are
homeomorphic and the homeomorphism is given by

®:J - Dic(AY), Qe W(Q).

REMARK. We refer the reader to [Bec16, BBAN20| for further background
where this result was originally proven.

Letw e A® and k € N. Then any pattern wlg, can be identified with a pattern
p e A%k by setting

p(x) = w((kzl)_laj), T € Q;k,

where k1 = (k,k,...,k) € G = Z¢. We will make this identification without
mentioning it explicitly, namely A%k = A%,

PROOF. Let ®: 7 — Dic(A%) be the map defined by
(@) = W(9) = U W(w).

we)
By definition, the empty set is not an element of 7 and so @ is well-defined
by Proposition 3.2. We know that J is compact and Dic(A%) is Haus-
dorff. Thus, it suffices by standard topological arguments to prove that &
is continuous and bijective, see e.g. the book Mengentheoretische Topologie,
Satz 8.11, by B. von Querenburg.
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® injective: Let Q1,9 € J be distinct. Without loss of generality it can be
assumed that Q1 N\ Q9 # @. Let w € Q1 \ Q9. We will show that there exists
an k € N such that

w|Qk ¢ @(Qz) while w]Qk € (I)(Ql).

Note that we use here the identification A9 ~ A9k, Assume by contradic-
tion that there is a sequence p, € Q2, n € N, such that p,|g, = wl|g,. Hence,
by definition of the product topology,

w = lim pp € Qy = Oy,
because )5 is closed, a contradiction.
® surjective: Let W e Dic(A) be a dictionary and define
QW) = {we A% | W(w) c W}
We will show that Q(W) e J. If we Q(W) and g € G, then
W(w) = W(0rb(w)) = W(0rb(gw)) = W (gw)

follows proving that gw € Q(W). Thus, Q(W) is invariant. If w is an
element of the closure of Q(1), then for any pattern wlpg: € W(w), there
is an n € N such that hQ;, € Q. Since w € Q(W), we conclude that there is
an p € QW) with d(w, p) < % Thus,

wlhqr, <wlQ, = plg, €W

as p € Q(W) and using (D1) for W. Hence, w € Q(W) is concluded and so
Q(W) is invariant and closed.

In order to prove surjectivity of @, it is left to show that Q (W) is non-empty
and ®(Q(W)) =W.

e e +
P= oo €Q

Figure 13. The gray shaded area denote the corresponding pat-
terns p;. Here the black points denote any fixed letter in A.

Let p e W n A9 for some m € N. Due to (D2), there is a sequence (P, )nen
of patterns such that (we use again the identification A%k = Ang)

p<pi,  paeWnAY and  puiilon. = Pas

confer Figure 13. For each n € N, let w, € A® be such that WnlQmin = Pns
which trivially exists (why?). By construction, (wp)nen is convergent and
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denote its limit point by w € A%, Since Uy Q1 = G, we conclude W (w) € W
by (D1), namely, w € Q(W).

Thus, Q(W) # @ follows. Moreover, p € W(w) holds by construction imply-
ing W € ®(Q(W)). The reverse inclusion ®(2(1W)) ¢ W holds by definition.
Hence, W = ®(Q(W)).

P continuous: The set
O(p) = {w e A% [wlgy = p}
for p € A9 s clopen in the product topology of A®. Consider a non-

empty open set ¥ (n,U) in the local pattern topology where n € N and

U:={p1,...,p} < /9% In order to prove the continuity of ®, the preimage
®~1(#(n,U)) needs to be open. Let

l
F = ﬂ(_AG\O(pj)) :{weAG ‘W|Q£ # p; for all 1§j£l}
j=1

a closed subset of AY. Set O := {O(p1),...,0(p;)} a finite family of open
subsets of A%, Tt suffices to show the equality

UF,0) = {QeJ|FnQ=gand QnO(p;) + @ for all 1 < j <1}
= o Y (¥ (n,U)).
Let Q e U(F,O). Since QnO(p;) # @ for all 1 < j <1 it follows by definition
of W(Q) that
{p1.-.., i} SW(Q) N7,
Assume by contradiction that the latter inclusion is strict, then there is an

w € Q with w|g: # p; for all 1< j <n. Thus, w € F' contradicting F nQ = @.

Hence, Q€ ®~1(#(n,U)) follows implying U(F,O) c &~ 1(# (n,U)).

It is left to show ®~1(#(n,U)) CU(F,0). Let Q € @1 (¥ (n,U)) meaning
W(Q)n o = {p1,....pi}.

Since p; € W(Q), we conclude Q2 n O(p;) # @ by the definition of W ().

Now, assume by contradiction that Q2 n F' # &. Then there is a w € Q such
that p = w|g+ # p; for all 1 < j <I. Thus,

peW( @) na“  and  pé¢{p,....;m}

a contradiction with Q € ®~1(# (n,U)). Consequently, we have proven that
Qel(F,0). O

REMARK. Since J is compact and metrizable, the latter theorem implies that
Dic(A%) is compact and metrizable. Indeed the compactness of Dic(A%) can
be checked directly by a Cantor-diagonalization argument.

We highlight here that the dynamics is strongly involved in the topology on
J (which is a bit hidden). For indeed the open sets O(p;) are only requiring
that one observes the pattern p; at a specific place. However, since ) is
invariant, we can always shift any pattern occurring in w € 2 to the origin.
This is cructal as we will see later when we deal with periodic approrima-
tions.

COROLLARY 3.5. The space J is totally disconnected.
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PROOF. This follows as Dic(A%) and J are homeomorphic and Dic(A%)
is totally disconnected. U

COROLLARY 3.6. A sequence (Qy)n © T converges to Q € J if and only if,
for every m € N, there is an n,, € N such that

W(Q) N A9n = W(Q) N A% n>ng,.

Proor. This follows immediately by the definition of the local pattern
topology. O

Another consequence of the previous statement is the following characteri-
zation of minimality.

THEOREM 3.7 (Minimality- bounded gaps). Let Q2 € J be a subshift of the
dynamical system (AG,G). Then the following are equivalent.
(i) The subshift (2, G) is minimal.
(ii) For every p e W(2), there is an m € N such that every g € W(Q2) n
ACn with n > m satisfies that p < q.
(iii) We have W(Q2) = W (Orb(w)) for all w e Q.

REMARK. Let w € 2 where Q) satisfies one of the previous conditions. Then
Q = Orb(w) holds by minimality. The second condition (ii) says that pat-
terns occur in bounded distance, namely for any pattern p € A% n W ()
there is an m € N such that every pattern q with support QF for n > m
contains a copy of the pattern p. Such w are called repetitive. If m depends
linearly on the size of p (namely m = Ck for some C > 0), then w is even
called linear repetitive. Linear repetitive w are interesting as their orbit clo-
sure Orb(w) turns out to be uniquely ergodic and minimal. We will later get
to know the typical examples for linear repetitive configurations which are
defined by substitutions. It is the content of current research studying these
systems.

PROOF. (i)=(ii): Assume by contradiction that there exists a pattern
peW(Q2)n A%n for some m € N and a sequence of patterns

dn = wn|Qn+m € W(Q) n AQn+m with wy, €

such that p is not occurring in g¢,, i.e. p ¥ ¢,. Here we use again the
identification A9k = A%k

Since €2 is compact, there is no loss of generality in assuming that (wy)nen
converges to w € 2 (otherwise pass to a subsequence). Then the convergence
wp, = w means that for every m € N there is an ng € N such that

By construction, we have p ¢ W(Orb(w)) (otherwise it must appear in one
pattern g¢p,).

Since p e W(2), there is an p € Q2 such that p|g: =p. Then p ¢ W(Orb(w))
leads to

Pl * 'lor,
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for all w’ € Orb(w), or equivalently

1
d(p,w') = min{l,inf{

n

1
n € N be such that w'|g, = p]Qn}} > —.
m

Thus, p ¢ Orb(w) while Orb(w) =2 by minimality, a contradiction.

(ii)=>(iii): This is clear as every w € € has arbitrarily large patterns. More
precisely, W(w) € W(2) holds as w € 2.

For the reverse inclusion, let p € W (). By (ii), there is an m € N such
that all ¢ € W () n A% with n > m satisfy p < ¢. Thus, ¢ := w|q: € W(Q)
holds since w € Q. Consequently, p < w|g: € W(w) follows by the previous
considerations implying W () ¢ W(w).

(iii)=(i): Let ® : J — Dic(A%) be the homeomorphism defined in Theo-
rem 3.4. If W(Q) = W(Orb(w)) for all w € 2, then

®(Orb(w)) = 2(2)

holds for all w € Q. Since ® is injective, we conclude 2 = Orb(w) for all
w € €2, namely €2 is minimal. (]

3.2. Periodic elements. In this section we provide a characterization
of periodic elements in A®. Therefore, recall that a periodic element in the
one-dimensional case G = Z is given by v* for some finite word v. We will
provide the corresponding analog in the case G = Z¢.

DEFINITION. Let (A%, G) be a dynamical system. An element w € A% is
called

e periodic if the orbit Orb(w) is finite.

e aperiodic if gw = w for g € G imply that g = e.

REMARK. (a) Recall that a dynamical system (Y,G) is periodic if Y is min-
imal and finite. Then w is periodic if and only if Orb(w) is periodic.

(b) We point out that if w € AC is not periodic, then it is not necessarily
aperiodic. Specifically, there are w € A such that w is not periodic nor
aperiodic if G = Z* with d > 2 (Exercise). However, for G = Z, every
w e A% is either periodic or aperiodic (dichotomy) (Exercise).

(c) Note that these notions are not unique in the literature. Specifically,
elements that we call periodic are sometimes called strongly periodic and an
aperiodic w € A% is also called non-periodic in the literature.

(d) The stabilizer Stab(w) of w € AS is defined by {g € G|gw = w}. It is
straightforward to check that Stab(w) € G is a subgroup (which in general is
not normal). Furthermore e € Stab(w) holds always. Then w is aperiodic if
Stab(w) = {e} and w is periodic if the cardinality of the cosets {gStab(w)|g €
G} is finite.

EXAMPLE. For A := {a,b}, consider the one-defect. Specifically, let w ¢ A”

defined by
w(n) = {Z’? n + 07

n = 0.
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Then w is aperiodic as
b=w(0)#w(0+p)=a
for all pe Z ~ {0}.

We will provide a characterization of periodic elements for G = Z%. There-
fore, we need the following exercise.

y

Figure 14. The gray shaded area (red points) denote the set Q5.
Then ¢’ = (3,3) and g = (1,2) are the unique elements for the
blue point at (4,5). Similarly, ¢’ = (-6,-3) and g5 = (0,0) are the
unique elements for the green point at (-6,-3).

EXERCISE. For m € N, define

d d
m-Z° = {(m'glw":m'gd)‘(glv'-'7gd) €Z }
Prove that for all n € Ng, the equality
Zd _ |_| ng;rL

g'e(n+1)-z24
holds where the union is a disjoint union.
Thus, for each g € G = Z%, there is a unique ¢’ € (n+1) - Z% and a unique
gn € @ such that

9=9'9n,
confer Figure 14 for an illustration.

For any p € A9, define wp=p> € AC by

wp(9) =plgn),  g€G,
where g, € QF is the unique element for g € G satisfying g = ¢'g, with
g e(n+1)-Z% An example is given in Figure 15.
PROPOSITION 3.8. Letw € A® with G = Z%. Then the following is equivalent.
(i) w is periodic.
(i) There exists an n € Ny and a p e A% such that w = w,.
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y

o

Figure 15. An example for an w, for Q3. The pattern p is marked
by the gray box.

Proor. This is left as an exercise. O

3.3. Aperiodic subshifts. We provide here the notion of aperiodic
subshifts.

DEFINITION. Consider the dynamical system (A%, Q). A subshift Qe J is
called

e weakly aperiodic if there exists an w € ) such that w is aperiodic;
e strongly aperiodic if all elements of w € Q0 are aperiodic.

An example of a weakly aperiodic but not strongly aperiodic subshift is
discussed in the exercise session. Later we will provide also various examples
for strongly aperiodic subshifts (substitutions for G = Z).

THEOREM 3.9. Let Q € J be a subshift over the alphabet A. If Q) is weakly
aperiodic and minimal, then € is strongly aperiodic.

PROOF. Since 2 is weakly aperiodic, there is an aperiodic w € ). Let
peQand h € G be such that hp = p. We have to show that h = e. Minimality
of 2 implies that there is a sequence g,, € N such that g,p - w. Hence,

w= lim g,p= lim g,hp = lim hg,p = hw

by using that G = Z% is abelian and that the action of G on A is continuous.
Since w is aperiodic, we conclude that h = e and so p is aperiodic. U

REMARK. Note this proof only works for abelian groups. In current research,
it is studied when such properties also hold for general countable groups. For
instance, the concept of substitutions (that we will see later) is extended to
rational homogenuous groups including groups like the Heisenberg group.
In this situation it becomes more involved to show that the corresponding
subshift is strongly aperiodic if it is weakly aperiodic and minimal. It would
be also interesting to find examples where the later statement fails.

‘Week 5
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4. The one-dimensional case

In the following, we will restrict our considerations again to the one-dimensional
case G := Z. Recall that @} ={0,1,2,...n} holds and so p € A9 can be
identified with a word aq .. .a, with letters a; € A of length n+1. In light of
this, we introduced the notation A™*! := A9 for all n e Ny := Nu {0} and
we called elements of A™ words (or patterns) of length n € N.

Furthermore the concatenation of two words w € A™ and v € A™ was defined
by
UV = UL ... UpVL ... Uy € AT

Then

uk =ulu...u

is the kth time concatenation of the word u. In dimension one, the so-called
empty word € is the word of length zero. Then u € A" occurs in v € A™ if
and only if there are uy,us € A* U {e} such that

UV = UTUUY.
Clearly, a necessary condition for this is that n <m.
Any element in w € A% can be represented by a two-sided infinite word
wi=... w(-3) w(-2) w(-1) ‘ w(0) w(l) w(2) ...
where ‘ indicates the origin. Then the two-sided infinite concatenation of
word u,v € A* is defined by
u® = uuu|voo ..

Furthermore, we set u® := u™u®.

u

4.1. Aperiodicity. Consider the dynamical system (A% Z). Recall
that an w € A% is aperiodic if its stabilizer is trivial, i.e. gw # w whenever
g € Z~ {0}. On the other hand, w € A” is periodic, if its orbit Orb(w) is
finite. Due to Proposition 3.8, this is equivalent to the existence of an v € A"
such that w =v*°. Clearly, v = w(0)...w(L —1) must hold and

w(n)=w(n+L), ne€Z.
Then L is called a period of w (which is not unique!).
The next theorem provides a characterization of a weakly aperiodic subshift.

In the case that €2 is minimal, this provides a characterization of strongly
aperiodic subshifts. Before we need the following auxiliary statement.

LEMMA 4.1. Let Q ¢ A% be a subshift. Suppose there are L € N and k € Z
such that
(L_lw)(m) =w(m) forallm<k, we.

Then every element in Q) is periodic with period L.

PROOF. Assume by contradiction that there is an w € € that is not
periodic with period L. Hence, there is an n € Z such that w(n) # w(n+ L).
Clearly, n > k must hold. Set p:= (k—n)w € Q. Then

p(k) =w(n) #w(n+ L) = p(k+ L) = (L p) (k)

follows, a contradiction. O



56 CONTENTS

THEOREM 4.2 (Characterization of weakly aperiodicity). Let G = Z and
Qe J be a subshift of A. Then the following is equivalent.
(i) Q is weakly aperiodic.
(ii) There are w,p e Q with w # p and w|y, = p|N, -
(iii) There are w,p € Q with w # p and w|-N = p|-N-

PrOOF. We will only prove the equivalence between (i) and (ii), the
equivalence between (i) and (iii) can be proven similarly. We remind the
reader that if w € A% is not periodic then it is automatically aperiodic (which
does not hold for general groups ), see the exercise session and discussion
in Section 3.2.

(ii)=(i): We will show that p or w cannot be both periodic. Assume by
contradiction that w and p are periodic with period L; € N and Ly € N.
Then L := LiLs is a period of p and w. Thus, Lw = w and Lp = p follows,
see Figure 16. Thus, w and p are uniquely determined by

w(0)...w(L-1)=p(0)...p(L-1).

Since wly = p|y, we conclude that w = p, a contradiction.

P N Y N ) TN 05
Il Il I Il Il
(2L) w= |w(0)‘w(1)‘ ‘w(Lf 1)|w(0)‘w(l)‘ ‘w(Lfl) ¢

w= [w-D]wO]w®)] - [w&-DwO)]wd)] - JwE-1)[wO)]wd) - w-1wO)] -

Figure 16. If Lw = w for some L € N, then w is uniquely deter-
mined by w(0)...w(L-1).

(i)=(ii): Consider the maps
P+:Q—>AN0,w'—>w|N0, and P_:Q—>A7N,w»—>w|,N.

Then P, and P- are continuous maps in the corresponding product topolo-
gies. Thus, their images

Q=P (Q) and Q_:=P_(Q)

are compact as continuous images of compact sets. Assume by contradiction
that (ii) does not hold. Hence, P, is injective. Thus,

P, : Q- P.(Q)

is bijective and continuous. Since both spaces are compact and Hausdorff,
we conclude that P, has a continuous inverse. Hence, the map

R:Qy>Q., ww P (P (w))

is continuous. Thus the values of w € Q2 on the right half-axis determine the
values on the left hand side in a continuous way. To be more precise, consider
the clopen set U(a) = {w e Q_|w(-1) = a}. Then the preimage R~*(U(a))
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is clopen as well (by continuity of R). Moreover, there are finitely many
word uq,...,up € A* such that

-1 M ' - .
R (U(a)) = |:1|O(u]) (disjoint union)

where O(u) = {w € Q4 |wlo,...ju-1y = u} for u € A*. Note that the u;’s can
be chosen such that |u;| = |u;| (Exercise). Since this works for each letter
a € A and since A is finite, we conclude that there is an N € N (the maximum
of the length of the u;’s) such that w(0)...w(N) determines w(-1) uniquely
for all w € Q. Thus, iteratively v := w(0)...w(N) uniquely determines w|_y.
Specifically, we get v1 := w(-1)w(0)...w (N — 1) which is uniquely defined
by v. Set wy := 17 w. Then wi(0)...w;(N) = vy which uniquely determines
wi(-1) = w(-2). Iterating this argument proves that v uniquely defines
w|-N-

Let w e Q and v = w(0)...w(N). Set ky := 1+ §AY*1. Then there is a

u e AN*! that appears twice on Wl{_k,,...n}, see Figure 17. Specifically, the
two copies of u start at 47 and 7o with —ky <41 <49 < N. Set L, :==19—11 > 1.

i3 2 —ky 0 ip 0 v
. ! | h h

- NN | DN EEON -]

2L,

Figure 17. The blue box is the word u that repeats periodically
to the left with period L,.

By construction any word of length N + 1 uniquely determines its letter to
the left. Based on this, the word w(iy)...w(ig) € A" repeats periodically
to the left as sketched in Figure 17. More precisely, we conclude

(L;lw)(m) =w(m) for all m <.

Since there are only finitely many words v e AN,
L:= H L,
ve AN+1

is finite. Thus, any w €  is L-periodic to the left, namely
(L_lw)(m) =w(m) for all m < —-kq, w e .

Then the previous Lemma 4.1 implies that every w € Q is periodic with
period L, contradicting (i). O

4.2. Periodic approximations. With the characterization of the topol-
ogy on J by the local pattern topology on dictionaries at hand, we can show
that every minimal dynamical system of (AZ,Z) admits periodic approxi-
mations in J.

DEFINITION. A subshift Q ¢ A” is called periodically approximable, if there
are periodic 0, € J such that , -~ Q in J.
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THEOREM 4.3 (Periodic approximations of minimal dynamical systems).
Every minimal subshift Q € J of the dynamical system (A%, Z) is periodically
approximable.

REMARK. We refer the reader to [Bec16, BBAN20| for further background
where this result was originally proven.

We point out that this result holds only in dimension one, namely G = 7Z.
Specifically, for higher dimensions one cannot expect that minimality im-
plies that the dynamical system admits periodic approzimations. In higher
dimensions (already for Z?) there are only few sufficient conditions on a
subshift to be periodically approximable. Later we will learn about a suffi-
cient condition for subshifts defined by substitution. This result extends to
higher dimensions. For more general dynamical systems like Delone sets
this question is also open.

PROOF. Let 2 € J be minimal and w € 2 be fixed. For m € N, we will
define a periodic €, € J such that
W(Qp)n A" =W (Q)n A™, n>m.
This will imply that 2, - Q in J by Corollary 3.6.

Let n e N. Since W(2) n A" is finite, the characterization (ii) of minimality
(Theorem 3.7) implies that there is an m, € N such that every word u e
W(§Q)n A" occurs in wlg 1, m,}- Note that m, >n must hold. Using again
the characterization (ii) of minimality, we conclude that there is k,, € N such
that k,, > m,, and

w(w(l)...w(n-1) =w(ky)w(k, +1)...w(k, +n-1).

0 'rrlbn k, =w(0)- -A-w(n -1
w = w(0) | cee | w(n—1) | | el | w(ky,) . |w(k,.+n—1)|
o omy, Fon 2%y,
| | |
pu="0n 7| | T Fo
| u |€ W(pn) N A

Figure 18. A sketch of the construction of the periodic approxi-
mations p,. The word u is a generic element of W(p, ) n A" that
must occur in v,v,,.

Define vy, == w(0)w(1)...w(k, — 1) € A¥ and p, € AZ by
Pn =0, = ... Up Uy vn‘vn Up Uy «en .

Set Q, := Orb(p,) which is periodic by definition. By construction, every
ueW(Q)nA" occurs in v, € W(£,,) and so

W(Q,)n A" 2W(Q)n A", neN,

follows. For the reverse inclusion, let u € W(£,) n A". By definition of p,
and since |vy,| > n, we conclude that v must occur in

Un ‘ Un(0)v,(1)...op(n=1) =w(0)...w(k, - 1) ‘ w(ky)...w(kp+n-1).
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Hence, u € W(Q) follows implying
W(Q,)n A" =W ((Q)n A", neN.

By Sheet 5, we conclude W(Q,) n AF = W (Q) n A* for all 1 <k <n. Hence
W(Q,)n A™ =W (Q)nA™, n>m,

follows. Invoking Corollary 3.6, we conclude that €, - € in J where each
Q, is periodic. U

We will see in the exercise session that there are also non-minimal elements
of J that admit periodic approximations (one-defect). However, not all
subshifts are periodically approximable.

EXAMPLE. Let A:={a,b} and w e A% be defined by

<0,
w(n) := @ " neZ.
b, nx1,

Then § := Orb(w) is an isolated point in J (Exercise). In particular,
does not admit periodic approximations.

4.3. Substitutions. In this section, we will provide a specific way to
define strongly aperiodic and minimal subshift by so called primitive substi-
tutions. The main idea is that we define a map S : A% - A? by substituting
every letter by a word. This substitution is also denoted by S. Since the
local patterns (words) are completely determined by the local rules of the
substitution, we conclude the minimality (all patterns appear in a bounded
distance). The aperiodicity is proven by using our previous result (Theo-
rem 4.2). Furthermore, we construct recursively periodic approximations
for such dynamical systems.

DEFINITION. A substitution over the alphabet A is a map
S:A->A" =AM

neN

Note that we require that S does not send any letter to the empty word.
Let us first provide various examples.

ExaMPLE (Fibonacci substitution). The alphabet is given by A := {a,b} and
S is defined by
S(a) :=ab, S(b) = a.

ExXAMPLE (Thue-Morse substitution). The alphabet is given by A := {a,b}
and S is defined by
S(a) := ab, S(b) := ba.

ExXAMPLE (Period Doubling substitution). The alphabet is given by A :=
{a,b} and S is defined by
S(a) := ab, S(b) := aa.

ExAMPLE (Golay-Rudin-Shapiro substitution). The alphabet is given by
A:={a,b,c,d} and S is defined by

S(a) := ab, S(b) = ac, S(c) = db, S(d) =dec.
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We can extend a substitution to a map S : A" — A* by applying it letterwise,
namely

S A" > A" S(uy...up)=5S(up)S(uz)...S(uy).
From these words and their subwords (which are called legal words), we can
define a dictionary W (S) and hence a subshift Q(.5).

DEFINITION. Let S be a substitution over the alphabet A. Then v € A* is
called legal (w.r.t. S) if there is a letter b € A and an n € N such that
v < S™(b). Furthermore, we define

W(S) := {v € An‘n eN, v is legal w.r.t. S}.
In general W (S) is not a dictionary. For instance, the substitution S(a) :=a
and S(b) := b over the alphabet A := {a,b} satisfies W(S) = {a,b}. In
particular, condition (D2) of a dictionary is not always satisfied. In light of

this (and since we like to have minimal subshifts), we will focus on so-called
primitive substitutions.

DEFINITION. A substitution S over an alphabet A is called primitive, if there
is an L € N such that for all a,be A, we have

a<SEb).
In this case, we will also say that S is primitive with exponent L.

ExaMPLE (Fibonacci substitution). For the Fibonacci substitution S(a) =
ab, S(b) :=a over A:={a,b}, we have that b £ S(b). However,

52%(a) = S(ab) = S(a)S(b) = aba, S%(b) = S(a) = ab
holds and so the Fibonacci substitution is primitive with exponent L = 2.

ExAMPLE (Thue-Morse substitution). The Thue-Morse substitution S(a) :=
ab, S(b) :=ba over A:={a,b} is primitive with L = 1.

EXAMPLE (Period Doubling substitution). The Period doubling substitution
S(a):=ab, S(b) := aa over A:={a,b} is primitive with L =2 since
S%(a) = S(ab) =ab aa and S*(b) = S(aa) = ab ab.

EXAMPLE (Golay-Rudin-Shapiro substitution). The Golay-Rudin-Shapiro
substitution

S(a) = ab, S(b) := ac, S(c) :=db, S(d) =dec
over A:={a,b,c,d} is primitive with L = 3. (Exercise)
PROPOSITION 4.4 (Primitive substitutions). Let S be a primitive substitu-

tion over A with § A>2. Then the following assertions holds.

(a) |S™(a)| = oo for all a € A.
(b) For all w e W(S), there is an n, € N such that uw < S™(a) for all
n>mn, and each a € A.

(c) W(S) is a dictionary.

PROOF. Since S is primitive, there is an L € N such that a < S*(b) for
all a,b e A.

(a) This is left as an exercise (Sheet 6).



4. THE ONE-DIMENSIONAL CASE 61

(b) The main idea of the proof is sketched in Figure 19. Let u € W(S). Then
there is an m € N and a letter b € A such that u < S™(b). For n, := 3L +m,
we will show that for all a € A and n > n,, there are vy, vs € A* non-empty
words such that
viuvg = S"(a).
By (a), |S*/(a)| > 4 holds for any letter a € A. Thus, we can choose a d € A
and two non-empty words @ and @ such that S?!(a) = 0dw (namely © # ¢
and W # €). Hence,
% (a) = §%(9) $"(d) $" ()

and b < ST(d) follow since S is primitive with exponent L. Let n > 3L +m

and a € A. Then the previous considerations imply that there are non-empty
words v :=v(a,n) and w := w(a,n) such that for

S"M(a) =vbw
as n—m > 3L. Consequently,
5"(a) = 5™ (v) §™(b) 5™ (w)
is derived. Since
ST (v)[ 21, |9™(w)[21  and  u<S"(b),

we have proven the desired statement.

Sn—m— 2L A= Ssm —_——

G e [ 5w [50] 5w ]

Il
5™(a)

Figure 19. Sketch of the proof of (b) where n > 3L + m. Thus,
n—m —2L > L holds and so S" ™ 2% must contain the letter b
(marked in blue). The word w is marked with green.

(c) Since S(a) is never the empty word, we conclude that W (S) is non-
empty (as it contains at least the letters occurring in S(a) for any a € A).
In addition, it is immediate from the definition that W (S) satisfies (D1) as
a pattern occurring in a legal pattern is automatically legal (< is transitive).

Thus, it is left to show (D2). Let u € W(S) n . A* for some k ¢ N and a € A.
By (b), there is an n, € N and v, vy € A* (non-empty words) such that

viuve = S™ (a) e W(S5).

Thus, W (S) satisfies (D2) as viuvs is legal, v # € and vy # €.
O

DEFINITION. Let S be a primitive substitution, then W (S) is the associated
dictionary and

Q(S) =2 H(W(9)) = {we A%|W(w) cW(S)}
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is the associated subshift with the substitution S, where ® : J — Dic(A%)
was the homeomorphism defined in Theorem 3.4.

REMARK. We point out that primitivity of a substitution is not needed in
order to guarantee that W(S) is a dictionary and hence to define the asso-
ciated subshift W(S). More precisely, it suffices that |S™(a)| - oo for all
acA.

From the previous Proposition 4.4 (b), we conclude that Q(.S) is minimal if
S is a primitive substitution.

THEOREM 4.5 (Primitivity implies minimality). Let S be a primitive substi-
tution over the alphabet A with § A > 2. Then there is, for each v e W(S),
an | € N such that every uw e W(S) with |u| > satisfies v < u. In particular,
Q(S) is minimal.

PROOF. The main idea is to choose the length of u so big that it must
contain S™ (a) of some letter a € A (then it must contain v by definition of
ny). Since the alphabet A is finite, |S™ (a)| is uniformly bounded. Here are
the details:

Let v e W(S). By the previous Proposition 4.4 (b), there is an n, € N such
that v < S™(a) for all a € A and n > n,. Define

N := max {nv,max]S””(aﬂ} > Ny.
acA

Set I := 3N. Let u € W(S) be such that |u| > . Then there is a k ¢ N
with & > n, such that v < S¥(b) for some b € A applying the previous
Proposition 4.4 (b) to u. Set w =S¥ (b) = wy ... wy,. Then

Sk (b) = 8™ (SF (b)) = S™ (w1 ... wp) = 8™ (w1)S™ (w2) ... 8™ (wy).

Since [S™ (wj)| < N and |u| > I = 3N, there is a 1 < j < m such that
S™ (wj) < u. By definition of n,, we have

n
v<S"(wj) <u
proving v < u.

The subshift (.S) is minimal by Theorem 3.7 (ii) and the previous consid-
erations. U

REMARK (Primitive substitutions define uniquely ergodic subshifts). Recall
that by Theorem 3.7, minimality of a subshift € is equivalent to the fact
that every pattern (word) v € W () appears with bounded distance. The
subshifts defined by primitive substitutions satisfy that these bounded gaps
can be bounded by the size of v. In particular, there is a constant C' >0 (only
depending on S) such that every v € W() occurs in any word u € W ()
with
[u| > Cv.

Thus, we have a linear growth of these gaps when a word v appears again.
Such subshifts are called linear repetitive. It turns out that linear repetitive
subshifts are even uniquely ergodic. In particular, every subshift Q(S) for
a primitive substitution S is uniquely ergodic. This is, however, not the
content of this lecture.
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There is another way of describing the subshift ©(.S) of a primitive substi-
tution by iterating the substitution on suitable elements on w € A%. Recall
that an element in w € A% can be represented as a two-sided infinite word

w= ...w(=3)w(-2)w(-1)|w0)w(l)w(2) ...

where the bar | indicates the origin. Then a substitution extends to a map
S: A? > A” applied letterwise, namely

Sw)=...8w(-3))S(w(-2)) S(w(-1))|S(w(0)) S(w(1)) S(w(2)) ...
One could show that S is actually continuous (Exercise).

EXAMPLE. Let A:={a,b} and S be the Fibonacci substitution. Let w :=a* €

A%, Then Wtk k+1) = aa holds for all k € Z. Thus, wlg, k1) 4 legal for all
keN as

aa < S3(a) = S*(ab) = S(aba) = abaab.

Then we get

period
SO(w) = ...aaa‘aaa... 1
SH(w) = ...ab ab ab‘ab ab ab... 2
5% (w) = ...aba aba aba‘aba aba aba. . . 3
S3(w) = ...abaab abaab abaab‘abaab abaab abaab. .. 5
54 (w) = ...abaababa abaababa abaababa‘abaababa abaababa abaababa . . . 8

In particular, we notice that

a, n even,

(5"(@)(-1) = {b, n odd,

and so (S” (u)))nGN is not convergent in the product topology of AZ. However,
we can show that S*™(w) and S*"*1(w) are convergent in the product topol-
ogy (Exercise). The key idea is that |S™(c)| — oo for c € A and S*(a) = aba
starts and ends with the letter a while S*(b) = ab ends with the letter b. In
particular, we get two fixed points

pri= lim §7(w) = lim (57(a))™|(5%" ()™
02 ::nh_g)lo 52n+1(w) :7}1_{20 (82n+1(a))°°‘(s2n+1(a))°° _ T}l_)rgo (SZn(b))w‘(SZn(a))oo

where
p1(-1) = a, p2(=1)=b  and  piln, = p2|n,-

Thus, Theorem 4.2 implies that Q(.S) is weakly aperiodic and so it is strongly
aperiodic by Theorem 3.9 and Theorem 4.5 (Q(S) is minimal since S is
primitive. Furthermore, a subshift is strongly aperiodic if it is weakly aperi-
odic and minimal.)
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PROPOSITION 4.6. Let S be a primitive substitution over the alphabet A with
fA>2. Letw e AL be such that wli-1,0y 8 legal. Then any limit point p € AL
of (S”(w))neN is an element of Q(S). In particular,

W(Orb(p)) =W (S) and Q(S) = Orb(p)
holds.

REMARK. We remind the reader that A” is compact and so (S™(w))
always admits a limit point.

neN

PROOF. Let ny € N for k € N be such that (S”k(w))keN converges to
p € A%, Thus, for each m €N, there is a k, € N such that

p|{—m,...,m} = (Snk (w))‘{—m,...,m}
for all k£ > k,;,. Furthermore, we have

S™ (W)t = S (wli-1.01)

where [, := |S™ (w(-1))| and r := [S™ (w(0))|-1. Since Iy — oo and 7} - o0
by the previous proposition, there is no loss in choosing k,, large enough
such that

Plicm,...my < S™ (wl(-1,03)5 k> kp,.
Recall that if v € W(p), then there is an N € Z such that
P|{N,N+1,...,N+|u\—1} =v.
Thus, v < S™k (w| {_170}) follows for all k large enough by the previous con-
siderations. Hence, v is legal since wl(_q gy is legal. Thus, W(p) ¢ W(S)
follows implying p € Q(S). Since ©(S) is minimal by Theorem 4.5, this leads

to Q(S) = Orb(p). Finally, W(O0rb(p)) = W(S) follows as J and Dic(A%)
are homeomorphic by Theorem 3.4. (]

EXERCISE. Let S be a primitive substitution over the finite alphabet A with
§ A>2. Prove the following assertions.

(a) There is a pe A% and k € N such that
P|{—1,0} = Sk(P)\{—l,o}

and pl(_1,0y s legal.
(b) If pe AZ and k € N satisfy Pli-1,0y = Sk(p)|{_170} e W(S), then the
sequence (S™(p))

W= 7}1_)1{.10 S™F(p) € Q(S)

neN S A? converges and its limit point

fulfills S*(w) = w.

Elements w € Q(S) satisfying S*(w) = w for some k € N are called fized points
(sometimes also k-periodic) of the substitution.

In general it is not clear that also the orbit closures Orb(S™(w)) converge
to 2(S) in J. We will provide a sufficient condition next.
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THEOREM 4.7 (Substitutions and approximations for the subshifts). Let S
be a primitive substitution over the alphabet A with § A > 2. Let w € A% be
such that wlg, k1) 18 legal for all k € Z, namely W (w) N A2 c W (S). Then

7%1_)120 Orb(S™(w)) = Q(S5).

REMARK. We refer the reader to [Bec16, BBAN20| for further background
where this result was originally proven.

We have two statements, one that (Orb(S”(w)))nEN is convergent and sec-
ondly that it converges to 2(S). Note however that this does not mean that
S™(w) converges in the product topology on A%, confer the previous example
about the Fibonacci substitution on page 63.

We point out that we know by Theorem 4.3 that every minimal subshift of
AZ is periodically approzimable. In particular, there is an periodic w € A”
satisfying the conditions in the last theorem. Then the theorem tells us
that we can define the periodic approximations recursively by applying the
substitution. This is very important as recursive relations between periodic
approzimations are useful for numerics but also to analyze analytically the
limit point. This is heavily used for the associated operators.

PROOF. Since J and Dic(AY) are homeomorphic by Theorem 3.4, it
suffices to show the convergence of the associated dictionaries. By the notion
of the local pattern topology (see also Corollary 3.6) we have to show that
for each m € N, there is an n,, € N such that

W (5" (w))na™=W(S)na™, n > Ny

Fix m € N. Since S is primitive, Proposition 4.4 (b) asserts that for each
veW(S)na/™, there is an n, € N such that

v<S"(a) forall aeA, n>n,.

Thus, v < S™(w(0)) follows implying v € W(S”(w)) if n > n,. Set

N 1= max{ max  n,, min{leN| |S'(a)| = m for all a ¢ A}}
veW (S)na/™

Note that the maximum over v is finite as &/ is finite. Furthermore, the
minimum exists and is finite since |S'(a)| - oo for each a € A and A is finite.

Then the previous considerations lead to
W(S”(w))n%mQW(S)n%m, n >Ny,
since then n > max,ey (§)n.em Mo-

For the reverse inclusion, let v € W(S”(w)) Nn.o/™ with n > n,,. This means
that there is an N € Z such that

(Sn(w))|{N,N+1,...,N+|v|—1} =v.

Then by the definition of S™: A% - A%, we have
SMW) = o S (w(=2)) SM(w(=1)) | S (w(0)) S (w(1)) ...
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Figure 20. Sketch of the proof for the inclusion W(S™(w)) n
" cW(S)ng™ for all n > n,,.

holds. For n > n,,, we conclude that |S™(w(j)| > m for all j € Z. Thus,
|v| = m yields that there is an j € Z such that

v < S”(w(j)) S"(w(j + 1)) = S”(w|{j7j+1}).
Since w| (j.j+1) 1s legal by assumption, we conclude that v is legal, namely v €
W(S). This proves that W(S"(w)) N cW(S)na™ for all n > ny,. O

We will finish this section by providing periodic approximations for various
subshifts defined by primitive substitutions using the previous result. In
particular, we will provide explicit periodic subshifts €, = Orb(w,) such
that Q, - Q(S5).

Recall that periodic subshifts and subshifts ©(.S) defined by primitive substi-
tutions are uniquely ergodic (Remark “Primitive substitutions define uniquely
ergodic subshifts” after Theorem 4.5). In particular, we have

MY (Qn,Z) = {pn}, neN, and M (Q(S),Z) = {u}.
Since Q,, - 2(S) in J, Theorem 2.19 (see also Sheet 4) implies that p, -~ p
in the vague topology on M! (A%, 7).

We will see later that the convergence of subshifts also yields the convergence
of spectra of associated operator families. This is the content of the next
chapters.

EXAMPLE (Periodic approximations for the Fibonacci substitution). Let
A = {a,b} and consider the Fibonacci substitution S(a) := ab, S(b) = a.
Recall that Q(S) is strongly aperiodic, see example on page 63. The periodic
configuration w = a™ € A% satisfies

W(w) n A% = {aa} c W(S)

as S3(a) = S%(ab) = S(aba) = abaab. Hence, W (wy) — W(S) holds by the
previous Theorem 4.7 where

wp = S"(w) = (S"(a))w, neN.

Moreover w,, is periodic with period bounded by |S™(a)| (which are the Fi-
bonacci numbers). In particular, we have found explicit periodic approxi-
mations of the Fibonacci subshift Q(S). It is worth pointing out that (wy,)
is not convergent in the product topology of A% but it admits a convergent
subsequence, see example on page 63.

EXAMPLE (Periodic approximations for the Thue-Morse substitution). Let
A :={a,b} and consider the Thue-Morse substitution S(a) := ab, S(b) := ba.
We have

5%(a) = S(ab) = abba and S%(b) = S(ba) = baab
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and so aa,ba € W(S). Thus, the limits

pro= lim (57(a))7|(5%"(a))”,
pr = lim (577(0))7|(5*" (@)™

exist by the previous exercise. Furthermore, p1,p2 € Q(S), piln, = p2|n, and

pr(=1) =a+b=pa(-1).
Hence, Q(S) is weakly aperiodic by Theorem 4.2. Since Q(S) is also minimal
by Theorem 4.5, Theorem 3.9 implies that Q(S) is strongly aperiodic.

The periodic configuration w := b>™ € A% satisfies
W(w)n A% = {bb} c W(S)
as S%(a) = S(ab) = abba. Hence,
wy = S"(w) = (S™(0))”,  neN,

are periodic and W (wy,) - W(S) by the previous Theorem 4.7. In particular,
we have found explicit periodic approximations of the Thue-Morse subshift
Q(S). Similarly one can show that w), := (S”(a))oo satisfies

lim W(w!),)=W(S).
n—o00
ExAMPLE (Periodic approximations for the Period Doubling substitution).

Let A :={a,b} and consider the Period Doubling substitution S(a) := ab, S(b) :=
aa. We have

S2(a) = S(ab) = abaa and S2(b) = S(aa) = abab
and aa,ba € W(S). Thus, the limits

p1 = Jg{}o<52n(a))°°|(52n(a))°°,
pr = lim (577(0))7|(5*" (@)™

exist by the previous exercise. Furthermore, p1,p2 € Q(S), piln, = p2|n, and

p1(-1) =a#b=pa(-1).
Hence, Q(.S) is weakly aperiodic by Theorem 4.2. Since Q(.S) is also minimal
by Theorem 4.5, Theorem 3.9 implies that Q(S) is strongly aperiodic.

The periodic configuration w = a™ € A” satisfies
W(w)nA? = {aa} c W(S)
as S(b) = aa. Hence,
wp, = 8"(w) = (S"(a))oo, neN,

are periodic and W (wy,) - W (S) by the previous Theorem 4.7. In particu-
lar, we have found explicit periodic approximations of the Period Doubling
subshift Q(S). Since (S”“(b))Oo =wp, we conclude that

Tim W((S™1(8))7) = W(S).

The Golay-Rudin-Shapiro substitution is left as an exercise.
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REMARK. Not all substitutions lead to weakly/strongly aperiodic subshifts.
Let A:={a,b} and define S: A - A* by
S(a) = aba and S(b) := bab.
Then S is a primitive substitution but
Q(S) = {(ab)*, (ba)*},

which is not aperiodic (but minimal and uniquely ergodic, Exercise).
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5. Spectrum of bounded linear operators

We provide a short summary of basic notions and statements in spectral
theory of self-adjoint operators. Therefore recall what we discussed in Sec-
tion 2.3 “Linear bounded maps”. You can find a more detailed discussion
and all proofs in the Appendix E. With this at hand, we discuss conse-
quences on the convergence of the spectra w.r.t. the Hausdorff metric dg
on C if L(H) is equipped with various topologies.

5.1. Spectrum and resolvent set. Let E be a Banach space. Then
I € L(F) denotes the identity operator on E, namely, Iz := x for x € E.
In the following we will write AB := Ao B for A,B € L(F). An operator
A e L(E) is called invertible if there is a B € L(FE) such that AB=BA=1.
Then B is called the inverse of A that we denote by A™L.

DEFINITION. Let E be a Banach space. For A€ L(F), define the resolvent
set by

p(A) :={zeC|A-zI bijective with continuous inverse}

and its spectrum
o(A):=Cn~ p(A).
The map
Ra:p(A) > L(H), Ra(z):=(A-2D)"",
1s called resolvent.

REMARK. (a) In classical mechanics, the possible results of measurements
are given precisely by the possible values of the observable functions. In quan-
tum mechanics, the spectrum of an operator (i.e., the generalized eigenval-
ues) appears as the possible results of measurements of the associated observ-
ables. This corresponds to the transition from the spectrum in commutative
algebras to the spectrum in non-commutative algebras.

(b) About the term spectrum: In optics, acoustics and harmonic analysis it
is common practice to decompose objects in eigenfunctions (i.e., waves) to
eigenvalues (i.e., frequencies). This is known as the spectral decomposition
or as frequency analysis.

(c) About the term resolvent: For a bounded operator A € L(E) on a Banach
space, one has \ € p(A) if and only if the equation (A-\I)x =y has a unique
solution for all y, i.e., the equation can be uniquely resolved with regard to
x. In light of this we seek to figure out when we can solve such “generalized
equation systems”.

(d) In the lecture ”Functional Analysis” you will get to know the bounded
inverse theorem (also called inverse mapping theorem). This states that ev-
ery bijective A € L(E,F) admits an inverse A1 € L(F, E) which is bounded
where & and F' are some Banach space. Specifically, A: E — F is a sur-
jective continuous linear operator and so the open mapping theorem asserts
that it maps open sets to open sets. Thus (A™Y)"Y(U) is open for U ¢ E
open, namely A~ is continuous. Note that this result is wrong if E is just
a normed space.

(e) With a slight abuse of notation, we will use X := Xl for all A € C.
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EXAMPLE (Operators on a finite-dimensional space). For a matriz A € C"™",
we have

0(A)={AeC|det(A-\) =0} ={eigenvalues of A}.

EXERCISE. Let E = (*(N), k € N and consider the operator Ay, € L(£2(N))
defined by Ay, = X[o,], namely the multiplication operator where xpo 1+ N —
{0,1} is the characteristic function of the interval [0,k]. More precisely, we
have

0, n>k,
(Ax) () = { . wen

Prove that 0(Ay) ={0,1} for all k e N. Note that Ay, is actually a projection,
ie. A% = ApAy = Ay.

PROPOSITION 5.1 (Neumann series). Let E be a Banach space and A € L(E)
with limsup,,_, ., |A™|Y" <1 be given. Then (I - A) is invertible and

(I-A)"'= i A",
n=0

In particular, (I — A) is invertible if | Al < 1.

REMARK. (a) The formula should not come as a surprise. It is well known
that the geometric series y.,51q" equals I—Eq for|g| < 1. As in analysis the
geometric series, the Neumann series plays a crucial role in spectral theory.

(b) If limsup,, ., |A™|'/™ < 1, then (I + A) is also invertible with inverse

(I+A)= i(—A)".
k=0

(c) The identity operator I € L(E) is always invertible. In this sense the
lemma s a stability result.

THEOREM 5.2 (Basic properties of the spectrum). Let A€ L(H). Then the
spectrum o(A) is a compact and non-empty subset of C and the resolvent
Ry is analytic (i.e. it can be locally developed into a norm-convergent power
series). In particular, R is continuous and o(A) € By 4(0) holds.

REMARK. This is indeed a result “over C” and which is not a coincidence:
On R, a corresponding result is already wrong for matrices (e.g. the rotation
on R? has no real eigenvalues). The proof makes extensive use of complex
analysis in the form of Liousville’s theorem. This also does not come as
a surprise. Already for matrices one uses complex analysis, in terms of
Liouville’s theorem or Rousseau’s theorem, to prove the fundamental theorem
of algebra (every mon-constant polynomial with complex coefficients has at
least one complex root) which yields the existence of eigenvalues (in C).

PROPOSITION 5.3 (Transformation and the spectrum). Let E, F' be Banach
spaces, A€ L(E) and U € L(E,F) be such that U is invertible. Then

o(A)=c(UAU™YY and p(A)=p(UAU™).
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PROOF. Clearly o(A) = o(UAU™!) is equivalent to p(A) = p(UAU™Y).
Thus, we will only show p(A) = p(UAU!). First note that A € C is an
element of p(A) if and only if A — X is invertible in L(FE,F'). Since U is
invertible, this is equivalent to U(A-X)U™! is invertible. This can be shown
similarly as in the proofs of Proposition E.1 (Basic properties of invertible
elements). Then the identity

UA-NU=0AU - XU =0AU T -\
finishes the proof. O

EXERCISE. Let E be a Banach space and A € L(E). Prove that if p is a
polynomial with complex coefficients then

o(p(4)) ={p(A)[Aea(A)}.

5.2. Spectral radius. We can say more about the location of the spec-
trum in terms of the operator norm. Using Fekete’s Lemma (Lemma E.7),
the limit

lim [ A™[Y"
n—o0
exists for all A e L(F) where E is a Banach space.

DEFINITION (Spectral radius). Let E be a Banach space and A € L(F).
Then )

r(A):= lim |A"||»
is called the spectral radius of A.

The following theorem of Beurling is remarkable because it connects algebra
and topology. Algebra enters via invertibility in form of the spectrum and
topology enters in form of the spectral radius.

THEOREM 5.4 (Location of Spectrum — Beurling’s Theorem). Let E be a
Banach space and A € L(E). Then,
Al =7(A).
max [l =r(4)
REMARK. The spectral radius r(A) is the smallest number r such that o(A)
is contained in B,(0). Hence, the name spectral radius.

Recall that R4(z) = (A-2)"! denotes the resolvent of an operator A € L(E)
and z € p(A).

PROPOSITION 5.5. Let E be a Banach space, A€ L(E) and z € p(A). Then
- 1
o(Ra(2)) = (o(4) - 2) 1::{E’ )\ea(A)} (a)

and

hold.

ProoOF. We will first show that (a) implies (b): By Beurling’s Theorem
(Theorem 5.4), we have

@)= it
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Furthermore, (o(A) - z)_l is nonempty and compact as o(A) is nonempty
and compact by Theorem 5.2 (Basic properties of the spectrum). Thus,
1 1 ’ 1
= = max
dist(z,0(A)) minye,a)[A=2[ Aeo(A) [N -2

= T‘(RA(Z))

follows using (a).
In order to prove (a), let A € C\ {0}. Then a short computation leads to
Ra(2) = A=Ra(2) ~MA-2)Ra(2) =((1 + A\2)I = XA)Ra(2)
= ((z + %) I- A) ARA(2).

By assumption AR 4(z) is invertible. Using Proposition E.1 (Basic properties

of invertible elements) R4(z) — A is invertible if and only if (z + %) I-Ais
1
20—2

invertible, if and only if zg := 2z + % € p(A). This is equivalent to A =
for some zy € p(A). Hence, \ € p(R4(z)) if and only if \ = ZO%Z for some

20 € p(A). We claim that from this, the desired identity follows. Here are
the details:

o(Ra(2))2(a(A) - 2)71: We will work with the complements of these sets.

Let A ¢ (Ra(2)), then X € p(Ra(2)). Since A # 0, we conclude that A = Z {Z

for some zg € p(A) by the previous considerations. Since p(A) no(A) = @,
we deduce that A ¢ (o(A) - z)_l.

o(Ra(z2)) < (o(A) - z)_l: We will work with the complements of these sets.

Week 7

Let A ¢ (0(A) - z)_l. If A =0, then clearly A ¢ U(RA(Z)) since A-z¢€ L(F)
is the inverse of R4(z). Thus suppose A # 0. Then % ¢ 0(A) - z follows
or equivalently z + % € p(A). Using again the previous considerations, we

derive that A € p(Ra(2)), namely A ¢ o(Ra(2)). O

5.3. Linear bounded operators on Hilbert spaces. We seek to
study a specific class of operators that are called self-adjoint. In order to do
so, a short reminder on Hilbert spaces and inner products is provided.

Let H be vector space over C. A map (-,-) : HxH — C is an inner product if
e it is complex linear (antilinear) in the first and linear in the second
component, namely
Mz +y,z) =Mz, 2) +(y,2), (2, \y+2) = Ma,y) + (2, 2),
hold for all z,y,z € H and A € C,

e it is symmetric, i.e., (x,y) = (y,z) for all x,y € H,
e it is positive-definite, i.e. if x # 0 then (z,z) > 0.

Then (H,(-,-)) is called Hilbert space if (H,]-|) is a Banach space where

|| =/, z).
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EXAMPLE. For d €N, the set H := C* equipped with inner product
d
)= 2 T3y
j=1
defines a (finite dimensional) Hilbert space.

EXAMPLE. Let X be a countable discrete set. Then

(X)) = {w X > C ZXlw(a:)F < oo}

1s a Hilbert space with inner product

0)= 3 b(@)o(x)

reX

and induced norm |2 =/ Xpex [(x)]?. We leave the details as an exer-

cise.

Recall that elements of H' := L(H, C) are called linear bounded functionals,
see Section 2.3 and Appendix D.

THEOREM 5.6 (Riesz-Fréchet representation theorem). Let (H,(-,-)) be a
Hilbert space. Then for every y e H, the map
Fy:H—C, z~(yuz)

defines a continuous linear functional on H with |Fy| = |y|. Furthermore,
the map

H— H'7 Yy Iy,
is complex linear (i.e. Fxgips = NF, + iF,) and bijectiv. In particular, for
every linear bounded functional p on H, there is a unique y € H such that
p=F,.

REMARK. The important statement is the surjectivity, namely that each lin-
ear bounded functional is represented by an Fy.

Using the Riesz-Fréchet representation theorem (previous Theorem 5.6), we
can define the concept of an adjoint operator.

PROPOSITION 5.7 (Adjoint operator). Let H and K be Hilbert spaces and
AeL(H,K). Then there is a unique A* : K — H satisfying

(y7 A‘T)K = (A*,% IL')H
for all x € H and y € K. Furthermore, we have

[A%] = [1A].-

DEFINITION. Let H, K be Hilbert spaces and A € L(H,K). Then we call A*
(defined in the previous proposition) the adjoint operator of A.

PROPOSITION 5.8 (* is an involution). Let H and K be Hilbert spaces, A € C
and A,B e L(H,K). Then the following statements hold.

(a) (A+AB)* = A* + AB*.

(b) (AB)* B A*.

(c) (A7)" =

(d) If I € ﬁ(H) is the identity, then I* =1.



74 CONTENTS

(e) (A*) L= (AYY* if A is invertible.
PROPOSITION 5.9 (C*-property). Let H and K be Hilbert spaces and A €
L(H,K). Then
|AJ? = A A = |AA%|.
REMARK. The previous identity has a great structural impact. If one con-

siders the space L(H) of all continuous linear operators on a Hilbert space,
then

e L(H) is an algebra with norm and an involution *.

e The norm | - | is submultiplicative and L(H) is complete.

e We have |A|? = |A*A| = |AA*].
A normed algebra with these properties is called a C*-algebra and so L(H)
is a C*-algebra. Indeed one can show that every C*-algebra is a subalgebra
of L(H) (where H might be a huge Hilbert sapce) via the GNS-construction.
C™-algebras play a crucial role in physics.

With the notion of adjoint operator at hand, we can define the following.

DEFINITION. Let H be a Hilbert space and A€ L(H). Then

e A is called self-adjoint if A* = A.
o A is called normal if A*A=AA".
e A is called unitary if A* = A7L.

EXAMPLE. Let H := (*(Z) be the Hilbert and m € Z. Define
Lo : C4(Z) > (4(Z), (L) (n) = $(-m +n).
Clearly, L., is a linear operator such that

| Lm®l5 = Y 1 Lmtp(n)P = 3" [o(=m+n)[> = 3 [ (k)* = 3.

nez nez keZ
Thus, Ly, € L((*(Z)) with |Ly,| = 1. A short computation leads to

(¥, Lm¢) = D v(m-m+n)dp(-m+n)

nez
= ), v(m+k)(k)
keZ
= > (L-mt) (k)o(k)
keZ
= <L—m1/)v¢)
Thus, Ly, = L_yp3 follows as the adjoint operator is uniquely determined

by this identity by Proposition 5.7. Furthermore
(LinLy,p)(n) = (L) (=m +n) = p(m=m+n) = (n)

holds and similarly Ly, Lyt = 1. Thus, Ly, is unitary and so it is also
normal.

EXAMPLE. Let
H:=L*(R) = {w ‘R — C|¢ measurable, [R (2| dx < oo}

be the Hilbert space of square integrable functions with inner product

(1, ) = fR S(@)b(z) da.
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Lett:R — C be a continuous bounded function and define T: L*(R) — L*(R)
by
(T) () = t(2)¥(2).
Then T is a linear bounded operator satisfying
[ < ] = supt(a) < o
zeR

Furthermore, a short computation leads to
W) = [ d@H)é() da
[ i@ @)é() da

—

(tv, ).

Hence, T is self-adjoint if and only if t(x) = t(x) for (Lebesgue) almost-every
x € R, or equivalently if t is real-valued for Lebesgue almost-every x € R. It
is elementary to check that T is normal.

Our main focus will lie on self-adjoint bounded operators. Their spectrum
is always contained in the real line.

PROPOSITION 5.10 (Spectrum of self-adjoint operators). Let A € L(H) be
self-adjoint. Then A — zI for each z € C N\ R is bijective and the inverse
(A-2z2I)"Y e L(H) is bounded by ﬁ In particular, c(A) < R.

REMARK. The inclusion o(A) € R allows us in quantum mechanics to in-
terpret the spectrum of a self-adjoint operator as possible measurements.

The reverse of the previous statement is not true in general as can be easily
seen from the example of suitable matrices (Ezercise).

THEOREM 5.11 (Spectral radius and norm for normal elements). Let A €
L(H) be normal. Then,

| A = r(A) =max {|\|| A eco(A)}.

COROLLARY 5.12. Let A e L(H) be self-adjoint. If for some € > 0, there is
an v € H such that |[(A - M| <e|v|, then

o(A)n[A-e, X +e] 2.

PROOF. Assume by contradiction that [A —e, A +¢] € p(A). Then the
previous Theorem 5.11 and Proposition 5.5 lead to

1 1

1B = G o) <=

using that the spectrum is closed. Thus, for all ¢ € H, we conclude

lell = [Ra) (A= X)) | < [RAN)] (A= V)] < %H(A - Mel,

contradicting the assumption that |(A - X\)¥| < el¢| for some v e H. O
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5.4. Approximate eigenfunctions - Weyl’s criterion. We provide
here a characterization of the spectrum and the (essential) spectrum by
approximate eigenfunctions.

Let A € L(H) be linear bounded operator. An element A\ € o0(A) is called
an isolated eigenvalue, if there is a ¢ € H such that Ay = A\ and there is
an € > 0 such that B.(A) no(A) = {\}. Furthermore, an isolated eigenvalue
A€o (A) has finite multiplicity if

{4 € H| A¢ = X}
is finite dimensional. Then the discrete spectrum og4;s.(A) of A is defined by
odgisc(A) = {)\ eC ‘ A is an isolated eigenvalue with finite multiplicity}.
With this at hand, the essential spectrum of A is defined by
Gess(4) = 7(A)  Tyise(A).

Since the discrete spectrum consists only of isolated points in C, the essential
spectrum oss(A) is a compact set. We point out that the essential spectrum
can still contain an isolated eigenvalue A € o(A) but with infinite multiplicity
or a limit point of a sequence of eigenvalues with finite multiplicity. Unlike
o(A), the essential spectrum is stable under compact pertubations. This
theorem is called Weyl’s theorem which is not content of this lecture. We
refer the interested reader to Section 14.2 in the book Introduction to Spectral
Theory: with applications to Schrodinger operators by Hislop and Sigal

THEOREM 5.13 (Weyl’s criterion - spectrum). Let A € L(H) be a self-adjoint
operator on a Hilbert space H. Then the following are equivalent.

(i) Aeo(A).
(ii) There exists a sequence ¥y, € H, n € N, such that |¢y|| =1 and

Tim (A= A)n] = 0.

PrOOF. (ii)=(i): We prove the statement by contraposition. Let A €
p(A), then there is a constant C' > 0 such that

[Ra(M)ell < Cllel

for all ¢ € H. For v € H, set ¢ := (A—\)1. Then the previous considerations
lead to

[l = [Ra(N)e| < CI(A =Ny
Hence, there cannot exist a sequence (), € H satisfying (ii).

(i)=(ii): Let A e o0(A) cR. Thus A — X is not bijective (if A — A would be
bijective, it must be automatically continuous).

If A- X\ is not injective, then ker(A — \) # {0}. Thus, there is an ¢ €

ker(A-A)~{0} with |¢| =1 as ker(A—- ) is a subspace, see Proposition 2.8.
Define 1), := 9 for all n e N. Then |1, ] =1 and (A - A\)¥, = 0 proving (ii).

Suppose A — X is not surjective, namely ran(A — \) # H. Thus, either
ran(A-\) # H or ran(A - \) = H while ran(A - \) # H.
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In the first case ran(A — \) # H, the orthogonal complement ran(A — \)* is
non trivial, see Appendix 3. Then Proposition E.19 implies

{0} #ran(A - \)* =ker(A - \)* =ker(A-\)

as A is self-adjoint and A € R. Thus, we are in the case where A — X is not
injective and so (ii) follows by the previous considerations.

It is left to treat the case where ran(A-\) = H and ran(A—-\) #+ H. We
will show that if (ii) does not hold then ran(A — \) is closed and so

ran(A-A) =ran(A-\) = H,

which would be a contradiction. So assume (ii) does not hold, then there is
a constant C > 0 such that

[(A=Nel2Clel,  peH (*)

Let ¢» € H. Since ran(A—-\) = H, there is a sequence ¢, = (A - X)py,
converging to ¢ in H. By (*), we conclude

lon = @ml < SICA=3) (2 = om)] = 10 = ¥l

Since 1, - ¥, we deduce that (¢p)ney is a Cauchy sequence and we denotes
its limit point by ¢ :=lim, e . Then

Y= lim ¢, = lim (A= X)p, = (A-N)p

as A-\ is a continuous map. Thus, 1 € ran(A-\) follows namely ran(A-\) =
ran(A — \), a contradiction. O

One can even characterize the essential spectrum by approximate eigen-
function that weakly converge to zero. Therefore, recall that a sequence
(¥n)nen € H converges weakly to zero in a Hilbert space H if and only if for
all pe H,

r}l_{rolo<wm @) =0.

THEOREM 5.14 (Weyl’s criterion - essential spectrum). Let A € L(H) be a
self-adjoint operator on a Hilbert space H. Then the following are equivalent.
(i) A€ oess(A).
(ii) There exists a sequence Y, € H, n € N, such that |{n] =1, (¢¥n)neN
converges weakly to zero and

Jim (A=A = 0.

REMARK. We point out that in the previous two theorems the condition
[tn] =1 can always replaced by limy, o |¢y| = 1.

Since we are only using the implication (ii)=(i), we refer to a spectral theory
course for proving (i)=>(ii). The proof is also given in Section 7.2 in the book
Introduction to Spectral Theory: with applications to Schrédinger operators
by Hislop and Sigal.
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PROOF. (ii)=(i): Let ¢, € H, n € N, be such that [i{,] = 1, (¥n)nen
converges weakly to zero and

Jim (A4~ A = 0

By Weyl’s criterion for the spectrum (Theorem 5.13), we conclude that
A eo(A). Assume by contradiction that A € o4;5.(A) and let v1,...,0m € H
be the corresponding normalized eigenfunctions that span the eigenspace
which are pairwise orthogonal. Specifically, we have (p;,¢;) = 0 if i # j.
Furthermore, there is a C' > 0 such that o(A) n Bo(\) = {A}. Define the
eigenprojection Py € L(H) onto the eigenspace of A by

Py = Z(‘Pjﬂﬁ)%
j=1

Then I — P, is also a projection. Let B := A— A|ran([,P)\) be the restriction of
A - X onto the range of I — Py. Then B is injective (otherwise we would
have another eigenfunction for \) and |Bw| > C|v¢| by Corollary 5.12.
The second condition implies that the range of B is closed, confer proof
of Theorem 5.13. Since B is also self-adjoint, Proposition E.19 leads to

ran(B)* = ker(B*) = ker(B) = {0}.
Thus B is also surjective and so B is invertible.

Since (1) converges weakly to zero, we get lim, o [P\t | = 0 (as Py is a
projection on a finite dimensional subspace).

Define ¢, := (I = Py)t, for n € N. Then lim,, oo [¢,] = 1 follows as [, ] = 1
and [P\, | - 0. Furthermore,

[(A=X)¢nl = (1= Pr)(A=N)thn| < |1 = PA[[| (A=A i - O,

where we used that A commutes with the eigenprojection Py. For indeed,
we have for ¢ € H that

AeR

INgE

AP\¢ Z%, YApj <A<p],¢)90 =) (Apj, d)p;

Il
—_

J

44 > (15 A}, = PrAO.

M3 Tz

On the other hand, ¢,, € ran(I — Py) and A — )\ is invertible on ran(I — Py)
implying ||¢,| = 0, a contradiction with [¢,| — 1. O

In light of the previous theorem, a sequence (¥, )neny € H is called a Weyl
sequence or singular sequence (w.r.t. \) if

o |nl =1,

o (1n)nen converges weakly to zero,

e |[(A— X)), | converges to zero if n — oco.
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5.5. Convergence of the spectra. In this section, we study the spec-

tral map
Y:L(H)->K(C), Aw~oc(A).

We address the question on which subsets of £L(H), the spectral map is
continuous. Here we will equip £(H) with various topologies. We have
already seen in Corollary 5.12 that we can localize the spectrum of an A
L(H) using the norm of the resolvent. Recall that the resolvent can be
locally developed into a norm convergent power series 3.,,cn, an(A-29)"" 1,
see Proposition E.3. Here we will prove that already the norms of certain
polynomials p(A) with degree 2 are sufficient to locate the spectrum if the
operator A is self-adjoint.

As we have seen before the spectrum of an A € L(H) is a compact non-empty
subset of C. The set K(C) of compact subsets of C is equipped Hausdorff
metric
o (F, K) := max { supdist(z, K),sup dist(y, F)}
zeF yeK

where dist(z, K) = infyex [« — y|. With this at hand, we can measure the
distance of two spectra and we get:

PROPOSITION 5.15 (Spectrum is norm continuous). Let A,B € L(H) be
normal. Then

dg(o(A),0(B)) < |A-B| < 2max{|A], |B|}.
Proor. This is an exercise. O

Thus the spectral map is continuous if restricted to the normal elements
of L(H) equipped with the operator norm. However, the operator norm
preserves much more spectral properties and we address the question which
is the coarsest topology on the self-adjoint elements of L(H) so that the
spectral map ¥ is continuous. To motivate this, let us consider the following
example.

EXAMPLE. Consider the Hilbert space H := (*(Z) and t : Z — {0,1}. For
k€ Z, define t : Z - {0,1} by

t(n), n#k,
tp(n) =11, n==Fk and t(k) =0,
0, n==k and t(k) = 1.

Let 6y, € (2(Z) be the delta function (i.e. 01(n) =0 if n#k and 6(k) = 1).
Then |0k =1 and

[E=kl 2 1(F=Tr)de ] = [t(k) - tr (k)] = 1.

Thus, the norm distance between t and Ty, is uniformly bounded from below.
Indeed it follows from the previous considerations that any change of the
function t (where only some values are flipped from 0 to 1 or vice versa are
allowed) will be a large change in terms of the operator norm.

On the other hand, we will see later Chapter 8 that there are possible changes
such that the spectra is varying continuously (and even Lipschitz continu-
ously). In particular, for every e >0, there are t : Z — {0,1} and s : Z —
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{0,1} such thatt#s, |[t-3]>1 but

di(o(?),0(3)) <e.

Note that these changes will be in general not just a single flip. Indeed the
Hausdorff topology on the invariant closed subsets of {0, 1}Z becomes crucial.

The following lemma is the key allowing us to treat self-adjoint elements.
Therefore denote by B,(x) = [x — r,x + r] the closed ball of radius r > 0
around z € R in R.

Figure 21. The idea of the proof of Lemma 5.16

LEMMA 5.16. Let A e L(H) be self-adjoint, x € R, m > |A| +|z| and p(z) =
m?2 = 22. Then the following holds.

(a) For r <m, we have
Ip(A-=)| <m®-1* <= B.(z)no(A)=g.

(b) Forr <m, we have

Ip(A = 2)| >m? -

— By(z)no(A)+o.

PrOOF. The two statements are equivalent and only (a) will be proven.
Since A is self-adjoint, its spectrum is contained in the real line. Moreover,
if ¢ is any polynomial, then o(q(A)) = q(c(A)). Thus

p(A-z)=m® = (A-x)?2m® - |A-z|* > m* - (JA| +[z])* > 0

follows for \ € 0(A), or, equivalently, p(u) > m?~|A-z|? > 0 for p e o(A-1x).
Since A is self-adjoint and m > |A| + |z|, Theorem 5.11 (Spectral radius and
norm for normal elements) leads to

A-z)| = su m?-M= su m? - \2.
Ip( S P
€

o(A-x) Aeo(A-z)
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We have
Buo)no(A)=8 — [-rr]no(A-1)=o
> [A|>rforall Aeo(A-2x)
— m?-X<m?-r?forall \eo(A-x)
A2 = 2_ 322 2
— |p(A-2)| /\Ezr%i)fx)m <m® -1

where the last equivalence holds since A is self-adjoint and its spectrum is

compact (supremum is actually a maximum). O
(a) (b)
o(A) o(A—x)
0 EN m —m 0
(e)
P ((A - ."c)2)
; +
(d) (e)
U(f(Afr)z) © U(m27(A7x)2)

I -l

o4

4
0 Im? — (A —2)?||

Figure 22. This figure sketches the idea as how these polynomi-
als control the continuity of any spectral value. (a) The spectrum
o(A) is contained in [-m —|x|,m+|z|]. (b) The spectrum is trans-
lated such that x gets the origin. (c¢) The spectrum is folded at the
new origin by taking the square. This compresses and stretches
the spectrum. (d) Multiplication by -1 reflects the spectrum to

the negative part of the real line. (e) Translate the spectrum by

m? such that it is contained in the positive part of the real line.

Using the fact that [p(A)| = supye,(a) [p(A)] leads to the desired
identity p(z) = |p(A)| where p(2) :=m? - (2 - x).

DEFINITION ((p2)-continuous). Let T' be a topological space, (Hi)ier be a
family of Hilbert spaces and Ay € L(Hy), t € T, be self-adjoint. Then (Ay)ter
is called (p2)-continuous if

Np:T —-[0,00), t+ [p(A)]
is continuous fOT every polynomial p(z,’) = pQZz +p]_Z +p0 ’w’l/th DP2,P1, Do € R

THEOREM 5.17 (Convergence of the spectra for self-adjoint operators). Let
T be a topological space, (Hy)ier be a family of Hilbert spaces and Az €
L(Hy), teT, be self-adjoint. Then the following statements are equivalent.
(i) The operator family (At)ier is (p2)-continuous.
(ii) The spectral map

2T—>]C(]R)7 tHU(At),

s continuous where the compact subsets of R are equipped with the
Hausdorff metric.
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REMARK. We refer the reader to [BB16)] for further background where this
result was originally proven as well as [Becl6] for an extensive discussion.

PROOF. (i) = (ui): Let tg € T. Since (Ay)er is (p2)-continuous,
t — |A¢| is continuous. Thus, there is a neighborhood U of ty such that
supep [ At] < [|Ag || +1. Let F € R be closed and O be a finite family of open
subsets of R such that

0(As) eU(F,0):={c e K(R)|ocnF=2,0n0 + & for all O € O}.

Set m = 2| Ay | +1 and K := F n[—|Agll - 1, A + 1] € R, which is
compact. Then for ¢ € U, we have o(A;) ¢ Bya,, 1+1(0) by Theorem 5.2.
Thus, F'no(A;) =@ holds if and only if K no(A4;) =@.

[[ Aol + 1
——

—

—||A: || =1 .
el 0 o4y, K

Figure 23. The blue lines denote the set K and the green lines
together with the blue lines denotes the set F.

Since K no(Ay) = @ and both sets are compact (closed), there is an
0 < 7(2) < [Ag] for each 2 € K such that B,(,y(z) no(Ay,) = @. Since
B,()(2), z € K, defines an open cover of K (which is compact), there are
21,...,2n € K such that

K c LJl Br(zi) (zz)

and
Br(zz)(zz) ﬂU(AtO) =gfori=1,...,n.
Note that [[A¢, — zil| < | At | + |zi| < m. Thus, the previous Lemma 5.16 (a)
yields
[m? = (Agy = 20)| <m® —r(z)".
The (p2)-continuity implies that there is a neighborhood U; € U of ty such
that
Im? = (Ay = 2:)?|| < m? = (), teU;.
Hence, the previous Lemma 5.16 (a) leads to o(A;) N B,(.,)(2:) = @ for all
t € Uj. Set Up := N}y U; which is an open neighborhood of t (as a finite
intersection of open sets). Then for t € Up, we get

o(A) N K € (B (2) no(A) = 2.

i=1

Since Up € U and supyy; | Ae|| < | A¢, || +1, we derive Fno(A;) =@ for t € Up.
Let O € O. Then let z € 0(Ay,) N O which exists as 0(Ay,) e U(F,O). Thus,
there is an 7(2) > 0 such that B,(.y(z) € O as O is open. Since [2| < [ Ay |,

we conclude || Ay, — 2| < 2| Ay, | € m. Hence, the previous Lemma 5.16 (b)
implies

2
[m? = (g - 2)2] > m? - % o m2 = (z)?
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as z € 0(Ay,). By the (p2)-continuity, there is an open neighborhood Uy ¢ U
of tg such that

[m? = (A; - 2)*| > m? - r(2)?, teUo.
Using the previous Lemma 5.16 (b), we conclude
@ # B.;)(2)no(A) cOno(A)
for all t € Up.

Define V' := UrnNopeo Uo which is an open neighborhood of ¢y (as it is a finite
intersection of such neighborhoods). If t € V', then o(A;) N F =g as t € Up
and for O € O, we have 0(A;) N O =@ as t € Up. Thus, o(A;) e U(F,O) for
t € V proving the continuity of X.

(ii) = (2): We have to show that N, : T~ R, Np(t) := |p(A¢)], is continuous
for each polynomial p. Using the exercise on page 71 and Theorem 5.11
(Spectral radius and norm of normal elements), we conclude

s o(4) > p(a(Ar)) =o(p(Ay))

— {[Al[Aea(p(A))}
o8 sup {|\[| A e o(p(Ar))} = [p(Ar)|

where p: C - C and |-|: C - R are continuous maps. Thus N, is a
composition of continuous maps invoking Sheet 2, and so it is continuous
itself. (]

REMARK. (a) Let |p|1 := |p2| + [p1| + [po| be the one norm of a polynomial
p(2) = paz? + p1z + po. Then a neighborhood base of Ay € L(H) for the
(p2)-topology is given by

Ueni(Ao) = {A e L(H)|[Ilp(Ao)] - Ip(A)|| < € for all p with [p]y < M}

for e >0 and M > 0. The latter theorem says that % s continuous in the
(p2)-topology. Clearly, the operator norm is finer than the (p2)-topology,
while it has no relation with the strong operator topology accept in the finite
dimensional case where the strong and operator norm topology coincide.

(b) It is remarkable that we can control the spectrum of operators living on
different Hilbert spaces.

(c) The results extends to the setting of unitary operators and normal op-
erators while different polynomials need to be considered. Specifically, if all
(A¢)ier are unitary then N, must be continuous for all

p(z) =1+ Ez, Ee’]I‘::{ye(C’|y|:1}.

For normal operators, N, has to be continuous for all polynomials. This is
related to the geometry of the spectra within C. Specifically, unitary operators
U have spectrum o(U) € T.

(d) If one can control the norms quantitatively then we can deduce even
quantitative estimates on the Hausdorff distance of the spectra, see the fol-
lowing section.
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One topology that is often considered on L£(H) is the strong operator topol-
ogy (note that this topology is not second countable in general).

DEFINITION. A sequence (Ap)nen € L(H) converges strongly to A € L(H)
(we write Ay, RN A)if

lim A,z = Ax for all x € H.

n—o00

REMARK. The strong convergence is a pointwise convergence while the op-
erator norm convergence corresponds to a uniform convergence.

PROPOSITION 5.18. Let (Ap)neny € L(H) and A € L(H) be such that || Ay, —
A| - 0. Then A, A follows.
Proor. Let x € H. Then
|Anz — Az| = [|(An - A)z| < | An - A 2]
follows leading to the desired result. U

In general the continuity of operators in the strong operator topology does
not imply convergence of the spectrum as the following example shows

EXAMPLE. Let H := (*(N) and consider the operators Ay, € L(£2(N)), k€N,
defined by Ay = X[o,], namely the multiplication operator where xo ) : N —
{0,1} is the characteristic function of the interval [0, k]. Thus,

0, n>k,

P(n), n<k.

Then o(Ay) = {0,1}, see Sheet 7. Let I € L(£?(N) be the identity operator.
Then for every v € £*(N), we conclude

[(Ax - D) = 3 [(n)P? =50

n>k

(Apyp)(n) = {

as || < oo is square summable. Hence, Ay converges strongly to I. On the

other hand, o(I) = {1} and so
o(1) = (1) & (0.1} = lim o(4,),

Note that Ay, k € N, and I are self-adjoint. However, we have seen that
strong convergence does mot imply the convergence of the spectrum in the
Hausdorff metric d.

The last example has shown that we cannot expect continuity of the spectral
map
L:L(H) »K(C), A~ o(A),
with respect to the strong operator topology. However, we observed an
inclusion of the spectra (“semi-continuity”) in the example. This is similar
as the semi-continuity of the invariant probability measures
limsup M (Y,,,G) c MY(Y,G) if Y,->YeJ,
n—o0
confer Theorem 2.19. In order to prove the semi-continuity of the spectra,
we need the following.
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Let T be a topological space. A function f : 7T — R is called lower semi-
continuous at ty € T if for every r < f(tg), there is a neighborhood U of tg
such that r < f(t) for all t e U.

We denote by N := NuU {co} the one point compactification of N, i.e. each
n € N is isolated and a neighborhood basis of the point co € N is given by

Uk::{teN‘t:ooortzk}, ke N.
LEMMA 5.19. Let H be a Hilbert space and A; € L(H),t €N, be self-adjoint

str

with sup, ey [|An| < 00 and A, — As. Then the map
Np:N=[0,00), Ny(t):= [p(Ar)]
is lower semi-continuous for all polynomials p(2) = paz® + p1z + po with
pi € C.
ProoOF. This is an exercise. U

PROPOSITION 5.20. Let H be a Hilbert space and Ay € L(H),t € N, be self-

str

adjoint with sup,,.y |An| < co. If Ay, — Ao, then

0(As) Climsupo(Ay,) := ﬁ G o(An)

n—0o00 n=1m=n

REMARK. We point out that limsup of these compact sets can be identified
with

s

o(Ap) = {)\ € C| exists A\, € 0(Ay,) with Ay, — )\},

[e o]
N
n=1

Moreover, if (U(An))nEN is convergent in the Hausdorff metric dg, then it

3
Il

n

is straightforward to check that limsup,,_ . 0(A;,) = lim,e 0(A4,) (Exer-
cise). This can be proven similarly as for G-invariant measures, confer

Sheet 4.

PROOF. All operators are self-adjoint and so o(A,) € R. The set

oo

U o(A) cR

is closed and so limsup,,_, ., 0(A4,) is a closed subset of R as the intersection
of closed sets is closed. Thus, A € limsup,,_, ., 0(Ay) if and only if for all
>0,

[A-g,A+¢e]nlimsupo(4,) + @.
Let A € 0(As). We will show that for each € > 0 there is an ng € N such
that (A\—e,A\+¢)no(A,) # @ for all n > ng proving the statement.

By assumption m := 2sup, [ An| < co. Let m >e > 0. Since A € 0( Ao ), we
conclude

[A—%,A+%]OG(ADO)¢®.

Thus || A¢| + |A\| < m holds for all ¢ € T := N. Define the polynomial p(z) :=
m? - z2. Then

2
[p(As = N)| > m? - (%) >m? - g2
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str

follows by Lemma 5.16 (b). Since p is a polynomial up to degree 2 and A,, —
As, Lemma 5.19 implies that ¢ — |p(A; — A)| is lower semi-continuous.
Hence, there is an ng € N such that

Ip(A, = N)|| > m? -2, n > ny.

Applying again Lemma 5.16 (b), we conclude o(A4,)Nn[A-e,A+¢] + @ for
all n > nyg. O

5.6. Holder continuity of the spectra. We will show that quantita-
tive estimates of the norms ¢ — ||p(A4;)| of polynomials up to degree 2 lead
to to quantitative estimates of the Hausdorff distance of the spectra and
vice versa. It turns out that we loose some regularity in one direction.

DEFINITION (Holder-continuous). Let (X,dx) and (Y,dy) be two complete
metric spaces. For a>0, a function f: X —Y is called a-Holder-continuous
if there is a constant Cy(f) >0 such that

dy (f(2), f(y)) < Cu(f)dx(z,y)*,  z,yeX.

A 1-Hélder-continuous function f is also called Lipschitz continuous with

constant Cr, := CL(f) :==Cnu(f) > 0.

Let F be a family of Holder continuous functions f: X — Y with constant
Cy(f). This family F is called uniformly a-Holder-continuous if

sup Cr (f) < oo.
feF

Let (X, dx ) be a complete metric space. Recall that (X)) := { K ¢ X compact}
is equipped with the Hausdorff metric dy defined by

dy(K,F) = max{sup inf dx(x,y), sup inf dx(l',y)} , K, FeK(X).
zeK Yl yeF TeK

LEMMA 5.21. Let (X,dx) and (Y,dy) be two complete metric spaces. Then
the following assertions hold.

(a) If f : X = Y is an a-Hélder-continuous function with constant
CH(f); then
F:K(X)=>K(Y), K f(K),

is a-Holder-continuous with the same constant Cg (f) where K(X)
and K(Y') are equipped with the corresponding Hausdorff metric.

(b) The mazimum max : K(R) - R and the minimum min : IC(R) - R
are Lipschitz continuous function with constant Cp, = 1.

PROOF. (a) As f is continuous, it maps compact sets to compact sets.
Thus, the map [ is well-defined. Let K, F' € K(X). Then the estimate

Inf dy (f(x), f(y)) < Cu(f) Zi/felff;dX(JU, y)*

holds for each x € K. By taking the supremum over x € K and interchanging
the role of K and F the desired result follows.
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(b) Let Fi,Fy € K(R). Then max(F}) exists for j = 1,2 as F}j is bounded.
Without loss of generality, assume that max(F7) < max(Fz). Thus, the
estimate

IN

| max(F>) - max(Fy)| = max min|u - A|

dy(F1, F
ueFy \eF) i (F, F)

follows by using the definition of the Hausdorff metric. The case of the
minimum is similarly treated. U

For M > 0, define
Py(M) = {p:C— C|p(2) = p2z” +p1z + po with po,p1,p2 € R and [p[1 < M}
where |1 := [po| + [p1] + |p2|-

DEFINITION ((p2)-a-Hoélder-continuous). Let (T,d) be a complete metric
space, (Hi)ier be a family of Hilbert spaces and Ay € L(Hy), t € T, be self-
adjoint such that sup,er |A¢| < co. Then (Ai)ier is called (p2)-a-Holder-
continuous if, for all M >0, the family of maps

Np:T —[0,00), ¢ [p(A)],  peP(M),
is uniformly a-Hélder-continuous with constant Ciy = suppep,(ary Cr(Np)-

THEOREM 5.22. Let (T,d) be a complete metric space, (Hy)wer be a fam-
ily of Hilbert spaces and Ay € L(Hy),t € T, be self-adjoint such that m :=
supyer | A < oo.

(a) If (Ap)ter is a (p2)-a-Hélder-continuous field, then the map
Y:T->K(R), tw~ o(A),

is af2-Hélder-continuous with respect to the Hausdorff metric on
IC(R). In this case, the constant Cg (X)) of ¥ is bounded by \/Cypmz+2-
(b) If the map
Y:T - K(R), tro(A),
18 a-Holder-continuous with respect to the Hausdorff metric on
K(R) with Hélder constant Cr(X), then (At)ier is a (p2)-a-Hélder-
continuous family of self-adjoint operators. For M >0, the Holder
constant Cyr of the family of maps
Np:T —[0,00), ¢ [p(A)],  peP(M),

is bounded by (2m + 1)MCg(X)

REMARK. We refer the reader to [BB16] for further background where this
result was originally proven as well as [Becl6] for an extensive discussion.

PRrOOF. (a): Let s,t € T. According to the definition of the Hausdorff
metric, it suffices to show

inf )|)‘_1u| < \/C4m2+2'd(5at)%v )‘EU(AS)a

/LEO'(At

since the case of interchanging s and ¢ can be treated similarly. Since the
left hand side is zero whenever \ € o(A), there is no loss of generality in
supposing that A € (A;) N 0(Az). Then the estimate

self-adjoint * 2
[ (AL = )2 "= (A= N (A= A) ] = A= AP < (JA + M) < 4m?
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follows using Proposition 5.9 (C*-property).
For the polynomial p(z) = 4m? — (z — A)?, the estimate
Ipli = 142\ +4m? =X\ = 4m?+2 - (1-|)\))? < 4m? +2
is derived implying p € Po(4m? +2). The fact that A € 0(As) leads to
[p(AS)] = [4m* = (A =A)*[ = sup [4m?® - (= X)?| = 4m*

peo(As)

using Theorem 5.11 (Spectral radius and norm of normal elements). Since
A ¢ o(As), we conclude

2
Il = sup ol = am - (e - )

pea(Ag) peo(A)

using that | — A? < 4m? for all p e o(Ay).

Consequently, the previous considerations lead to
2

inf A=) = [lp(A)] - [p(A)]] € Cumea-d(s,1)
peo(At)

since p € Py(4m? +2). Hence, the map ¥ is a/2-Hélder-continuous with
Holder constant bounded by +/Clypm2-2-

(b): Since m := sup,p | A¢| is finite, the spectrum o(A;) is contained in the
compact set K :=[-m,m] R for each t € T'.

Let M >0 and consider a polynomial p € Py(M), i.e., p(z) = paz® + p12 + po
with pg, p1,p2 € R satisfying ||p|1 := [po| + [p1| + |p2| < M. Then, for z,y € K,
the estimate

Ip(z) =p(y)| < (Ip1l+Ip2l [z +yl) [x =yl < (2m+1)M |z -y

holds and so p is Lipschitz continuous on K = [-m,m] € R with Lipschitz
constant (2m + 1)M. The absolute value f: R - R, z — |z|, is a Lipschitz
continuous function with Lipschitz constant 1.

Proposition 5.21 applies to p" and ]? as p and f are Lipschitz-continuous
maps. Thus, p and f are Lipschitz continuous as well as max : L(R) - R.
Recall that the norm map T 5t~ |p(A¢)]|| € [0, 00) is represented by

max

T3t o(A) L o(p(Ar) o o (p(A0)] 22 [p(A0)]

Thus, N, is a composition of Lipschitz continuous and a a-Holder continuous
function ¥ implying the estimate

Ip(AD] = Ip(A)| < (2m+ )M -dp (o(As),0(Ar)) < (2m+1)M-C-d(s,1)"
for all s,t € T. Then the supremum
Cwy =sup{Cu(Np) | p e Po(M)}

is bounded by (2m + 1)MC. Consequently, the family of maps T 3 ¢ —
lp(As)| € [0,00), p € Po(M), is uniformly a-Hélder-continuous, namely
(Ap)ter is a (p2)-a-Hoélder-continuous family of operators. O
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Frequencies

Spectrum

Figure 24. The spectrum of the Almost-Mathieu operators. This
picture is taken from the work by [Hof76].

REMARK. In assertion (i), the family of spectra o(A), t € T, only varies
a2-Hélder-continuous and not a-Hélder-continuous. This estimate is op-

timal which can be seen along the following example. For « € [0,1], let
Hy, : (*(Z) - (2(Z) be defined by

(Ha)(n) :=¢(n+1) +p(n-1) + 2 cos (2mna)y(n),

which is a self-adjoint operator with operator norm bounded by 4. This
family of operators is called Harper model or Almost-Mathieu operators (if
the coupling constant is equal to one). It is straight forward to show that
[0,1] > a« » H, is strongly continuous but not norm continuous as |H, —
Hg| = 2. Howewver, it has been proven that

[0,1]>a~ o(H,)

s continuous and even %—Hé'lder continuous [AS85], namely

dy(0(Ha),0(Hg)) < Cla— ]2,

The numerical computations of the spectra for various rational angles is
given in Figure 24 produced originally by D. R. Hofstadter. Based on his
contribution, the picture is also called Hofstatder buttefly. At the same
time the norms are Lipschitz continuous [Bel94]. As it turns out the square
root behavior of the spectra is optimal in this setting as it was observed that
whenever the spectral gaps are closing then the square root behavior was
observed [RB90] and [HS87]. In particular, the square root behavior is
observed at places where the spectral gaps are closing. In view of that result
Theorem 5.22 is optimal.

Let A € L(H) be a self-adjoint bounded operator. Then every connected
component (a,b) of Rxo(A) is called a spectral gap. Thus, a,b € o(A) with

Week 9
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a <bbut (a,b) no(A) = @. Note that there is only a countable number of
gaps (why?).

Recall from the Definition of (p2)-a-Holder continuity (see page 87) that
Cr = suppep, (ary Cu(Np) where Cy(Np) is the Holder constant of the map
N, : T - R, Ny(t) = |[p(A¢)|l, and Po(M) are all polynomials up to degree
2 with real coefficients such that |p[; < M.

PROPOSITION 5.23. Let (T,d) be a complete metric space and (A¢)er be a
(p2)-a-Hdélder-continuous family of bounded self-adjoint operators such that
m = supyer | At < o0.

(a) The supremum and the infimum
T>trsup(o(A))eR, T>trinf(c(Ay)) eR

are a-Holder-continuous with constant Coyi1.
(b) FortyeT and a gap (as,,be,) of 0(Ays,), there exist an open neigh-
borhood Uy of ty and gaps (as,by) of o(Ay) for t € Uy such that the

gaps ((at’bt))ter are a-Hélder-continuous in the sense

3C
max {|as — |, [bs — by|} < 4m2+2| d(s,t)”, s,tely.
to
PROOF. (a): For t € T and A € 0(A;), the inequality m + A > 0 holds.
Then the equations

[m+ A = sup |m+A = m+ sup A,
)\EO’(At) )\EG'(At)

[m—-A¢ = sup |m-A =m- inf A,
Xeo(Ayr) Aea(Ar)

follows by Theorem 5.11 (Spectral radius and norm of normal elements).
Thus,

‘sup (O'(At)) - sup (O’(As))‘ = |||m+ A = ||m + ASM,
inf (o(40)) - inf (5(A2)] = [l Adl = m - A4

follow. These polynomials R 5 z = m + z € R have 1-norm equal to m + 1.
Applying the (p2)-a-Holder-continuity, the desired result is obtained.

f Ky
— I r—
ato th —atg bto
2

Figure 25. The choice of ¢ € R in Proposition 5.23 (b).

(b): Let tg € T and (ay,, by, ) be a gap of o(Ay,), namely
aty, by € 0(Asy) and (aty,by) No(Aygy) = @.
Subdivide the interval (ay,, by, ) into six intervals of equal length
r:= (b, —at,)/6  and set Ci=agy +4r = by, — 2r,

confer Figure 25. The field (A¢)er is (p2)-continuous by assumption and
so X:T - K(R), t » o(A), is continuous, c.f. Theorem 5.17. Thus, there
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exists an open neighborhood Uy of ¢y such that dy(c(A¢), 0(Ay)) <r. By
definition of the Hausdorff metric, we conclude for every t € Uy, that there
are at, by € o(Ay) satisfying

ag < by, las — ag,| < T, |be — by | < 7 and (ag, b)) Nno(A) = @.
Consequently, for ¢ € Uy, the following inequalities hold:
(1) by—c =b—by+by,-c =r <bi—-c <3r,
(2) c-ar =c-a+ag,—az = c—ay > 4r-r =3r.

Thus, c is closer to b; than to a;. Hence, if t € Uy, then

inf = inf (A-¢)?= (b -c)?
ueo((At—c)Z)'u )\ea(At)( ) (t )

Since ¢ € (at,, by, ), we conclude || < | A¢| < m leading to
4m? = (by—c)? = |4m? - (A, - ¢)?|,  teUy.
This implies
1AL = [PCADI] = (b = €)® = (B = €)?] = Ibe = b b + by — 26],
for all s,t € Uy. Furthermore, the 1-norm of the polynomial p(z) = 4m? -
(z - ¢)? is estimated by
Ipli = 1+2|c|+4m?* = = 4m? +2-(1-]¢))? < 4m? +2.
In addition, (1) leads to
bty — au|

3

Combining the previous considerations, we conclude

Ip(A)] - [p(As)]l . 3Cum2+2)
‘bt+b5 —20’ B |bto —at0|

bt + bs — 2¢| > 2r =

|bs - bt| =

d(s,t)*, s,tely.

Changing ¢ into ay, + 2r = by, — 4r yields the same estimate of |as — as| for
s,t¢€ U(). O
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6. Schrodinger operators over dynamical systems

Families of random operators arise in the study of disordered media. More
precisely, one is given a (discrete) group G acting on a compact metric space
X and a family of operators (A;)zcx on £2(G). Here, X represents the set
of “all manifestations” of a fixed kind of disorder on the locally compact
(countable) group G. One has two constraints on a family of operators

(Aac )xEX

e translating the origin of coordinates is equivalent to shifting the
atomic configuration in the background covariance condition

e continuity condition on the operator family, namely x — A, is
strongly continuous, i.e. for all ¢ € £2(G), the norm [(A; — Ay)Y|
is small if z and y are close enough (“changing the configuration
slightly doesn’t change the energy of the function if A is a Hamil-
tonian”)

We will make this more precise while focusing on the discrete model. More
precisely, throughout this section we will only consider a countable discrete
group G. Then

(G) = {w:c»c

> (gl < 00}

geG
is a Hilbert space with inner product defined by
(v, 0) = 2 ¥(9)6(9)-
geG

Then the induced norm by this inner product is given by

[ PREERVACORC /Zélw(g)IQ, ) e 2(G).

The set of finitely supported functions
Ce(G) :={1: G — C| there is a finite K ¢ G s.t. ¥(g) =0 for all g ¢ K}

is dense in £2(G). The group G acts naturally on ¢£2(G) by the left-translation
(shift)

Ly 0(G) > £4(G),  (Lgth)(h):=t(g™"h),
and by the right-translation (shift)

Ry:0*(G) — *(G), (Rg)(h):=1(hg),

LEMMA 6.1. Let G be countable and g,h € G. Then the L, and R, are
unitary operators satisfying

Ly =Ly and Ry = Ry,

| Ll =1 = [ Ryl

Lth = Lgh and Rth = Rgh,

LyRy, = RyLy,

Proor. This is left as an Exercise. O

DEFINITION. Let (X,G) be a dynamical system with G a discrete group. A
family of operators Ax = (Ag)zex with A, € L(E2(QG)) is called
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e covariant (or equivariant), if
Age = LyAyLys
forall ge G and x € X.
e strongly continuous, if for every 1 € £2(G), the map

X - 04G), zw- A

18 continuous.
e bounded, if |A] = [Ax = sup,ey | As] < oo.
If Ax is covariant, strongly continuous and bounded, then we call it an
operator family over the dynamical system (X,G) and define its spectrum
by
o(Ax) = o(4y).

reX
Furthermore, Ax is called self-adjoint whenever A, is self-adjoint for all
relX.

REMARK. (a) We defined the covariance condition by using the left-shift
since we are working always with group actions from the left. If one would
work with right action (right-invariant Haar measure etc.), then one needs
to swap all left actions to right actions and vice versa.

(b) The motivation of studying such families is that a single operator A,
does not admit enough symmetries to analyze it while the whole family is
invariant by the action of G. Furthermore, the covariance encodes that we
like to have a theory independent of the origin and unitary transformation
preserve all spectral properties (see e.g. Proposition 5.3 for the spectrum
as a set). In addition the continuity assumption encodes that the operators
A, continuously depend on the local structure of the configuration x € X.
Summing up, we require that the operator family is compatible with the G-
action and the topology on X.

EXERCISE. Let (X, G) be a topological transitive dynamical systems (namely
there is an x € X with X = Orb(x)). Prove that if a family of operators
Ax = (Az)zex 18 covariant, self-adjoint and strongly continuous, then Ax
is also bounded.

We already know an example of such a self-adjoint operator family over a
dynamical system (A%, Z):

EXAMPLE. Let G = Z, ACR be a finite set and consider for w € A%, the
Schrédinger operator Hy, € E(EQ(Z)) defined by

(Hotp)(n) = p(n—=1) +¢(n+1) + w(n)y(n).
Then V : AZ - R,V (w) = w(0) is a continuous map and w(n) := V(n~lw)
and so (Hy) ez s a self-adjoint operator family over a dynamical system
(.AZ,Z) by Sheet 8. In particular, we can represent the operator H,, by

Hy=Ri+R.+V(w)
where (V(w))(n) = V(n tw)p(n) is a multiplication operator.

The term Ry + R_1 is usually interpreted as a discrete version of a Lapla-
cian. It is not difficult to see that for general w € A% (aperiodic), the operator
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R, meZ, and V(w) do not commute, namely R,V (w) # V(w)R,,. On
the other hand, the spectrum of R; + R_1 can be easily computed by the
discrete Fourier transform (you have seen this in the continuous case and
we will discuss that in the upcoming chapter). Also we have o(V(w)) =
{V(p)|pe Orb(w)} (Exercise). However, since both operators do not com-
mute, the spectral properties of H,, can be very wild. Compare for instance
Figure 5 where A = {0,1} and wq = X[1-a,1)(n mod 1) or the Kohmoto
butterfly in Figure 5.

REMARK. We refer to the first term usually to the “kinetic term” and the
multiplication operator V to the potential term. If one deals with higher
orders of interaction (further sumands of the type R,, + R_.,), then these
interaction terms can be also weighted (even depending on the underlying
space), see below. It is even possible to pass to infinite interaction terms
but then the interaction must decay so that we still have a bounded linear
operator.

If one considers such an operator family over a dynamical system, then
it is natural to find relations between dynamical properties of (X,G) and
spectral properties of (A;)zcx. For instance one raises questions such as

e Is the spectrum o(A,) independent of x € X7

e If we don’t have constancy of the spectrum, when can we have a.e.
constancy w.r.t. to some pe MY(X,G)?

e Are the spectral types (such as discrete, absolutely continuous and
singular continuous part of the spectrum) of o(H,) are constant
(almost everywhere)? (The reader is referred to a course on Spec-
tral theory for these terminologies. We will not discuss them here.)

e How does the spectrum changes if we change the underlying dy-
namics?

We will mainly focus on the first and last question.

PROPOSITION 6.2. Let (X,G) be a dynamical system and Ax = (Az)zex be
a self-adjoint operator family over (X, Q).
(a) The spectrum o(Ax) is a compact, non-empty subset of R. In
particular, c(Ax) € EHAH(O) holds where |A| := |Ax]|.
(b) If X = Orb(z) for some x € X (i.e. X is topological transitive),
then o(Hx) = o(Hy).

PROOF. (a) Let z € X. By Theorem 5.2, we know that o(A;) is a
compact, non-empty subset of R. Thus, o(Ax) is automatically non-empty
and a closed subset of R. Furthermore, Theorem 5.2 asserts that

o(Ax) = U o(As) € U By, (0) € B)4(0).
xeX xeX

Thus, 0(Ax) is compact as a closed subset of the compact ball EH 4)(0).

(b) This is left as an exercise. O

6.1. Hamiltonians. We will introduce in this section a specific class of
operator families over a dynamical system that we call Hamiltonians. Fur-
thermore, we provide another characterization of when a dynamical system
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is minimal by a corresponding property of the spectra of operator families

over this dynamical systems.

LEMMA 6.3. Let (X,G) be a dynamical system and G be a discrete group.
For a continuous t: X — C, the maps

() : 2(G) » (@), (Ha)w)(g) =t(g ' x)(g),  zeX,
are bounded linear operators on (*(G) with

sup [#(2)| < [[t] 0 := sup [t(2)].
xeX zreX

Furthermore, the adjoint operator t(z)* € L(H) satisfies
(Hz)¥)(9) = (g~ 2)v(g)-

and the operator family (1(x))zex is strongly continuous, covariant and
bounded.

REMARK. Fort: X — C, the map f: G — C defined by f(g) = t(g 'x) is
continuous and so T(x) is a multiplication operator for each x € X.

PROOF. 7 is bounded and linear: The linearity of #(x) is trivial. For the
boundedness, we observe

[Ta)el3 = 3 ltla™ a)® [(9) < thZ 3 [(9)l = 1% w3

geG geG

proving sup,cy [£(z)] < |#]ls. This also proves that (?(1:))%)( is a bounded
family of operators as |t]|e < o0 holds always (¢ is a continuous function on
a compact space).

adjoint operator: For the adjoint operator, we get

(0,8 (@)"6) = [{2),0) = 3. tlg 2)b(9)6(9) = Y, ¥(9) (Hg"2)e(9))

9eG geG
for all ¢, ¢ € £2(G) proving the identity for the adjoint operator.
strongly continuous: For the strong continuity, take first ¢ € C.(G). Then

| (#2) - Fw) ), = \/ S lt(g 1) - t(g y)? [ (g)

geG

Since tog™': X - C is continuous (as composition of continuous functions)
for each g € G and the sum is finite (as ¢ has finite support), we conclude
that

lim || (F(z) = #(y))¥]2 =0
whenever ¢ € C.(G). Now it is left to show the latter identity extends to
P e 2(Q).

We will show that for each v € £2(G), € X and all € > 0, there is an open
neighborhood U of z such that [[(#(x) — #(y))|2 < € for all y € U. Let
Y € ?(G) and € > 0. Then there is an ¢ € C.(G) such that

9
[ = ¢la < oo
3[[t] o
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as C.(G) € £%(@) is dense. By the previous considerations, there is a neigh-
borhood U of = such that if y € U, then |(#(z) - #(y))¢|2 < 5. Hence, the
triangle inequality yields

| ) -F)e], < |(@ @) -Tw))o), + |(Hz) ~Ty)) (v - )],
< o+ ([T + [Tl -6
< S t2tfe [ -la<e

3

proving that (?(JU))xe  1s strongly continuous.
covariant: Let g€ G and x € X. Then
(Hgx)p)(h) = t((g7 h) ") (Lg19) (g h)
= (W2)Ly1v)(g™'h)
= (Lgt(z)Ly19)(h)

holds for all h € G and 1 € £2(G). This shows that the operator family
(f(x))mx is covariant. O

In the following, we denote by d : G x G — [0,00) a left-invariant metric
on our countable group that always exists. If, for instance, G = Z¢, then

d(g,h) =/ 1g; - hy|? for g, h e Z4.
The previous example (see also Sheet 8) about Schrodinger operators on
(%(7Z) leads to the following definitions.

DEFINITION (Hamiltonian). Let (X,G) be a dynamical system, R ¢ G be

finite and tp : X - C,h € R, are continuous. Then the family of operators
Hx := (Hy)zex defined by
Hyi= Y (B (2) B + RyoTa(2)”) (1)
heR
is called a Hamiltonian over (X, G) with finite range R. Furthermore,

d(e,h)?
IHxls=2 3 ey /1+ D00
heR

is called the Schur norm of Hx .

REMARK. (a) Note that the 2 in the Schur norm comes from the fact that
we have two summands t,(z)Ry, + Ry-1tn(x)*.  This norm measures the
polynomial decay of the off-diagonal terms. Instead of choosing the term

1+ d(%}b)? one could also take d(e,h) which is qualitatively behaving sim-
ilarly at infinity. However, the first term is more convenient as it is greater
or equal than one and so |Hx | < |H|s can be derived (see below). Further-
more, note that the Schur norm mainly plays a role when R is infinite, a
case that we will discuss only shortly at the end.

PROPOSITION 6.4 (Basic properties of a Hamiltonian). Let (X, G) be a dy-
namical system where G is a countable group. If Hx is a Hamiltonian over
(X,@G), then Hx is a self-adjoint operator family over (X, G) satisfying

[Hx| < | Hx|s < oo.



98 CONTENTS

PROOF. Since (AB)* = B*A*, it is elementary to see H) = H, for
all x € X, namely Hx is self-adjoint. Since (fh(x))mex is strongly con-
tinuous, and the finite sum strongly continuous operator families is again
strongly continuous (Exercise, use triangle inequality), we conclude that
Hx is strongly continuous as R is finite.

Recall that ((2))zex and (£(2)*)zex are covariant by the previous Lemma 6.3.
Furthermore, L, Ry = RyLy, holds for all g, h € G, see Lemma 6.1. Thus,

ng = Z (%\}L(QSU)Rh+Rh—1?h(g$)*)
heR

> (Lgtn(@) L1 Ry + Ry-1 Lyt (2)* L)
heR

L, ( > (Th(z) Ry + Rh_@(x)*)) L

heR
LgH L,

follows proving that Hx is covariant. A short computation leads to

[Hx| < > ([Tn(@) Rl + | Rp-17n(92)*])
heR
< 3 (@) | Rull + IRy [0 (92) )
heR
< 2% Jtnle
heR

as |Rp| = 1. The latter term is estimated from above by the Schur norm
1

| Hx|s since (1 + W)i > 1. Furthermore, |Hx| s is finite as a finite sum

over finite summands using that |¢}]|e < oo for all h € R (¢ is a continuous
map on a compact space). O

We note that the Hamiltonians are a generalized version of a Schrédinger
operator and this terminology is not standard in the literature. If G = Z
and R = {0,1}, then such Hamiltonians are also called Jacobi operators.
The terminology Hamiltonian comes from Quantum mechanics. Specifically,
recall that the Hamilton function in classical mechanics represents the total
energy of a system while its analog in Quantum mechanics is an operator
representing the total energy of the quantum system.

THEOREM 6.5 (Characterization of minimality). Let (X, G) be a dynamical
system. Then the following assertions are equivalent
(i) (X,G) is minimal.
(ii) For all continuous V : X — R, the self-adjoint operator family
(V(az))xex over the dynamical system (X,G) satisfies

o(V(z))=a(V(y)) for all x,y € X.

(iii) For every self-adjoint operator family Ax = (Az)zex over (X, Q),
we have
0(Az) = 0(A4y)
forall x,ye X.
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PROOF. (i)=(iii): Let z,y ¢ X and Ax be a self-adjoint operator family
over (X,G). If (X, @) is minimal, then Orb(xz) = X = Orb(y) follows. Thus,
the Proposition 6.2 leads to

0(Az) = 0(Ax) = 0(Ay).
(iii)=-(ii): This is trivial as (V(m))xex is an operator family over (X, G) by
Lemma 6.3.

(ii)=(i): Assume by contradiction that (X, ) is not minimal. Thus there
are x,y € X such that y ¢ Orb(z). Thus, the Lemma of Urysohn (Lemma A.7)
implies that there is a continuous V : X — [0,1] such that V(y) = 1 and
V(z) =0 for all z € Orb(x). Then

(V(2)$)(9) =V (g 2)v(g) =0

for all g € G, 1 € £3(G). Hence, V(z) = 0 follows and so U(V(x)) = {0}
(why?).

On the other hand,

(v(y)ée)(e) = V(y)5e(e) =1
holds implying |V (y)| > 1. The spectral radius of V(y) satisfies r(V (y)) =
IV ()| > 1 by Theorem 5.11 (Spectral radius and norm of normal operators)

as V(y) is self-adjoint. Thus, Beurling’s Theorem 5.4 implies that there is
an A e o(V(y)) such that

Al = T(V(y)) > 0.
Due to (ii), we have

{0} = 0(17(1‘)) = U(V(y)) 3A#0,
a contradiction. O

With this at hand, Weyl’s criterion for the essential spectrum yields that
for minimal dynamical systems, we have pure essential spectrum for any
operator family over (X, G).

COROLLARY 6.6 (Minimal systems give rise to essential spectrum). Let
(X,G) be a minimal dynamical system and Ax = (Az)zex be a self-adjoint
operator family over (X,G). Then

U(AX) = U(Am) = Uess(Ax)
forall x e X.

PROOF. Due to Theorem 6.5, we have o(Ax) = 0(A,) for all z € X as
(X,G) is minimal. Let x € X and Ax = (Az)zex be a self-adjoint oper-
ator family over (X,G). By definition of the essential spectrum, we have
Oess(Az) € 0(A). Thus, it suffices to show o(A;) € 0ess(Az). Therefore,
let A eo(A,) be fixed.

We say a sequence (gp)nen € G escapes to infinity if for all compact K € G,
there is an nx € N such that g, ¢ K for all n > ng. Since (X, G) is minimal,

Week 10
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there is a sequence (g )neny € G escaping to infinity such that limy, e gnx =
(Exercise).

Since A € 0(Ag), Weyl’s criterion for the spectrum (Theorem 5.13) im-
plies that there is a sequence 1, € £2(G), m € N, such that [1,,|| = 1 and
limy, o0 | (Az = A | = 0. Without loss of generality, suppose

1
(A= Nl € -0 meN.

Using the covariance of Ax, we get
(Agne = \om = (Lg, AuLyt = ALg, Ly-1)¥m = Ly, ((Ag = A Ly19m )
implying

[CAgue =Ml = |, ((Az = M) Lgrtom)) | = [ (A = N Lgiathn) |
where we used that L, is unitary and so preserves the norm.

. . . t
Since (Az)zex is strongly continuous, we conclude that Ay, » = A,. Thus,

for each m € N, there is an N,, € N such that
1
m

Let K, € G be compact for m € N such that K,, ¢ K,,+1 and Upeny K = G,
which always exists (why?). Since ¥, € £2(G), there is an F},, € G compact
such that [1hm () < L for all g € G\ Fy,. Since additionally (gn)ney escapes
to infinity, there is for each m € N an L,, € N such that

1
‘(Lg;llq,[}m,ég)‘ < E, g € Km, n 2 Lm

With this at hand, define n(m) := max{L,,, N;,} and ¢, = Lg_% )d}m for

m € N. We claim that (¢m,)men is a Weyl sequence w.r.t. A € R of A,. For
indeed,

H(A:L‘ - A)Som“ = H(Agn(m)x - )‘)@Z)mH S”(Agn(m)x - Ax)¢m|| + H(Ax - A)wm “
SE 220
m

follows as n(m) > N,,. Furthermore,

P A Y T S

holds as Lg_% ) is unitary and so preserves the norm. Finally,

1

IN

[{¢m. dg)| = <Lg;%m)¢m759>

holds for all g € K,,. Since K, € K1 and Upeny Ko = G, the latter yields
that (¢m)men converges weakly to zero (the functions d4, g € G, are an
orthonormal base in £2(G)). Thus, (©m)men is a Weyl sequence w.r.t. A e R
of A, and so A € ges5(Az) by Weyl’s criterion for the essential spectrum
(Theorem 5.14). Hence, 0(Ay) € 0ess(Az) € 0(A,) is proven implying the
desired result. O
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REMARK. (a) As we discussed before, the dynamical system associated with
a solid is minimal if the solid has no impurities/defects (each pattern appears
with bounded gaps). So impurities are connected with isolated eigenvalues
with finite multiplicity.

(b) We have seen that the essential spectrum is “located at infinity”.

(¢) There are self-adjoint operator families over a dynamical system (X, G)
that have purely essential spectrum but (X, G) is not minimal. For instance,
let (X,Z) be a dynamical system. Then A := Ry + R_1 is self-adjoint and its
spectrum equals to [-2,2], see the subsequent chapter. Clearly there is no
isolated element in the spectrum and so o0g4isc(H,) = @. On the other hand,
(X,Z) does not need to be minimal at all.
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7. Spectral theory of periodic Hamiltonians

In this chapter, we will get to know some basic tools to treat periodic Hamil-

tonians over (X, Z%).

Consider the sphere (one-dimensional torus) T := [0,27) equipped with
dz

the normalized Lebesgue measure 5= on the Borel-o-algebra of T. Then

L? (T, g—fr) is the Hilbert space of square integrable measurable functions
f:T - C. We know that an orthonormal base L> (T, g—i) is given by the
functions f,, n € Z defined by
fa(z) = €M7, xeT.
Let us first consider the discrete Laplace operator on ¢2(Z). As it turns out,
we can use the Fourier transform to compute its spectrum.
PROPOSITION 7.1. Let A : (2(Z) — (*(Z) be the discrete Laplacian defined
by
(Ap)(n) :=p(n+1)+p(n-1), pel*(Z), nel.
Then o(A) =[-2,2] holds.
PROOF. Let ¢ € (*(Z) and define ¢y € L (T, 22) by ¢n (z) := S0y p(n)e™?
for n e Z. For M > N, we have

(KN ¢M“§ :A2W( Z (p(n)emz)( Z (,D(k)eikx) ;l_i

N<|n|<M N<|k|<M

27 .
= > ek [ et
N<n||k|l<M 0 i
= > o)
N<|n|<M
since
2r
/ ez(k’—n)w d_.CE _ 0, k+mn,
0 27 1, k=n.
holds and so (¢n)ney is a Cauchy-sequence in L2 (T, g—fr) With this at

hand, define the discrete Fourier transformation F : ¢2(Z) - L* (T, g—jf) by

N .
(Fe)(z) = lim _E_:Nw(n)em

where the limit is taken in L? (']I‘, g—jﬁ) The limit exists by the previous
considerations.

Let ¢,1 € C.(Z), then

e AQW(Z s 3

nez keZ
- 2. dx
_ i(k-n)z Y
= 3 Bt et
= %@(n)ﬁ)(n)

=(p, ¥).
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Since C.(Z) < £?(Z) is dense, we conclude (Fop, Fip) = (p,1) for all p,1 €
(?(Z). Moreover, we claim that F has dense image in L? (T, g—fr), which can
be proved as follows. Let f e L2 (’]I‘, g—fr) be such that (f, Fe) = 0 for all
v € C.(Z). Hence,

2T . 2r .
0=(f.Fb) = [ F@) X sm(me S = [T < (6

nez

for all m € Z. Since {x ~ e |m e Z} ¢ L* (T, g—ﬁ) is an orthonormal basis,
we conclude f =0.
This proves that F : ¢3(Z) —» L* (’]I‘, g—;’i) is unitary, namely F* = F~1. Note
that F~: L* (T, g—;’i) - (?(Z) is given by
2 . d d
Fim = [ @ fer? (T ) ez
0 27 2
For ¢ € *(7Z), we get

(FAp)(z) = 3 (Ap)(n)e™

nez
= 2 einx(np(n +1)+¢(n- 1))
nez
_ Z ei(m—l)xso(m) " Z ei(k+1):c<p(k,)
meZ keZ
_ Z sO(R)(ei(n—l)z n ei(n+1)m)
nez

by substituting m =n+1 and k=n - 1. Since
eix + e—ix

2

ez(n—l)x i 6z(n-+—1)m — 9eine = 2 COS(QL’),

we conclude

(FAp)(x) =2cos(x) Z ©(n)e™ = 2cos(x)(F)(x).

nez

Hence, FAF ™ : L? (’]T, g—fr) - L? (T, g—j“;) is a multiplication operator

(FAF'f) = (2cos(2)) f(z).

We know that the spectrum of a multiplication operator on L2 (T, g—fr) is
given by the closure of the image of the function. In our case, we conclude

o(A) =o(FAF) ={2cos(z) |z € [0,27]} = [-2,2]
invoking Proposition 5.3. (]

We note that the property L,AL_4 = A holds for all g ¢ Z% which is crucial
here. The aim is to extend this result to operators that satisfy LyAL_,= A
for g € H with H being a subgroup of Z¢ large enough. Specifically, we will
show this for Hamiltonians over periodic dynamical systems as they admit
such symmetries due to the periodicity of the underlying dynamical system.

Proposition 3.8 asserts that an w ¢ AZ" s periodic if only if there is an
N eNp and a p € A9~V such that w = wp = p> where

Qn={9:="(91,-..,94) €Z%g; >0 and g; < N} = [0, N +1)* n Z°.
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Recall the notation

(N+1)-Z¢={(N+1)-g1,. ... (N +1)-9)| (g1, - - -, 9a) € 2},
which will play the role of the subgroup H, mentioned before. Then, for all
ge (N +1)-Z9, we have

gw = w.
With this at hand, any corresponding Hamiltonian H = (H,),cn with €2 :=

Orb(w) has a large symmetry group using the covariance. Specifically, we
have

LyH,L_g=Hy=H,  geN-Z°
As for the Laplace operator on £2(Z), this will help us to study the spectrum
of H,.

Throughout this chapter, we focus on symbolic dynamical systems over a
finite alphabet A and a periodic configuration w € A2

REMARK. As the previous discussion indicates, we will restrict our consid-
erations only to the group G = 7¢ (equipped with addition). In order to avoid
confusions with the multiplication (like (N +1)-g), we will always write the
group multiplication by ‘+’. This is the case for the whole Chapter 7 as well
as the following Chapter 8.

7.1. Discrete Fourier transform. We like to use also the Fourier
transform to compute the spectrum for Hamiltonians Hq associated with
periodic dynamical systems (2, Z%).

Therefore, consider the d-dimensional torus T¢ := [0,27r)d equipped with
the normalized Lebesgue measure (;lTx)d on the Borel-o-algebra of T¢. Then

L? (’]I‘d, (z‘f)d) is the Hilbert space of square integrable functions f : T¢ - C.

We know that an orthonormal base L? (’]I‘d, (;if_”)d) is given by the functions
fn, n € Z% defined by

fo () = ™7, zeT
where
d
Ty = Z ZYj, T,y € RY.
j=1
Specifically, we have
(fﬁaf%z)zzénnn

and (f, f,) = 0 for all n e Z¢ if and only if f = 0.

In addition, we need the direct sum of Hilbert spaces. Therefore, let H1,...,Hy
be Hilbert spaces with inner product (-,-) and induced norm | - ||x. Then

M M M
@Hk::{he [1Hx Z||thi<oo}
=1

k=1 k=1

gets a Hilbert space if equipped with the inner product

M
(hy )= 3 (hies fidw

k=

—_
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We will only consider the case where M :=§ Q3 and

dx
— . . 7d 2 d
Hy:=H:=Lin{f,|ne(N+1)-Z} cL (T ,(%)d)
for some fixed N € Ny, namely where the Hilbert space is independent of k.
Then we will use the notation

= @ Lin{fy|ne(N+1) -2}

keQy

REMARK. We note that the d-dimensional torus T% can be identified with
the quotient RY/Z4 and similarly, the quotient RY/(N + 1) -Z% is identified
with T4 = [0, (N +1)27)? for N € Ng. Then the Hilbert space

Lin{f,|ne (N +1)-2} c L*(T¢,

(2 )d

is isomorphic to the L?-space L2(’]1‘§iv) = L2(’]I‘§lv, ((Ni%) by

U:Lin{fn‘ne(N+1)-Zd}—>L2(T(]iv),(Ufn)($) = fn ().

It is straight forward to check that the Uf, for n € (N +1)-Z% are an
orthonormal base for L*(T%) and that |U fu| = | fa] = 1 (Ezercise).

PROPOSITION 7.2. Let N € Ng. Then the map Fy : Co(Z%) - H(N) defined
by

(Fvedi(z)= 3 plk+n)e™,  keQy,
ne(N+1)-Z4

satisfies (Fne, FNY) = (@, ). Furthermore, it extends uniquely to surjec-
tive isometry F : £2(Z4) - H(N).

PRrOOF. In order to simplify the notation, set F := Fy. It is immediate
that F is linear on C.(Z%). Let ¢, € C.(Z%). Then a short computation
leads to

e =3 > [ F@E 5
’Lml? dx
_ke%k nvme(%l).zf(mn)@z)(mm)f & i
Since

i im.x dx _
/1;d8 e (2 )d (fnyfm)— n,m
and

z'= | n+Qx.

ne(N+1)-Z4
we conclude

(Fo, Foy="> Y olk+n)p(k+n)= Y p(m)p(m)=(p, ¥).

keQ} ne(N+1)-z4 meZ?
This implies that F is an isometry as

|Fel = V(Fo, Fo) = V{0, 0) = | ol2
holds for all o € C.(Z%).
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Now we show that F is also surjective. Let f € H(N) and m € Z%. Then
there is a unique M,, € (N +1) 7% and k,, € Qy such that m = M, + kp,
holds. A short computation leads to

o —in.x dx
0=(f,Fom) :keZQ:}fV /(; fi(z) (ne(NZJr:l).Zd O My +hen (K + ) ) (2m)d
_ 2 iMy,.x dx
- 0 fk'm (56)6 (27T)d
=(froms fM )

Since this identity holds for all m € Z%, we get f, = 0 for all k € Qy and so
f=0. Here we use that {fy},c(y41)z¢ defines an orthonormal basis for the

Hilbert space Lin {f, |n € (N +1)-Z7}.

Thus, the image F(C.(Z%)) € H(N) is dense while |Fp|2 = |¢|2. Thus, F
can be uniquely extended to £2(Z%) (by denseness of C.(Z%) ¢ £2(Z?)) such

that F maps onto H(N). O
REMARK. (a) We point out that Fy': H(N) — €2(Z%) is given by
; dx
—1 _ —iMp,.x d
PR F)m) = [ Jon @Mt G eHN) m e,

where kp, € QN and My, € (N +1)- Z% are the unique elements satisfying
m = M, + kn,.

(b) Furthermore, we remark that the Hilbert space H(N) can be identified

with the Hilbert space
/@ cM dx
T4, ((N +1)2m)d

with M := § Q}, which is called the direct integral. This notion can be seen
as a generalization of a direct sum, which is a special case of a direct integral
over a counting measure. We refer the reader to [RST8, Chapter XIII.16]
or [KR97, Chapter 14] for further background. This is in particular useful
for the continuous model.

(c) The (scaled) d-dimensional torus [0, (N +1)27)% is often called the Bril-
louin zone in solid state physics for periodic media. It is nothing but the
Pontryagin dual group of Z¢ (or in our case of (N +1)-Z9).

(d) We point out that the concept of Pontryagin duality is only defined for
locally compact abelian groups. It is not clear as how to treat periodic Hamil-
tonians on a non-abelian group. One possible analog of the dual group and
its characters fy is the so-called Gelfand pair and spherical functions.

7.2. Spectrum of periodic Hamiltonians. Throughout this section,
we have a finite alphabet A and a periodic configuration w € AP Invoking
Proposition 3.8, there is an NV e Ny and a p € A®N such that w = wp =p~.

LEMMA 7.3. Let M € L(H(N)) be a linear bounded operator defined by
(Mf)(z) = M(x)f(z),  feH(N), zeTy,
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where M (x) € ﬁ(@geQ;\, (C) is a hermitian (self-adjoint) matriz such that

’]1“]1\, >z~ M(x) is continuous in the operator norm. Then M is self-adjoint,
the eigenvalues of M (x) depend continuously on x and

o(M) = U o(M(z)).

zeTd

REMARK. We point out that the continuity of T?V 5x — M(x) in the op-
erator norm s equivalent to the continuity of each coefficient of the matriz

PRrROOF. This is an exercise (Sheet 10). One of the inclusion of the
spectrum relies on Weyl’s criterion for the spectrum (Theorem 5.13). O

Recall that a Hamiltonian H over a dynamical system (AZd,Zd) is defined
by

Hy =Y (th(w)Rp + R_ptp(w)*), we A,
heR

where R ¢ Z% is finite and t, : AZ' C,h € R, are continuous.

For any periodic element w), := p™ € AZd, we will show that there is an

Alwp,) e £ ( D L2(T‘fv))

keQ¥,
such that

o x> A(wp,x) is continuous,
o FnH,, = A(wp, ) Fye for all ¢ e (2(Z%).

THEOREM 7.4. Let (Hy)  4z¢ be a Hamiltonian over (AZ 72) with finite
range R € Z¢ and t;, : AZ' C,h € R, be continuous. Let wy, = p™ € AZ" be
some periodic element for pe AN and Q, = Orb(w,).

Then there is a self-adjoint M x M-matriz A(wy, ) for each x € TS with
M =4 Q) such that

o(Hg,)=0(H,,)= U U(A(wp,a:)).

d
xeTq,

ProOF. The first equation follows from €, = Orb(w,) and Proposi-
tion 6.2. We seek to show that the coefficients (k,l) of the matrix A(wp,x)
defined by

(O, FHu, F ') (z), T},

satisfy that = — A(wp,x) is continuous in the operator norm.

Let F := Fy : 2(Z%) - H(N) be the isomorphism defined in Proposition 7.2.
Since F is unitary ((Fv, Fe) = (¢, ¢)) and H,, is self-adjoint, we conclude
(FHu,,F ') =(F ') H; F* = FH,,F

and so A(wp,x) is automatically self-adjoint. Since F is an isomorphism,
we get
0(Hy,) = 0(FH,, F ') =o(A(wp,"))
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by 5.3. Then the second equation o(H,,) = Ugere, J(A(wp,:c)) follows by
the previous Lemma 7.3.

First note that for each h €e RU-R and k € @}, there are unique M (k,h) €
(N +1)-2¢ and n(k,h) € Q} such that

k+h=M(,R)+n(k,h).

Let ke Q) and h e RU-R. Then a short computation leads to

(F Rpo)e(z) = > (Rpp)(n+k)e™™
ne(N+1)-Z4

= Y  on+k+h)e
ne(N+1)-Z4
_ Z g0(n + M(k‘, h) n TL(]{, h))ei(n+M(k,h)).xe—iM(k,h).x
ne(N+1)-Z4
:e—iM(k,h).:v Z go(m 4 n(k:, h))eim.z
me(N+1)-Z2

=" MEML(F o) oy (@)-

in.xc

Since n~tw, = w, for all n e (N +1)-Z4, we get

(F %\lz(wp)@)k(l") = Z (/t\h(wp)(p)(n + k:)em"’c

ne(N+1)-Z4
= Y tp((n+ k:)_lwp)go(n +k)e™®
ne(N+1)-Z4
= th(k_l(n_lwp))cp(n +k)e™®
ne(N+1)-Z4
:th(k_lwp) o e(n+ k)e™*
ne(N+1)-Z4

=tn (k' wp) (Fo)i().
Thus,
(Fth(wp)Rup) () =tn(k " wp) (FRrp)k(x)
= th(kflwp) e M (k). (Fo)nk,ny(T)
and
(FROTu(w) ), () = MG (7T (0,)0) oy (@)
= e My (0, ~h) 2wy ) (FO)neh—n) (@)

follow. Define a4y, b( ) € C(T%) by

Ay (@) = th (K 'wp) e MEMT anq

b(k,h) ({L‘) = e_ij\/[(k’_h)'aC th(n(k‘, —h)*lwp).
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For k,le Q) and x € T%., the previous considerations imply

(5k,wapF‘16l>(x) :hz;za(k’h)(x) (5l)n(k,h)(x) +beny () (6l)n(k,—h)(x)

= hz;z agny () i(n(k, b)) +bg.py(x) &(n(k,~h)),

which are continuous in x € T4,. Thus, if the (k,) coefficient of the matrix
A(wp, z) is definded by (8x, FHy,, F16,)(z), then  — A(wy, z) is continuous
in the operator norm. O

REMARK. It is worth pointing out that the dimension of the matriz depends
on the size of Q}. Therefore, it is for practical purpose useful to choose this
fundamental domain of the periodic element w, as small as possible since
then the spectrum of the matriz A(wp,x) is easier to compute. This relates
to the remark given in the video clip for Section 3.2.

The previous theorem shows us that we can diagonalize periodic Hamilto-
nians. Indeed the same strategy would work the same for operator families
Ax over a periodic dynamical system (X,Z?). However, we have seen that
it is tedious to write down the corresponding matrix A(wy,x). In order to
simplify and to show as how to use this approach, let us compute this matrix
for a specific case.

Let d = 1 and R = {0,1} with ¢; = 1 and o := 3V where V € C(A%) is
real-valued. Then the Hamiltonian H over (A%,Z) is given by

(Hop)(n) =9p(n+1) +p(n-1)+ V(n 'w)p(n),  weA”
Recall that A9V = AN+,

PROPOSITION 7.5. Let d =1 and R = {0,1} with t; =1 and tg := %V where
V e C(A?) is real-valued. Let pe AN™L be a finite word and w, = p>. Then

o(Ho)=0(H,,)= U J(A(wp,x))

27
ze[0, 5747

holds where A(wp,x) is an (N +1) x (N + 1) matriz given by

V(wp) 1 0 ... 0 Nz
1 V(1 lw,) 1 - 0 0
0 1 g :
A(wlh 1’) = : N
: 0
0 V(N -1)"wp) 1
e i+ 0 o 0 1 V(N~lw,)
PrOOF. This is an exercise (Sheet 11). O
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EXERCISE. Let p e AN*! be a finite word and wp = p=. Consider the matri-
ces A(wp,0) for 0 €[0,2m) defined by

V(wp) 1 0 ... 0 e’
1 v@alw,) 1 - 0 0
0 1 . .
A(wp,0) = : K :
: 0
0 V(N -1)"wy) 1
e~ 0 .0 1 V(N wy)

Prove that there is a polynomial P(\) = sz:gl aj)\j such that each aj 1s
independent of 6 and the following holds.
(a) The characteristic polynomial xg(\) := det()\ - A(wp, 0)) satisfies
xo(A\) = P(\) — 2cos(0).

(b) The equality o(H.,,) = {)\ € ]R‘ [P(N)] < 2} holds.
(c) There are N +1 intervals I = [a;,b;], 0 < j < N, such that

N
O'(pr) = U Ij
7=0

where the interval edges aj and b; are elements of {\ e R||P(\)| =
2}.

(d) Two consecutive intervals I; and Ij;1 can at most touch at their
interval edges.

Figure 26. Let A := {a,b}. We plotted the characteristic poly-
nomials of A(w,,0) for p = abaab with potential V' defined by
V(w):=1if w(0) =a and V(w) :=0 if w(0) = b. Exercise: draw the
spectral band of this Hamiltonian.

Let A:={0,1} and for « := § €[0,1]nQ (reduced fraction), w, € A% defined
by
wa(n) = X[1-a,1)(na mod 1), nez,
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g-periodic (Exercise). Let P, be the corresponding polynomial of degree g
defined in the previous exercise, namely

(characteristic polynomial of A(wp, 0))(A) = Po(X) —2cos(6)
Then P, turns out to be a trace of a certain 2 x 2-matrix defined through
the gth time product of so-called transfer matrices.

Let F,, for n € Ny be defined by Fj:= Fy :=1 and F,, := F,,_1 + Fj,_2. These

are the so-called Fibonacci numbers. Let P, := P,, for «a, = FF o These

numbers converge to the golden mean [ := % € [0,1] x Q and moreover
the polynomials P, satisfy a certain recursion relation, namely

Pyo=Py1 Py - Py

One can find similar relations for any rational approximations of an irrational
number 8 € [0,1] ~ Q. These relations are a powerful tool to study the
spectral nature of the Hamiltonians H,, as well as to numerical compute
these sets.

As a first step one needs that these rational approximations lead to the
convergence of the spectra and maybe we can even hope to estimate the
Hausdorff distance. In the subsequent chapter, we show that convergence
of the associated dynamical systems leads to the convergence of the spectra
in general, which is a useful tool to also study higher dimensional systems.
It is an open question to find corresponding recursive relations for periodic
approximations in higher dimensions (d > 2).
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8. Spectral approximations via the underlying dynamics

In this section we seek to show that the map
Yg:J->K(C), Yw—o(Hy),

is a Lipschitz continuous function (in the corresponding Hausdorff metric)
if the coefficients of the Hamiltonian are certain Lipschitz continuous func-
tions on the underlying space. Here we restrict our considerations to the
dynamical system (AZd, Z%) with A finite. One can prove this statement in
a slightly more general setting but this will be discussed at the end of the
chapter. The extension to a broader class of dynamical systems (containing
e.g. the Harper model) or even more general structures (such as groupoids
containing examples like the Penrose and the Octogonal tiling) is the content
of current research.

Let (X,dx) and (Y,dy) be two metric spaces. Then a map f: X —» Y is
called Lipschitz continuous if there is a constant Cr(f) > 0 such that

dy (f(2),f(1)) < CL(Ndx(z.y),  zyeX.
We will deal here with various functions on different metric spaces that are

Lipschitz continuous. For instance, if X = AZ" and Y = C, then dy is the
Euclidean distance and dx = d is given by

1
d(w, p) := min {1,inf { -
n

Here ),, denotes the cube centered at the origin with side length 2n+1, i.e.,

n € N be such that wlg, = p|Qn}}

d
= < = 1B
Qni={9¢Z%|glw<n}  where |g]oo max|g;|

DEFINITION. A function t: A% C is called (strongly) pattern equivariant
with parameter M (t) € N if t(w) = t(p) holds whenever w|q,, ., = Pl -

It is immediate to check that pattern equivariant functions are Lipschitz
continuous as

[tn(w) = th(p)| < 2M ()|t cod(w, p)-
We already have seen such functions, confer Chapter 1 (Motivation) that we
will discuss here again.

EXAMPLE. Let A :={0,1} be our alphabet and consider the dynamical system
(AZ,Z). For a € [0,1], define wq € A% by

wa(n) = X[1-a,1)(n mod 1), neZz,

where X[1-a,1) 1S the characterstic function of the left closed and right open
interval [1 - a,1). Define to: AZ - R by to(w) := %w(O), which is clearly a
pattern equivariant function with M, = 1. Then

(@) Ro + BoTofw)")@)(n) = sw(n)io(n) + Seo(m)p(n) = w(n)e(n)

holds for all p € (*(Z) and n e Z. Set R:={0,1} and t; : AZ - R, t1(w) =1
which is also pattern equivariant with parameter My, = 1. Then the Hamil-
tonian H,,, : (*(Z) — (*(Z) satisfies

(Hwaw)(n) =yp(n-1)+¥(n+1)+x[-a1)(na mod 1)1 (n), nez,
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Figure 27. The Kohmoto butterfly plotted by Barak Biber
(https://github.com/DaAnIV/Quasiperiodic, Technion, Is-
rael). On each horizontal line the spectrum of certain one-
dimensional periodic Schrodinger operators H,,, is plotted for ra-
tional « € [0,1]. If these rational a’s approach an irrational 3, we
get a Schrodinger operator for a certain quasicrystal. Then these
rational approximations provide us some insight in the spectral
nature of them. The spectrum is determined by computing the
spectrum of the associated matrices to the periodic Hamiltonians,
confer Chapter 7.

which is the family of Schrodinger operators discussed in Chapter 1 (Motiva-
tion). For various a € [0,1]nQ, the spectrum of Hy,, (or the operator family
(HW)weW ) is plotted in Figure 27. We are interested in particular in

the spectrum of H,,, when « € [0,1] is irrational. One of the most studied
example is the case where « := —1_7\/5 1s the golden ratio. The corresponding

dynamical system Orb(wy) turns out to be equal to the subshift Q(S) of the
Fibonacci substitution S. The periodic approzimations wy, := S™(a*>), n € N,
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that we were constructing in Section 4.3 are given by the rational approzima-
tions ay, = %, n € Ny, where the F,,’s are the Fibonacci numbers defined
by Fo :=1,Fy =1 and F,, := F,_1 + F,,_o for n € N. We will show in this
chapter that the convergence of the dynamical systems implies the conver-
gence of the corresponding spectra of Hamiltonians. Moreover, the spectral
map ¥:J - K(R), Qv+~ o(Hgq), turns out to be Lipschitz continuous if the

coefficients of the Hamiltonian are (strongly) pattern equivariant.
We will deal with the following class of operators.

DEFINITION. A Hamiltonian (Hw)weAZd of finite range is called pattern
equivariant if t, is pattern equivariant for all h € R.

Our main aim of this chapter is to prove the following statement

THEOREM 8.1. Let H = (Hw)weAZd be a pattern equivariant Hamiltonian of
finite range. Then the map

EHja’C((C), YHO'(Hy),
is Lipschitz continuous. More precisely, there exists a constant Cy such that
du(o(Ha),0(He)) <Cq M |H|s 6u(2,0), Q,0¢7,

where |H| g is the Schur norm of H and M := supycr M (ty,) is the mazimal
parameter of the (strongly) pattern equivariant coefficients of H.

REMARK. We refer the reader to [BBC19] for further background where
this result was originally proven.

We remind here the reader that o(He) € K(R) since H jza is self-adjoint
and bounded, see Proposition 6.2. Furthermore, dg is the Hausdorff metric
on KC(R) induced by the Euclidean metric and dg is the Hausdorff metric

on IC(AZd) (restricted to J ) induced by the metric d on A

Recall that there is a choice of a metric on AZ” Howewver, this specific
metric d s the correct metric in order to conclude that the regularity of
the coefficients of the Hamiltonian pass to the same regularity conditions
of the spectrum. More precisely, if all coefficients t, of a Hamiltonian H
are Lipschitz continuous, then the spectral map Y turns out to be Lipschitz
continuous as well.

8.1. Strategy of the proof. Here we only provide a rough structure
of the proof to motivate the various sections that will follow. All details are
provided later.

Step 1: By the definition of the metric d on AZ" and its induced Hausdorff
metric g on J, there is an r € N such that

1
5H(97@) = ;

In particular the notion of Hausdorff metric implies that for every w € €
there is an p € © such that

1
d(w, p) < —.
T

Thus, w|g, = plg, follows by the definition of the metric d on A
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Step 2: By Step 1, let 7 € N be such that d5(€,0) = % Let H be a pattern
equivariant Hamiltonian of finite range. We seek to show

1
di(o(Hq),0(He)) < Cqy M |H|s 6u(2,0)=Cy M |H|s -

for fixed 2,0 € J. This estimate can be reduced to the following assertion
for z € C:

1
dist(z,0(Ho))>Cy M |H|s = = zeC~o(Hs).
T

In particular, z € C\ 0(Hg) means that z € p(H,) for all p e ©. To say the
latter in words:

If z € C is in the resolvent set of Hq such that it is far
enough away from the spectrum o(Hq) then H, -z is in-
vertible for all p € ©.

Step 3: Let r > M. We know that 0(He) and o(Hgq) are compact non-empty

subsets of R. Thus, if z€ C\R then H, - z is invertible for all p € A%, Let
z € R be such that

dist(z,0(Hq)) > C T_;M (4)

for a suitable chosen constant C' > 0 (confer Proposition 8.8) and let p € ©.
Following Step 2, we seek to show that H, — z is invertible. We know that
H, - z, is invertible (as H, is self-adjoint) for z, := z + %z Furthermore,
zn — z holds. Recall from Sheet 9, Exercise 4, that if there are S,,,T;, €
L(*(G)), n €N, such that

(Hp—2n)Sn =1+1T,, sup [Sp| <o and  sup|T,| <1,
neN neN

then z € p(A) follows. We will show that actually for all z € C satisfying (¢),
there are S(z),T(z) € L(¢*(G)) such that (H, - 2,)S(z) = +T(z) and

2
sup [S(2)| <o and sup IT(2)| <= <1,
z€C satisfying (4) z€eC satisfying (¢) 3

Thus the main task will be to construct these S(z) and 7T'(z). This is done
by chopping of the operator into a “sum of finitely supported operators” by
using a partition of unity that are supported on (rg + Q) geza-

Due to Step 1, we find for each g € Z%, an wq € Q such that p|,g.q, is the
same patch as wglg,. Thus, H, restricted to a cube rg + @, acts almost
like Hy,, (here we need to work!). In this way we can build S(z) invoking
that z € p(Hy,) for all g € Z®. All the error terms are collected in T(z).
In order to control this term we need to have further assumptions on the
partition of unity (namely it must be Lipschitz continuous in a suitable
sense). The existence if a Lipschitz partition of unity might be connected
to the amenability of the ambient space.

The explicit details for the partition of unity are discussed in Section 8.2. In
Section 8.4, we provide some estimates that will help us at various places to
estimate the norm of S(z) and T'(z) uniformly in z € C satisfying (¢). Recall
that H, is a finite sum of operators of the form #(p) Ry, and their adjoints.
The error terms arise by restring the operator to rg+ @, (with the partition
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of unity) and the commutator of the operator 7,(p) (or Ry, for h € R) with
such restrictions. These commutators are estimated in Section 8.3. Finally,
we prove the claim in Step 2 in Section 8.5 (we define S(z) and T'(z)). There
we also provide the final proof of Theorem 8.1.

8.2. Lipschitz partition of unity. Recall that the support of a func-
tion ¥ : R? - R is defined by

supp(V) := {z e RY| ¥(z)  0}.

Then a countable family (¥} )gen of continuous functions ¥, : R? - [0,1]
with compact support is called a partition of unity of R? if

> Uy(z) =1, zeRY.
keN

wl) v vl

Figure 28. Sketch of the partition of unities (\I/‘,(]T))gezd for r > 1.

A function ¥ : R? > R is called Lipschitz continuous with constant Cp, :=
Cr(¥) >0, if
W (z)-W(y)|<Crlz-yl,  @,yeR’

DEFINITION. A family of functions (Vy)ken is called Lipschitz-partition of
unity with constants (Cp, /") if the following holds
o (Vi)ken 1S a partition of unity.
o U, :RY [0,1] has compact support and is Lipschitz continuous
with constant C,(Vy) >0 such that

CL =8up CL(\IIIQ) < 00.
keN

e The set
Vi = {m eN | supp (\Ifk) N supp (\Ilm) # @}
18 finite uniformly in k € N, namely,

N i=supf Vj, < oo.
keN
The notion of Lipschitz-partition of unity will play a crucial role in this
chapter. It is used to cut our Hamiltonian in small pieces. Therefore, the
Lipschitz continuity and the uniform bound on the V4’s plays a crucial role to
control the error terms. Such a partition can be chosen to be subordinate to
any given covering (Vj) ey of R?, in general. This means that supp(¥;) € V;
for all k£ € N. Such a cover is assumed to be uniformly locally finite, which
reflects the 3rd constraint of a Lipschitz-partition of unity. Here, a covering
(Vi) ken 1s called uniformly locally finite if there is an .4 € N such that for
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each = € R? there are at most .4 sets Vj, containing x. We will identify the
index set N of a Lipschitz partition of unity with Z<.

We will show that we always have a Lipschitz-partition of unity by using a
cover of cubes. For r > 0, define the cube

~ d
Qr ={zeR||2]o <7} where |z o = 11(21:1}§|:1;,|
PROPOSITION 8.2 (Lipschitz partition of unity). There is a Lipschitz con-

tinuous function ¥ : R — [0,1] with constant Cr, > 0 and supp(¥) ¢ Q;
such that for each g € Z% and r > 0, the following statements hold.

(a) The map
‘I, r Rd 0 \I] T \I(
g): [71]7 é)(.f)— ( 9)7

1s Lipschitz continuous with constant % and supp(¥y) Crg + Q..
(b) The family of functions (\Ilgr))gezd
unity with constants (%,Jﬂ) satisfying

defines a Lipschitz partition of

sup A7 <supsup f Vy(r) = sup f Vy(1) =t A <00
r>0 >0 gezd geZd

where Vy(r) := {heZd‘rg+@vrmrh+C§r #@} forr>0 and g € Z°.
(¢) The estimate

@) - e < T e (@) w)

holds where Xg(f) :RY - {0,1} is the characteristic function of the
set rg + Qr, namely

X(T)(x) - 1, xerg+@“ r e R%
I 0, x¢rg+Q,
PROOF. Let ¢ :R? » [0,1] be defined by

~ dist(x, F)
~ dist(x, F) + dist(z, K)

()

with K := Q% and F := Rd\ Q% Then ¢(x) =1 if x € @% and supp(v) ¢
Q1 < R holds. Furthermore, 1 is Lipschitz continuous with Lipschitz con-
stant C} := 6 > 0 since, for z,y € R%,
| dist(z, F') dist(y, K) — dist(y, F') dist(«, K)‘
() - ()] = (dist(y, F) + dist(y, K )) (dist(z, F) + dist(z, K))
. ‘ dist(z, F') — dist(y, F)| dist(y, K) + dist(y, F)‘ dist(y, K) — dist(z, K)|
N (dist(y, F) + dist(y, K))(dist(x, F) + dist(z, K))
< [z~ 9|
“dist(z, F) + dist(z, K)
<6|x - 9|
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using | dist(x, F) —dist(y, F)| < |z —y|, Kn F =2 and

1
dist(z, F) + dist(z, K) > inf |z —2p] = G

Z1EK,22€F
Clearly, @% c Q; and
Rd = U T+ Q;
2

xeZd
hold, confer Figure 29. Thus, the constraint ¢)(x) = 1 for z € Q1 implies
2

> (a-g)>1

geZd
Define the map

¥R [0,1], W(z):= _ v
ZheZd U)(f’? - h)

Since supp(¢) € Q1, we conclude that supp(¥) ¢ Q1, namely ¥ has compact
support.

.‘.‘.;5‘1/;.;.‘.;.;.‘.‘.
EEARTIRNY SN A
BEEEENT  swdERSEEREN
IR R SRR R R T
TP P S G A A S
N O O O O

Figure 29. The dashed cubes represent a x + Q% for some x € Z2.
The gray and blue boxes indicate the support (1,2) + @% of ¥V

(1,2)
respectively (2,2) + @g of ‘I’E;)z)'

Define
Vg(r):={heZd|rg+Qvarh+er¢®}, r > 0.

The family of sets (z + Q1) ,czq satisfies
Vo) c{heZ||g-hlw<2},  geZf,

and so A = supgeza f Vy(1) < oo (as 74 is uniformly discrete). Moreover, for
g,heZ% we have g+ Q1 nh+Q; # @ if and only if rg+ Q. nrh+Q, + @ for
any r > (0. Hence,

Sup £ V(1) = sup § V(1) = A < o0
geZd geZd
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follows. For z e R?, let I(x) := {g e Z% : ¢»(x —g) # 0}. Then it is immediate
to show I(x) ¢ Vg (r) for any g € Z% satisfying ¢ (z—g) # 0. Thus, f1(x) <N
is independent of z € R?.

With this at hand, a short computation for z,y € R? leads to

| (z) - ¥ (y)|
‘ Y(z) ~ Y(y)
Yheza V(@ —h)  Tpezatp(y—h)

SN ) ey h) ) )|
hel(2)01(y)

< > =@ - @)+ W)y - h) - vz - h)
hel(z)ul(y)

< AN Cplx -yl

where we used that ¥ cza¢(r~-g) >1,0<9 <1 and

0=y -h)v(y) -y -h)Y(y).

Thus, ¥ is Lipschitz continuous with Lipschitz constant Cp, = 24.4".
(a) Let g € Z% and r > 0. By the Lipschitz continuity of ¥, we conclude

c
WO () - w0 ()| < O ‘% —g- (% —g)‘ <Lyl ayeR)

Furthermore, \Ilér)(x) + 0 holds for z € R? if and only if ¥ (% - g) #0. The
latter leads to & — g € supp(¥) ¢ Q1 proving z € rg + Q,.
(b) Let 2 € R%. Then
(5 -9)
V()= Y v (2-g)- -
QEZZ:d g gEZZ:d r gEZZ:d Y hezd ¢(; —-g-h)
_ V(5 -9)
gEZd ZhEZd 17/)(% - h)
=1

holds and so (\Ilg"))gE . 1S a partition of unity.

Z

Due to (a), we know that \llgr) has compact support and is Lipschitz con-
tinuous with constant CL(\I’S(]T)) < % Furthermore, supp(\llgr)) crg+Q,
holds and the supremum 4" = supgeza f Vy(r) is finite and independent of

r as we have seen above. Thus, (\Il-gr))gezd is a Lipschitz partition of unity
with constants (%, JV)

¢) This is trivial as U{") < X(T) for all g € Z% and r > 0. U
g g

REMARK. In the subsequent section we fix the Lipschitz partition of unity
(\Ifgr))gezd with constants (%,,/V) that we constructed in Proposition 8.2.
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8.3. Some estimates of commutators. The aim of this section is to
estimate the error terms that appear by commuting an potential term and
the kinetic term for the multiplication operator of the quadratic partition

(I;gr). As it turns out, there is no error term for potentials arising by strongly
pattern equivariant functions. This phenomenon is very particular to the
structure of these functions and in general the error term is of the order of
regularity of the function to the square root.

LEMMA 8.3. Lett: AZ' > C be pattern equivariant with parameter M(t) € N,
geZ% and r > M(t). Then for all w,p € AZ" with d(g~tw,g7tp) < % we have
t(aflw) = t(mflp)

for each x € g+ Qp_py(1)-

PROOF. Let = € g+ Q,_pr(r)- We first note that = + Qpr) € g+ Q-
Since d(g~lw,g71p) < %, we conclude (g7 w)|g, = (971p)lo, or equivalently
wlg+Q, = Plg+@,- Thus, wle1qQ,,,) = Ple+Qyy,, follows implying (x’lw)|QM(t) =
(10l (- Lhus, the pattern equivariance of ¢ implies the desired identity
t(m’lw) = t(:c’lp). O
PROPOSITION 8.4. Let t : AZ" » C be pattern equivariant with parameter
M(t) e N and 9,0 € J be such that 65(9,0) = L with r > M(t). Then
for each w € Q and g € Z%, there exists an p, = p(w,g, M (t)) € © (that only
depends on M (t) but not on t itself) such that

() @gr_M(t)) _ @gr—M(t))?(pg).

Figure 30. The gray box indicates the cube g, + . The red
cubes represent two different x + Qp7(;) and the blue cube is the

support (r—M(t))g + Q,—nr(r) of q;éT*M(t)).

PROOF. In order to simplify the notation, set M = M(t). Let g € Z%
and r € N be such that r > M and d(£2,0) = % We note that we use here

the specific structure of the metric on AZ implying that such a natural



Week 12

122 CONTENTS

number 7 exists. Since 7 € N, we have g, := (r = M) - g € Z%. The invariance
of Q implies g, 'w € Q and so there is an pg € © such that

1
d(g,'w:py) < = = 01 (02,0).

Since © is invariant, pg = grpy € ©. Then

L1
d(g;'w, ;" pg) = d(g; ", pg) < —.

Consider some ¢ € £2(G) and z € Z%. Then a short computation leads to
(T(w) B Mo =TT pg) ) (2)

= 1@ w) (B ) (x) - W (2) (Fpg) ) (2)
= 17 w) O (@) p(2) - WM (@) (a7 pg) ()

= qléT_M)(x) (t(x_lw) - t(a:_lpg)) o(x).

Clearly, the term vanishes if z ¢ supp (\IJ{(JT_M)) € gr + Qr_p where the in-
clusion follows from Proposition 8.2. If z € g, + Q,_ps, then the previous
Lemma 8.3 implies t(:v‘lw) = t(x_lpg) since d(g;lw,g;lpg) < % O

For two operators A, B € L(£?(Z%)), their (additive) commutator is defined
by [A, B]:= AB - BA. The following estimate is using Proposition 8.2 (c).
Recall that for h € Z¢, the right shift R, € L(¢£?(Z%)) is given by

(Bnp)(x) = p(x +h)

LEMMA 8.5. For each g, h e Z% and r > 1, the estimate

([0 ]¢) (@)] < @ Cr (X @+ h) +x (@) [(Bne) (@)
holds for all p € £*(Z%) and x € 7.

PROOF. Let ¢ € (2(Z?) and x € Z%. A short computation leads to

([r B ]e) @) = (2@ +h) -9 (@) (Bug)(x).

In addition, Proposition 8.2 asserts
T T |h| T T
9§ (@ + ) -0 ()] < o (X (@ + )+ X (@)
O

8.4. Lipschitz maps on ¢?(Z%). Here we provide an estimate of a map

Op(A) : (2(Z%) - ¢2(Z%) that will help us to estimate S(z) and the error
term T'(z).
Recall that Xg(;T) : R? » {0,1} denotes the characteristic function of the
support 7g+ Q,. The corresponding multiplication operator by the function
Xér) on £2(Z%) is denoted by the symbol 5{_,(;"), with ||5<‘5(]T) | =1 for each g € Z4
and r > 0. In the following C.(Z%) denotes the set of functions ¢ : Z¢ - C
with finite support in Z<.
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We will prove some estimates that will be useful later. Therefore, we need
the concept of a positivity preserving operator. An operator B e L(¢£2(Z%))
is called positivity preserving if

Bf>0 for all f € £2(Z%) with f > 0.
LEMMA 8.6. Let B ¢ L(€*(Z%)) be a positivity preserving and (Ag)geza €

L(P2(Z4) be an operator family satisfying |A| = sup,ezd |Agll < 0o. Then
the map Op(A): C.(Z) - 12(Z%) defined by

(D5(A)¢)(@) = ¥ (X Bl4,x4]) (), weCu(z?), zez’,
gezZa

satisfies
[95(A)e - Op(A)d], < A NA[IBl e -vl2, @9 eCu(ZT).

Furthermore, Op(A) extends to a continuous bounded map on (*(Z%) to
(2(Z) such that

sup [Op(A)pl2 < A |A[[B].

lell2<1

PROOF. Recall that ‘Ag "g )cp‘ is an element of ¢2(Z%) and so B‘Ag X(T) ‘
is well-defined.

Let

Vy(r) = {h e 74 ‘ rg+QNrh+Q, * @} 2 {h e 74 ‘supp(\IlgT)) N supp(\I/,(:)) * @}
which satisfies ff V;(r) < .47, confer Proposition 8.2 (b).

Let o € C.(Z%). First note that

wg:=B ‘Ag Xér) , geZ

defines an element in ¢2(Z?). Thus, the Cauchy-Schwarz inequality on
(2(Z%) yields

(%8 00, 27 on)| < [R5 @, %57 @nll, < gl lonle -

Note that the latter inner product vanishes if g € Z% and h ¢ V,(r). Further-
more, we have

()

legllz < B 457 ¢l < 11 1ANRS ¢l

Since 2ab < a® + b? for a,b > 0, the previous considerations lead to
195015 < 3 X (R0, 307 nl
geZd heVy(r)
HBH2 |AI? (r (r
> (IRl 1% el3)
geZa heVy(r)
For x € R?, the number of h € Z? with X,(l )(m) # 0 is bounded by .#". For
each such h, the number of g € Z¢ with h € V,(r) is also bounded .#". Hence,
ooy X(T) (z) <N max > X(T)(a:) < N

gEZd hEVg (7’) g€ he V(")
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follows. Hence, the estimate
S 19122 Y ()] (2 3 xﬁf’m) < gl A2
geZ heVy(r) welld geZ heVy(r)

is proven. Similarly, we can show

Y X =l = X @) g{g ez x (@) £ 0 < ol A2
geZ4 heVy(r) zeZd

Combining this with the previous estimates, we get
198(A)¢l3 <A Al |BI [¢l3
for all p € C.(G).

Let ¢, € CC(Zd). Since B is a positivity preserving linear operator we have

0< B(lp~ 9l -lel+Il) = Blp ~ 9| - (Blgl - BIyl).
Thus,
B1A4, Tl - BlA, 24| < BlA, 70— 0)
follows implying

195(A)p-Op(A)Y] < 3 X BlA R (0 -v)| = Dp(A)(p-v).

geZa

Together with the first step, we conclude
[98(A)p - Dp(A)], < [D8(0 =), < A IBIIA] e - ]2,

namely Op(A): C.(Z?) - ¢?(Z%) is Lipschitz continuous and defined on a
dense set with |[Og(A)p|2 <A | B |A] [l¢l2. Thus, we can extend O g(A)
continuosly onto ¢?(Z?) such that

sup [Op(A)pl2< A Al [B].

lpl2<1

O

8.5. Lipschitz continuity of the spectra. Now we have all tools
together to prove Theorem 8.1.

LEMMA 8.7. Let H = (Hw)wEAZd be a pattern equivariant Hamiltonian of

finite range. Consider an r > 0, © € J and for each g € Z%, let pg € ©
be arbitrary. Then for every z € p(Hg) = C\ o(Hg), the operator S(z) €
L(*(Q)) given by

S(z) = ) @g”) (H,, —2)" Yg).

geZa

is well-defined and its operator norm is bounded by W/‘/(H@)).
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PRrROOF. Note that H, - z is invertible for each p € © as z € p(Hg).
Consider the operator family A, = @y) (Hp, - 2)7! for g € Z%. Tts operator
norm is bounded by
L e —
peo dist (z,0(H,))

B 1
~ dist (2,0(Heg))

[ Al = sup [Ag| < sup|[(H, - 2)
gezZa pe©

using Proposition 5.5 and Theorem 5.11 (Spectral radius and norm for nor-
mal elements). Let ¢ € C.(Z%) and x € Z%. Since (Il\ér) = Yér) (I’\g), the
estimate

(SG)e) @) = |2 (R 45%50¢) (2) | < (D1(A)p) (2)

gezZ

follows. Note that the identity operator I € L(¢?(Z%)) is positivity pre-
serving and ||| = 1. Hence, Lemma 8.6 implies [(S(z))[ < 4" |A| which
coupled with the estimate on |A| finnishes the proof. O

Recall that a pattern equivariant Hamiltonian H = (Hw)we Azd of finite range
is of the form

Hy = Y (tn(w) R + Roptn(w))
heR

where R ¢ Z4 is finite and each ¢, : AZ — C is a (strongly) pattern equivari-
ant function with parameter M (t¢;,) € N.
Now we have all tools at hand to prove the heart of Theorem 8.1.

PROPOSITION &8.8. Let H = (Hw)weAZd be a pattern equivariant Hamiltonian
of finite range. Let Q2,0 € J be such that

ri=0(,0)™ > M = max M(t;)
heR

If ze p(Ho) satisfies

3N maX{CL, 1}
(r—M)

dist (z,a(H@)) > 1H|s, (1)

we have that z € p(Hg).

PROOF. Let z € p(Hg) obeying (1). In particular, z € p(H,) for all p € ©
and dist (z,0(H,)) > dist (2,0(Hg)). It suffices to prove that there exists
§ > 0 independent of w € 2 such that dist (z,0(H,,)) > §. This would imply
that z € p(Hq) =C~ o(Hg).

In light of this, let w € €2 be fixed and we will proceed as follows:

(i) An operator S(z) is constructed such that (H, —2)S(z) =1+T(2)
where the error term 7'(z) comes from the kinetic term.
(ii) It is shown that |T'(z)] < 2.
(iii) Using (i) and (ii), z € p(H,,) is verified and moreover dist(z,c(Hg)) >
¢ is proven for a suitable § > 0.
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(i): By definition each 5 is a (strongly) pattern equivariant function with
parameter M. Proposition 8.4 asserts that there is for each ¢ € Z%, an pg €O
(depending on M but not on ¢5,) such that

(@) T =TT () and T(w) T =TT (pg)" (8)
. =(r-M) . ..
for all h € R using that ¥, is self-adjoint.
With this chosen p, € © for g € Z%, define S(z) e L(¢*(Z%)) by

S(2) = 3 G (H,, -2 1Y,
geZd

which is a bounded linear operator by Lemma 8.7.

Define the operators T'(z) € L(£2(Z%)) by T(z) := (H, - 2)S(z) - I. Fur-
thermore, consider the operator Ay(z) := (H,, - 2) ™" € L(£2(Z%)) for g € Z°.
Then the operator norm of this operator family (A,(2))geza satisfies

1
|A(z)| = sup [Ag(2)| < sup |(H,, -2)7"| = sup —
gezd g gezd P gezd dist (z,a(Hpg))
1

< dist (z,0(He))

In order to determine 7'(z), we investigate the operator product H, S(z).
For g € Z¢%, a short computation gives

H, WM = S 3, (w) Ry B ™™ + R, (w) "B

heR

®) > ?h(w)@ér_M)Rh + th@é’"’M)ﬂ(pg)* + () [ B, %T_M)]
heR

? hz]:z 0T, (pg) Ri + B M R_yT(pg)*

T ()[R, B 0]+ T3 (pg)* [Ron, B0

= %T_M)Hﬂg + h%?h(w)[Rm@g(;T_M)] +ﬁ(pg)*[R,h,@_§“‘M>].
€

Since (\Ifgr_M) )gEZd is a Lipschitz-partition of unity and the identity @EJT_M) =

@T_M))?gr_M) holds, we conclude

T(r-M) ~(r—-M
> BT
ge
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With this at hand, we conclude

(Hy-2)5(2)
S (- B a2 R
geZd
= Z %T—M) (Hpg _ Z)(Hpg _ Z)—l 5(\!(]7”—M)
geZd
5 R o) [ Ty ]) 4,5
geZd heR
1 Y S (B[R B4 B(py) (B T 0] Ag(2) TG,
geZd heR
Hence,

UORDY hZ (T (@) [ By B D] 4T ()[R, T]) A (2) 7Y
geZd heR

is derived.

(ii): We will estimate the operator norm of T'(z). Therefore, define the
Hamiltonian H* = (H),c4z with the same range R as H and coefficients
tr: AZ - [0, 00) defined by ¢} (w) = |h| [tn] «- Since ¢} is just a constant, it
is clearly pattern equivariant and

|H* | = sup [HJ| < sup D [E @) | Ral + [T () [ B-nl =2 3 |hlltn]oo
we AL weAZ heR heR

<[H|s

where |H|g denotes the Schur norm of our Hamiltonian H, confer Sec-
tion 6.1. Since each ¢}, h € R, is non-negative, it is straight forward to show
that H* is positivity preserving.

We claim that the commutator estimates in Lemma 8.5 of the shift operator
with the Lipschitz partition of unity lead to

Cr
r—M

IT(2)] < (19m+ (AN + [H™] 19:1(A(2)])

where the operator family (Ay(2))geza was defined by Ay(2) := (H), —2)7le
L(?(Z4)). Before proving this claim let us show that this implies |T(2)] <

%. Since [A4(z)] < m, Lemma 8.6 and our assumption (1) imply
QCL QCL N 1 1) 2

T(z)| < N | H? A < H < -
) < 2 L s 4y () < S s e s 2
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Now let us show the desired estimate for |T(z)|. Therefore, let ¢ € £2(Z%)

and z € Z%. For h e R and g € G, set g = Ag(2) ja(,r_M)ap, Lemma 8.5 yields

(B[R, B D] 04 ) ()
<t oo [, B0 oy ()

< fLM|h| [tnloo (XS (@ + )| (Bupg) ()] + x5 ()| (Bigpg) ())
<- %Mw [tnloo (R[5 D04]) @) + (R§ 0| Bnpy| ) (@)

and similarly
(B (09) (R B D] 04 ) ()
< C il e (B[R] ) ) + (550 o] )2)).

With this at hand, the estimate

T(z)p(a) <S5 (yf;"-w ( S [l oo (B + R_h)) w) (x)

T_MgeZd h€R

(S e n) (£ 500 o

heR gezZd

O (0 (AR @) + (B 01 (A)0) ()]

is concluded proving the claim.

(iii): According to Step (ii), the estimate |T'(z)| < % holds uniformly in
w e Q, for all z € p(Hg) satisfying (1). Note that if z ¢ R, we clearly have
z¢o(Hgq) as H is self-adjoint. Let z € R be such that it satisfies (1). Then
Zn = 2+ z% satisfies (1) as well and H, — z, is invertible because H,, is
self-adjoint. Since, furthermore,

(Hy = 2n) ™" = 8(2n) 1+T(20)) ™"
and sup,,ey [|S(2n)| < oo, we conclude z € p(H,,) by Sheet 9, Exercise 4. It is
left to show that there is a § > 0 (independent of w) such that dist(z,o(H,)) >
. The operator I +T'(z) is invertible by the Neumann series and moreover,

S rers3(3) e at

o0

> (-T(2)"

k=0

|(T+T ()7 =

k=0
holds since |T'(2)| < % Thus, Lemma 8.7 leads to

1 3N
dist(zn,0(H,)) dist(zn,0(He))
uniformly both in w. Thus, dist(z,0(H,)) > 0 follows by sending n — oo
w. Hence, z ¢ o(Hg) is concluded. O

Proof of Theorem 8.1. Recall the notation M := maxper M(t;) and
define the constant

= [(Ho=22) 7 | < 1S CGn) | |T+T (20)) 7" <

where § :=

Cyq =64 max{CL, 1}.
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Recall that .4 and Cf, are constants depending essentially on the dimension
d, confer Section 8.2. If Q = O, then o(Hg) = 0(Heg). Now suppose 2 + O,
namely 67(Q,0) > 0. Set r := 65(Q,0)"!. We analyze two cases: (i)
1<r< A M and (ii) A/ M <r.

(i): From 1 <r <4 M, we infer 1 < JV% Due to Proposition 6.4 (Basic
properties of a Hamiltonian), we have |H,| < |H|s for w € A% Then
Proposition 5.15 (Spectrum is norm continuous) implies
M
du(0(Ho),0(Hy)) <2 | H|s <247 |H|s— 24" M |H|s 6:(22,0)
<Cq M |H|s 0u(2,0)
for all we ) and p e ©.

(ii): Suppose r > A M > 2M (using that .4 > 2 holds always). For z €
o(Heg), Proposition 8.8 leads to

3N maX{CL, 1}

dist (Z,O'(HQ)) < (r = M) 1H||s -
By interchanging the role of {2 and © we obtain:
Cyq 1
d H H, < —|H|s——.

In addition, the constraint r > 2 M implies

T—M:r(l—%)>z.
r 2

Hence, the desired estimate

C,
di(o(Ha)0(He)) < | H|s <Ca |Hls 61(2,0)

1
(r-M)
<Cy M |H]s 61(9,0).
follows since 0 (2,0) = % o

8.6. Discussion and extensions. Theorem 8.1 can be extended to the
setting where the alphabet A is replaced by a compact metric space (A, d4)
and Z? is replaced by the countable group G := MZ?, where M € My(R) is
an invertible matrix. Then it gets natural to treat Hamiltonians where the
coefficients are S-Holder continuous in A. As long as the the coefficients
are still in a suitable sense (strongly) pattern equivariant, this yields the
(B-Holder continuity of the spectrum.

Furthermore, one can deduce estimates for Hamiltonians with infinite range.
In this case the decay of the off-diagonal terms influences the regularity of
the spectral map 3, see Beckus/Bellissard/Cornean - Hélder continuity of
the spectra for aperiodic Hamiltonians, 2019. Specifically, one can prove the
following.

THEOREM 8.9. Let H = (Hy)_, e be a pattern equivariant Hamiltonian
(possible infinite range). If the radius of influence of H has a linear growth
with constant 1 < Cy < oo, then

max M(tp) <Cr

[]leo<r
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(linear growth of the parameter of the (strongly) pattern equivariant coeffi-
cients), then

dr(o(Hq),0(He)) <Cq |H|s Cu 6u(E,0), 0,0¢J,
where Crr > 0 is constant depending on C' and H.

Another consequence of Theorem 8.1 is the following.

COROLLARY 8.10. Let H = (Hy)_, e be a pattern equivariant Hamiltonian
of finite range. Then

¥:J - K(R), Q~o(Hg),
s continuous in the corresponding Hausdorff topologies.

This continuity holds for a much larger class of Hamiltonians. First of all
it can be easily extended to all Hamiltonians of finite range using that the
(strongly) pattern equivariant functions are dense in C' (AZd) with respect to
the uniform norm (use Proposition 5.15). Using again Proposition 5.15, the
same statement holds for all Hamiltonians with infinite range that can be
approximated in norm |H| := sup,.x |H:| by Hamiltonians of finite range.
Recall from Theorem 2.19 that the set of invariant probability measures of
a dynamical system only behave semi-continuous. Here we have seen that
the spectrum behaves actually continuous.

Finally let us remark that the continuity result holds in a much larger gener-
ality of groupoid C*-algebras, confer Beckus/Bellissard /De Nittis - Spectral
continuity for aperiodic quantum systems I. General theory, 2018.

8.7. Applications. We discuss here shortly as how to apply the later
theorem and to connect to previous considerations. Therefore, recall the
notion of substitutions and the various periodic approximations that we
defined in Section 4.3.

COROLLARY 8.11. Let H = (Hw)wEAZd be a pattern equivariant Hamiltonian
of finite range. Then there exists a constant Cg such that

dy(o(H,),0(H,)) < Ca M |H|s u(0rb(w), 0rb(p)),  w,pe A%,

where |H | g is the Schur norm of H and M := supjr M (t},) is the mazimal
parameter of the (strongly) pattern equivariant coefficients of H.

Proor. This follows directly from Theorem 8.1 and Proposition 6.2

stating that U(Hm) =o(Hy). O

Let G := Z, AR be a finite set and consider for w € A%, the Schrodinger
operator Hy, € L((*(Z)) defined by

(Ho)(n) =v¢(n-1) +p(n+1) +w(n)i(n).
Then V : AZ - R,V (w) = w(0) is (strongly) pattern equivariant with pa-
rameter M = 1 and w(n) = V(n 'w). Note that t; = 1 which are also
(strongly) pattern equivariant with parameter M = 1. Specifically, (Hy) ez
is a self-adjoint operator family over a dynamical system (A%, Z) by Sheet 8.
In particular, we can represent the operator H, by

Hy, =R+ R, +V(w)
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where (V(w)¥)(n) = V(n'w)i(n) is a multiplication operator. Then the
Schur norm of H is

1
|H|s = 2(||7fo||c>o +t1fooy/ 1+ —) = 2max|a| + V6.
2 aeA

Furthermore, we can compute that for d = 1, we have A4 =3, Cf, = 72 and
so Cy = 1296.

Let S be one of the primitive substitution (Fibonacci, Thue-Morse, Period
Doubling and Golay-Rudin-Shapiro sequence) over the alphabet A. We also
have seen that there is an x € A such that w,, := (S”(x))oo, n € N, such that

lim Orb(wy) = Q(S).

Let w € Q(S5), then Orb(w) = Q(S) holds as Q(S) is minimal, see Theo-
rem 4.5. Then the previous considerations lead to

dp(o(H,),0(H,,)) <1296 (2 rgleez(|a| + \/6) 5 (Orb(w), Orb(wy)),

where the left hand side goes to zero if n - oo. Recall that w, is periodic for
each n € N and so we can compute explicitly the spectrum o(H,,, ), confer
Section 7.2.
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APPENDIX A

A primer on topology

Open and closed sets

We refer to the book Mengentheoretische Topologie by B. von Querenburg,
the book Topology by M. Manetti or any other topology book for further
background.

DEFINITION. Let X be a set. Then €0 ¢ P(X) of subsets of X is called a
topology of X if
(1) X, @ €0,
(2) any union of sets in O belongs to O':
O;,e0,icl — |JO;e0,
i€l

(8) every intersection of finitely many elements of O belongs to O':

O1,...,0p,e 0 = [(10;€0.
i=1
The tuple (X,0) is called a topological space if X is a set and O is a
topology on X. The subsets of X belonging to € are called open. A subset
F c X is called closed if X ~ F is open. The family of all closed subsets is
denoted by .%. Furthermore, A € X 1is called clopen if A is an open and a
closed subset (examples are @ and X ).

There are various seperation properties for topologies. For the purpose of
this lecture we will mainly deal with the Hausdorff property: A topological
space (X, 0) is called Hausdorff if for each =,y € X, there O, O, € & such
that x € O, y € Oy and O, N Oy = @.

Oz Oy

A family 2 of open sets of a topological space (X, €) is called base, if each
open set of (X, 0) is represented as the union of elements of . Thus, for
each z € O € 0 there is an B € 4 such that x € B € O. Furthermore, ¥ ¢ 0
is called generator of the topology € if each element in & can be represented
by finite intersections and/or arbitrary unions of elements of .

REMARK. Let & be a family of subsets of the set X. If Oy and Oy are
two topologies on X with base BB then Oy = Oy. Thus, in order to define a
topology it suffices to give a base.

135
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Let X be a set and %1 and %» are two bases for a topology ¢ respectively
Oy. Then Oy = 05 holds if
o for any By € 41 and x € By, there is an By € #5 such that z € By C
Bl)
e for any Bs € %5 and x € By, there is an By € %, such that z € By ¢
Bs.

EXAMPLE. Let X be aset and & := {@, X } which is called the trivial topology
or indiscrete topology. If § X > 2 then X is not Hausdorff. |

ExXAMPLE. Let X be a set and & is the the power set P(X) of X, which is
called the discrete topology. A base for the topology is given by & := {{l‘} :
reX } Note that the discrete topology is always Hausdorff. |

ExXAMPLE. Let X := R and & be the collection those sets that can be rep-
resented by unions of open intervals (a,b) for a,b € R. This defines the
Euclidean topology or natural topology. A base % for the Euclidean topol-
ogy on R is given by the collection of all open balls with rational center and
rational radius. Furthermore, the Euclidean topology is Hausdorff. O

Let (X, 0) be a topological space and x € X then U ¢ X is called neighbor-
hood of x, if there is an open O € ¢ such that x € O c U. If U itself is open,
we call it an open neighborhood. The family of all neighborhoods of x is
called neighborhood system of x, which is denoted by

O(x):= {U c X : U is a neighborhood of x}

A subfamily #(x) of O(x) is called a neighborhood base of x if for each
neighborhood U of z there is an B € %(x) such that B ¢ U. A point
x € X of a topological space X is called isolated if the singleton {x} is a
neighborhood of z. A point z is called cluster point of a sequence (y,)nen
if each neighborhood of x contains infinitely many members of (x,). In
general, not every sequence admits a cluster point (e.g. X := N and z,, := n).
Later we will get to know properties on X so that each sequence has at least
one cluster point.

A sequence (2 )neny € X is called convergent to x € X, if for every neighbor-
hood U of X there is an ny € N such that x, € U for all n > ny. In this
case, x is called the limit of the sequence (zy,)ney € X. Note that a limit (if
it exists) is unique if (X, @) is Hausdorff. Otherwise, this is not the case.
Furthermore, note that a convergent sequence has only one cluster point if
X is Hausdorff.

DEFINITION. A topological space (X, 0) is called
(a) first countable if each x € X, admits a countable neighborhood base

(b) second countable if & admits a countable base A.
REMARK. Fach second countable space is also first countable.

Later we get to know properties like continuity of a function. This can be
characterized by sequential continuity if X is first countable (otherwise not).

EXAMPLE. Let X be an uncountable space (e.g. X = R) equipped with the
discrete topology. Then {x} defines a neighborhood base for each x € X.
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Thus, X s first countable. However it is not second countable as X is
uncountable.

EXAMPLE. Let R be equipped with the Euclidean topology (unions of open
balls). Let Z be the set of all open balls with rational center and rational
radius. Clearly, & is countable and a base for the Euclidean topology. O

If 0,0" are two topologies on X, then € is called finer than ¢’ (and &’
coarser than @) if ¢’ ¢ 0. In particular, & has more open sets than ¢”. For
instance, the discrete topology on R is finer than the Euclidean topology on
R. Clearly, convergence of a sequence in the topology ¢ implies convergence
in the topology & if 0 is finer than 0”.

Specific topologies are given by a metric:

DEFINITION. A map d: X x X — [0,00) is called a metric if
(a) d(z,y) =0 < xz=y (identity of indiscernibles)
(b) d(z,y) =d(y,x) for all z,y € X (symmetry)
(c) d(z,z) <d(x,y) +d(y, z) for all x,y,z € X (triangle inequality)
Then the tuple (X,d) is called metric space. Furthermore, d is called an
ultra metric if (c) is replaced by

(¢)) d(z,z) < max {d(x,y), d(y,z)} forall z,y,z € X.

REMARK. A metric space (X,d) is called complete if every Cauchy-sequence
(i.e. (xn) Cauchy sequence if for all € > 0 there is an ng € N such that
d(zpn,Tm) < € for ny,m > ng) admits a limit point in X. This is often
implicitly assumed in the literature.

Let (X,d) be a metric space. Then
B(z):={yeX : d(z,y) <r}

for 7 > 0 denotes the open ball around = with radius r. In a metric space,
a set O € X is open if for each x € O, there is a radius r > 0 such that
B, (z) € O. The collection of all open sets defines a topology ¢, induced by
the metric d. This topology is generated (finite intersections and arbitrary
unions) by the family of all open balls in X. Due to the constraint (a), the
topology Oy is always Hausdorff.

A topological space (X, 0) is called metrizable, if there exists a metric d on
X such that 0, = 0.

A family (U;)er of subsets of X is called cover of A ¢ X if A € Ujer Ui.
Let (Vj)jes and (U;)ier be a cover of A. Then (Vj);es is called a subcover
(Ui)ier, if for each j € J there is an i € I such that V; = U;.

DEFINITION. Let X be a topological space. A set K € X is called compact if
for every family (U;)ier of open sets with K € U;e; U; there are finitely many
i1,...0n € I with K C U?Zl Ui, - ( “Every open cover has a finite subcover.”)
The topological space X is called compact if the set X is compact. By an
abuse of notation the family U, ,...,U;, will usually be denoted simply by
Uy,...Up,.
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REMARK. A set K € X of a topological space X is called sequentially com-
pact if every sequence (Tp)neny € K has a convergent subsequence in K.
Whenever X is metrizable, sequential compactness and compactness are
equivalent. However, for general topological spaces there is no relation.

ProprosITION A.1. Let X be a second countable topological space. Then X
s sequentially compact if and only if it is compact.

PROOF. See Mengentheoretische Topologie by B. von Querenburg, Kapi-

tel 8. O
Let (X, d) be a metric space. Then X is called totally bounded (prikompakt),
if for every € > 0, there are x1,..., 2, € X such that
n(e)
X c U Ba(xj),
j=1

confer Satz 13.11 in Mengentheoretische Topologie by B. von Querenburg.

PROPOSITION A.2. Let (X,d) be a complete metric space. Then X is com-
pact if and only if X is totally bounded.

PRrOOF. See Korollar 13.3 in Mengentheoretische Topologie by B. von
Querenburg. O

A topological space X is called locally compact if each x € X has a compact
neighborhood, namely there is a compact K € X and an open O € B(z) such
that O ¢ K.

LEMMA A.3. Let X be a topological space, K € X be compact and A c K be
closed. Then, A is compact.

PROOF. Let (U;)i; be an open covering of A. Then, we have K ¢
(X NA)UUjer Ui. And, as the set X \ A is open by closedness of A, we have
an open cover of K. Thus, there is a finite subcover Uy, ..., U,, X N A of K.
But then, Uy, ...,U, is an open cover of A. This concludes the proof. O

LEMMA A.4. Let X be a Hausdorff space. Then, every compact K ¢ X is
closed.

Proor. We show that X \ K is open. Let z € X \ K be arbitrary. As X
is a Hausdorff space, for every y € K, there are open neighborhoods U, V),
of z and y such that U, NV} = @. Then the sets (V) ex form an open cover
of K. Since K is compact, there are y1,...,y, € K such that

n
KclJVy,.
i=1

Define U(z) := N}, U, where U’ is the corresponding open neighborhood of
x for the point y;, namely UV, = @. Then, U(x) is an open neighborhood
of X. Furthermore, for every y € K, we have y € U,, for some y; and, hence,
y ¢ UL, This yields y ¢ U(x). Therefore, we infer U(z) n K = @. Thus, for
each z € X \ K there is an open neighborhood U(z) with U(z)n K = @
implying X N\ K = Ugzex<x U(x) is open. Thus, K is closed. O
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LEMMA A.5. Let X be a compact Hausdorff space and let (Kp)nen be a de-
creasing sequence of non-empty, compact subsets of X. Then the set Npeny Kn
s non-empty and compact.

PrOOF. By Lemma A.4 every K, is closed. Hence, the intersection
Mnen K7, 1s closed and, obviously, a subset of the compact space X. Thus,
Lemma A.3 yields compactness of M,ey Kpn. It is left to show N,y K = 9.
Suppose the opposite is true. Then, we have

X=X "NEK,=UX\K,.
neN neN
As every X \ K, is open, they form an open cover of X. Thus, there is
a finite subcover X \ K; ,..., X \ K; . Without loss of generality we can
assume %1 < ... < i,. Thus, we have X = U;_; X \ Kj, and, therefore,

n n

@ZX\(UX\Kik): szk
k=1 k=1

As the i;’s are ordered by size, and since the sequence (K,,) is decreasing,

we have

n
m sz =K, +0@.
k=1
This is a contradiction. O

A topological space X is called regular, if x € X and F ¢ X is closed such
that « ¢ F, then there are open subsets U,V € X such that z e U, F ¢V
and UnV = @.

THEOREM A.6 (Urysohn’s metrization theorem). FEvery Hausdorff second-
countable reqular space is metrizable.

Let (X,0x) and (Y, Oy) be topological spaces and f: X - Y. Then f is
called continuous if the preimage f~1(0) € Ox for all O € Oy. The set of all
continuous functions on f: X — C is denotes by C(X).

We finish the section with Urysohn’s lemma and Tietze’s extension Theorem.
For K ¢ X compact and f € C.(X) with 0 < f <1, we write K < fif f(z) =1
for all z € K. For V ¢ X open and f € Co(X) with 0< f <1, we write f <V
if supp(f) c V.

LEMMA A.7 (Urysohn’s lemma). Let X be a compact metric space, V € X
open and K ¢ X compact such that K € V. Then there exists an f € C.(X)
such that

K< f<V.

Proor. Let F':= X \V. Then F'n K = @. Define

_ dist(x, F')
@)= dist(z, K) + dist(x, F)

where
dist(z, F) = inf{d(z,y) : y€ F}.
It is an easy exercise to show that dist(-, F') is a continuous function and

by construction, we have supp(f) ¢ V. Furthermore, f(x) = 1 whenever
rzeK. (]



140 A. A PRIMER ON TOPOLOGY

THEOREM A.8 (Tietze’s extension theorem). Let X be a normal topological
space and f: A - R be continuous on the closed set A € X. Then there exists
a continuous map F : X - R with f(x) = F(x) for all x € A. Moreover, F
can be chosen such that

sup {|f («)|] 2 € A} =sup {|F(y)||y € X}.



APPENDIX B

A primer on measure theory

Let X be a non-empty set. A measure is a map that assigns to subsets a non-
negative number which can be thought as the volume (weight, energy,...).
In order to guarantee nice properties one has to make restrictions on the set
of measurable sets.

A family A of subsets of X is called o-algebra if
e JeA,
o if Ae Athen Ac A,
o if A, e Afor neN, then Upeny An € A.

A set A € A is called measurable.

EXAMPLE. In the following few examples for o-algebras are given.
(a) The trivial system A:={z, X }.
(b) The power set A:=P(X).
(c) Let X be a topological space. Then, the smallest (with respect to
set inclusion) o-algebra that contains all open sets of X is called
the Borel-o-algebra on X. It is denoted by #(X).

We call a map p: A — [0, 0] a measure, if
o 1(2) =0,
° N( Un An) =3, 1(Ay) if {Ap ey are pairwise disjoint elements of
the o-algebra A.
A triple (X, A, ) is called a measure space if A is a o-algebra on X and
w:A—[0,00] is a measure. A measurable space (X,.A, u) is called finite if
(X)) < oco. The measure p is called a probability measure if u(X) =1.

We say a property holds p-almost everywhere(p-a.e.) if there is a measurable
set Xo € X with u(Xp) =0 such that the property holds for all x € X \ Xj.

EXAMPLE. (a) Let X be a countable set equipped with the o-algebra
P(X). Then, every function j: X — [0,00] defines a measure via

p(A) = Yyea p(z).

(b) The Lebesque-measure \ on B(R?). It is the unique translation
invariant measure \ (i.e. N(A) = X({x+y : ye A}) for eachxz € A)
that satisfies

AM[a1,b1) x ... x[ag,bg)) = (b1 —a1) ...  (bg—aq).
LEMMA B.1. Let (X, A, p) be a measure space. Then, the following holds.
(a) If Aj € A with Ay 2 As > ... and p(Ar) < oo, then p(NjenAj) =

limy, 0 11(Ar)-
(b) If Aj e A with Ay c Ay c ..., then pu(Ujen Aj) = limy oo u(Ay).
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Let (X1, A1, p1), (X2, Az, u2) be measure spaces. A function
[:X1—> X
is called measurable if f~1(A) € A; holds for all A € As.

If X is a topological space then the o-algebra #(X) generated by the open
sets in X is called the Borel-o-algebra. Then it follows that continuous
functions f : X — Y on topological spaces X and Y are measurable in the
corresponding Borel-o-algebras.

Recall that f + g, Af and f-g are measurable if f and g are measurable
functions. In addition, the minimum, maximum, supremum or infimum of
measurable functions are measurable.

Let (X, A, 1) be a measure space. A function ¢ : X — R is called simple
if there are a1,...a, € R and Ay,..., A, € A such that ¢ = 31" a;14,. We
define the integral of a simple function by

[odn= [ o) dutz) = i_ilammi).

It can be shown that this is independent of the representation of ¢.

For a measurable function f : X — [0,00) (the latter equipped with the
Borel-o-algebra) we define the integral

[de,u::ﬁ(f(x)du(m):zsup{f){gpd,u:OS@Sf,gosimple}.

A measurable function f : X — C is called integrable if [y|f|dp < oo.
Iff : X - R is integrable, the integral of f is defined as

[ tdu= [ f@) du@) = [ fedp- [ 1-dp.

where f, = fvO0and f- = (-f)v0. Similarly, let f: X — C be integrable,
then the integral of f is defined by

[ = [ f@)du@) = [ R duve [ 30 dn,

For p e [1,00) we define

LP(X) = {f : X > R f measurable, |l <o}, fly=( [ 177 dn)".

Note, that |-[, is a seminorm on £P(X) but generally not a norm. However,
it is a norm on the space LP(X) = LP(X)/ ~, where ~ is the equivalence
relation “equality p-almost everywhere”. The pair (LP(X), ||-|,) is a Banach
space.

PROPOSITION B.2 (Hélder’s inequality). Let 1 < p < oo, %+% =1 and
(X, A, p) be a measurable space. If f e LP(X,u) and g € LY9(X, ), then
fge LY(X,p) and

[ fal <1 flplglq
hold.
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PROPOSITION B.3. Let (X, A, 1) be a finite measure space. Then

q-p
[£llp < w(X) o ([ fllg fe LX),
and LI(X,p) € LP(X,u) hold for all 1<p<q< oo

Next, we will shortly recall some theorems on integrals and limits.

THEOREM B.4 (Fatou). Let f, : X — [0,00] be measurable functions. If
liminf f,, is measurable, then

n—oo
fX liminf f, dpt < lim inf fX m

THEOREM B.5 (Beppo Levi). Let f, : X — [0,00) be measurable functions
with fn < fos1 for every n p-almost everywhere. Denote the (u-almost ev-
erywhere) limit of { fn}nen by f. Then, f is measurable and

dp = i fnd.
founggon %

THEOREM B.6 (Lebesgue’s dominated convergence theorem). Let f, : X —
C, n € N, be measurable functions with |f,| < g p-almost everywhere for an
integrable function g : X — [0,00]. Denote the (u-almost everywhere) limit
of {fn}tnen by f. Then, f is integrable and satisfies

dp= i fnd.
founan}on 7






APPENDIX C

A primer on complex analysis

Here we collect the facts from complex analysis needed for the lecture.

A function f : U — C from an open subset U ¢ C is called analytic or
holomorphic if it is complex differentiable, i.e., there exists a continuous
function f’: U — C such that for all 25 € U

f(2) = f(20) + (2 = 20) f(20) + n(z = 20)

where n(w) —|w| - 0 as w — 0 (where the choice of 7 also depends on zp). It
is remarkable that being analytic is already equivalent to f being arbitrarily
often complex differentiable and, moreover, f equals its Taylor expansion
about every zy in some neighborhood V € U of zj

oo r(n) Py 00
1= 5 L - S

for z € V and a suitable sequence (a,) in C (which can be directly calculated
from the complex derivatives f(™)(z)).

For an integrable function f: U € C — C and a (piecewise) continuously
differentiable curve v : I — C from an interval I we denote

L@z [ o)y @t

A first theorem says that the integral of a function over a simply closed
curve in a domain of analyticity of the function vanishes. A curve is called
simply closed if it is homotopically equivalent to a trivial curve.

THEOREM C.1. Let f: U — C be a holomorphic function on an open set
U cC. For any simply closed curve v in U we have

Lf(z)dz =0.

An even more fundamental result is Cauchy’s integral formula. Recall that
D={zeC||z] <1} and rA ={ra|ae A} for any Ac C and r ¢ C. By
the integral [, . ..dz we mean the integral [ g dz along the simply closed
curve v which goes counterclockwise along the boundary of rD.

THEOREM C.2 (Cauchy’s integral formula). Let U ¢ C be open such that
rD c U for somer >0. Let f:U — C be a holomorphic function. Then,
for all zg e rD

)= 1 Mdz.

2w JorD z — 2

f (20
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146 C. A PRIMER ON COMPLEX ANALYSIS

EXAMPLE. For example we get with the function f =1, zo=0 and n >0 for

any r >0
[ 2y = 270y, 0.
orD

A simple yet important consequence is Liouville’s theorem. It says that
every non-constant entire function has to be unbounded. An entire function
is an analytic function f : C — C. We provide a short proof here as it
follows immediately from Cauchy’s integral formula

THEOREM C.3 (Liouville’s theorem). Every bounded entire function is con-
stant.

PROOF. Let C' > 0 such that |f| < C. We calculate using Cauchy’s
integral formula

/ 1 / f(z) 1
= — ————=dz| < — - 27mr-— -0
17 (z0) 21 |JorDd (2 — 29)? o T
as r — co. This finishes the proof. O

Another remarkable theorem is that if two holomorphic functions agree on
a large enough set, then they agree everywhere. Indeed, the coincidence set
can be chosen rather small.

THEOREM C.4 (Identity theorem). If two holomorphic functions f and g,
defined on an open and connected U ¢ C, agree on a set S €U which has an
accumulation point in U, then f=g on U.



APPENDIX D

A primer on functional analysis

1. The Hahn-Banach theorem

The theorem of Hahn-Banach is one of the most fundamental and most
useful theorems in functional analysis.

Similar to Tietze’s continuation theorem for continuous functions it allows
to find a proper extension of a continuous function. However, the category
here are topological vector spaces, so one does not only look for a continuous
extension but for an extension which is additionally linear.

This theorem is proven in every course on functional analysis and its proof
is a fairly simple application of Zorn’s lemma.

THEOREM D.1 (Hahn-Banach theorem). Let (E, |-||) be a normed space and
F c E be a linear subspace. Let ¢ : F — C be a linear functional. Then,
there exist a linear functional ¢ : E — C such that

Ylr = and [0 =Tl

There is an important corollary of the Hahn-Banach theorem.

COROLLARY D.2 (Realizing the norm by functionals). Let X be a normed

space and X' = L(X,C) be the dual space of continuous linear functionals
on X. Then, for all x € X

|zl = sup Jp(z)l=  sup |p(z)].
pex’, [pl=1 peX', ol<1

Proor. Without loss of generality we can suppose that x # 0. Let
' € X' be arbitrary with ||¢'| < 1. Then

(@) - 5

lzl < l'[lz] < ]

implies

sup [’ (z)] < sup ¢’ (2)] < [z
p'eX’ ¢'|=1 p'eX’ |1

If we show that there is a p € X’ with |¢] =1 and ¢(z) = |z| then

sup | (@)] > [p(z)] = ||
PeX! ¢'=1

follows proving the desired statement. Such a ¢ can be found by using
the Hahn-Banach Theorem. Let z € X and define ¢ : span(xz) — C by
Y(Az) == | z|. Then

[¢l =" sup o)l = sup [Az)] = 1.

yespan(z), [y[<1 IN<ir
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148 D. A PRIMER ON FUNCTIONAL ANALYSIS

Due to the Hahn-Banach theorem, there is a ¢ € X' such that ¢|span(z) = ¥
and ||¢|| = [¢] = 1. Furthermore, ¢(z) = ¥(x) = |z| holds finishing the
proof. U

Another look at this corollarys yield the following corollary.

COROLLARY D.3 (Separating points by functionals). Let X be a normed
space and x € X. If p(x) =0 for all continuous linear functionals ¢ on X,
then x = 0.

PROOF. This follows immediately from the previous corollary as
|z = sup p(z)[=0
peX’, [pf=1
yields x = 0. U

2. The Stone-Weierstrafl theorem

Consider the field K € {R,C}. A K-vector space A is called K-algebra if
there is a bilinear, associative map -: Ax A - A, i.e., for all a,b,c € A and
A e K, we have

e (a-b)-c=a-(b-c),

e (a+b)-c=a-c+b-c,

ea-(b+c)=a-b+a-c,

e Ma-b)=(Xa)-b=a-(Ab).
A linear subspace B € A of an algebra A is called subalgebra if a,b € B
implies a-b e B. If A is equipped with a norm | - |, then (A, | -|) is called
Banachalgebra if

e (A +,| ] is a Banach space,

e (A,-) is a K-algebra,

e |a-b| <a]|b] holds for all a,be A. (submultiplicative)

EXAMPLE. Let X be a locally compact space and Co(X), the set of contin-
uwous functions f: X — C that vanish at infinity, namely for all € > 0 there
exists an K. € X compact such that

If(z)<e forall z e X ~ K.
Then Cy(X) is a Banach algebra if equipped with the uniform norm
I flleo :=sup[f(z)l,  feCo(X)
reX
and pointwise multiplication

(f-9)(x) = f(2)g(x),  frgeCo(X), veX.

Let B be a subalgebra of Cy(X). We say that B separates the points from
X if for any x,y € X with = # y there is f € B with f(x) # f(y). Moreover,
it is said that B does not vanish anywhere if for every x € X thereisa fe B
with f(z) # 0. Finally, B is called self-adjoint if f € B implies f € B.
THEOREM D.4 (Stone-Weierstrass theorem). Let X be locally compact and
let B be subalgebra of Co(X) with the following properties:

o B separates the points,
e B does not vanish anywhere,
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e B is self-adjoint.
Then, B is dense in Co(X) with respect to || - | co-
3. The Riesz-Markov theorem

Next, we discuss the Riesz-Markov theorem which relates the positive func-
tionals with Radon measures on locally compact spaces.

THEOREM D.5 (Riesz-Markov representation theorem). Let X be locally
compact. Then, for any positive linear functional ¢ on Co(X) there exists
a unique finite reqular measure p on X such that

() = [ fd
for all f € Co(X) and [of = p(X).






APPENDIX E

Spectrum of bounded linear operators

We introduce the notions of spectrum, resolvent set of bounded linear opera-
tors on Banach spaces and prove basic properties of these objects. Therefore,
recall what we discussed in Section 2.3 “Linear bounded maps”. Afterwards
we will focus on linear bounded operators on a Hilbert space H and in partic-
ular on self-adjoint operators. We discuss consequences on the convergence
of the spectra w.r.t. the Hausdorff metric dy on C if L(H) is equipped with
various topologies.

1. Spectrum and resolvent set

Let E be a Banach space. Let I := Iy € L(E) be the identity operator on F,
namely, Iz := z. In the following we will write AB := Ao B for A € L(E1, E»)
and B € L(FE2, E3). Recall that L(E) := L(E,E).

DEFINITION. An operator A € L(E, F) is called invertible if there is a B €
L(F,E) such that AB =Ip and BA = Ig. Then B is called the inverse of A
that we denote by A™L.

ProOPOSITION E.1 (Basic properties of invertible elements). Let E be a Ba-
nach space and A, B,C € L(E). Then the following holds.

(a) If AB=1 and CA=1, then B =C and A is invertible with inverse
B =C. In particular, the inverse of an operator is unique.

(b) If A and B are invertible then AB is invertible with (AB)™! =
BtA™L

(¢) If AB and BA are invertible, then A and B are invertible.

(d) If A and AB are invertible, then BA and B are invertible.

(e) For X\ € C with A\ # 0, the operator NI is invertible with inverse
AT

ProoOF. (a) This follows from

B=IB=(CA)B=C(AB)=CI=C

(b) Clearly B~*A™! € £L(H). Furthermore,
(AB)(B'A™ )= ATA™ = AA =T
and similarly (B1A™)(AB) =1.

(c) Clearly it suffices to show that A is invertible. Set C = (BA)™'B and
D := B(AB)™!. Then a short computation leads to

CA=(BA)(BA)=1 and AD=(AB)(AB)'=1
Hence A is invertible with inverse C' = D by (a).
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152 E. SPECTRUM OF BOUNDED LINEAR OPERATORS

(d) Since A and AB are invertible,
BA=AYAB)A

is invertible as composition of invertible elements by (b). Thus, AB and BA
are invertible and so B is invertible by (c).

(e) This is trivial. O

EXAMPLE. If E := C? for some d € N, then L(E) is nothing but than all
d x d-matrices. Then A€ L(E) is invertible if the matriz is invertible.

EXAMPLE. Let E := (?(N), k € N and consider the operator A, € L(£2(N))
defined by Ay, = X[o,k], namely the multiplication operator where xpo 1]+ N —
{0,1} is the characteristic function of the interval [0,k]. More precisely, we
have

0, n>k,
(Axp)(n) = {1#(“)7 n<k

Then Apdgi1 =0 and Apdgo =0 while Sxy1 # Ogro. Thus, Ay is not injective
and so it is in particularly not invertible. Another way to see that Ay is not
invertible is by taking any linear bounded operator B € L(#*(N)). Then B0 =
0 and so BALOky1 =0 # 01 follows. Thus, Ay does not admit an inverse
in E(ﬁl(N)). Note that Ay, is actually a projection, i.e. A2 = ApAy = Ay.

The operator A. € L((2(N)) defined by
(Acp)(n) = "p(n)

is invertible if and only if ¢ # 0. Furthermore, its inverse is given by A 1.

DEFINITION. Let E be a Banach space. For A€ L(F), define the resolvent
set by

p(A) :={zeC|A-zI bijective with continuous inverse}

and its spectrum
o(A) = C~ p(A).
The map
Ra:p(A) > L(E), Ru(z):=(A-zI)7",
1s called resolvent.

REMARK. (a) In classical mechanics, the possible results of measurements
are given precisely by the possible values of the observable functions. In quan-
tum mechanics, the spectrum of an operator (i.e., the generalized eigenval-
ues) appears as the possible results of measurements of the associated observ-
ables. This corresponds to the transition from the spectrum in commutative
algebras to the spectrum in non-commutative algebras.

(b) About the term spectrum: In optics, acoustics and harmonic analysis it
is common practice to decompose objects in eigenfunctions (i.e., waves) to
eigenvalues (i.e., frequencies). This is known as the spectral decomposition
or as frequency analysis.

(c) About the term resolvent: For a bounded operator A € L(E) on a Banach
space, one has \ € p(A) if and only if the equation (A-\I)x =y has a unique
solution for all y, i.e., the equation can be uniquely resolved with regard to
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x. In light of this we seek to figure out when we can solve such “generalized
equation systems”.

(d) In the lecture ”Functional Analysis” you will get to know the bounded
inverse theorem (also called inverse mapping theorem). This states that
every bijective A € L(E) admits an inverse A™t € L(E) which is bounded
where E is some Banach space. Note that this result is wrong if E is just a
normed space.

(e) With a slight abuse of notation, we will use X := X for all A € C.

ExAMPLE (Operators on a finite-dimensional space). For a matriz A € C™",
we have

o(A) ={AeC|det(A-\) =0} = {eigenvalues of A}.

EXAMPLE. Let E := (2(N), k € N and consider the operator A, € L(¢*(N))
defined by Ay = X[ox] as in the previous ezample. Then o(Ay) = {0,1} for
all k e N (Ezercise).

PROPOSITION E.2 (Neumann series). Let E be a Banach space and A € L(E)
with limsup, ., |A™|" <1 be given. Then (I - A) is invertible and

(I-A)"'= i A",
n=0

In particular, (I — A) is invertible if ||A| < 1.

PROOF. The assumption limsup,, ., [|A™[" < 1 yields the existence of

0 <6 <1 with |[A"]| < 6™ for large n. We know that },.060" converges
(geometric series). Hence, Y5, 0" gets arbitrarily small if m gets large.
Thus, we conclude that Sy := Z,’jzl A" e L(E), k €N, is a Cauchy-sequence
invoking the triangle inequality. Therefore, the sum Y ,.9 A™ converges ab-
solutely and exists due to completeness of L(F), namely Y50 A" € L(E).
Moreover,
(I-A) Y A=Y A=Y A"=A"=1]
n=0 n=0 n=1
and analogously

(ZA”)(I—A) =S A - A=A"=1.
n=0 n=0 n=1
The last statement follows from [|A™| < | A|™. O

REMARK. (a) The formula should not come as a surprise. It is well known
that the geometric series is an inverse of 1 —q for |q| < 1. As in analysis
the geometric series, the Neumann series will play a crucial role in spectral
theory.

(b) If limsup,, ., |A™|'/™ < 1, then (I + A) is also invertible with inverse

[e9)

(I+A) " =>(-A)"

k=0

(c) The identity operator I € L(E) is always invertible. In this sense the
lemma s a stability result.
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PROPOSITION E.3. Let E be a Banach space and A € L(FE). Then the
resolvent set p(A) ¢ C is open and the resolvent R, is analytic (i.e. it can
be locally developed into a norm-convergent power series). In particular, R4
18 CcoOntinuous.

PROOF. p(A) is open: We prove that for every zp € p(A), there is an
e >0 such that the open ball B.(z) € p(A).

Let zp € p(A). Then (A - zp) is invertible and A - zp € L(E). Then we get
A-z=(A-2)+(20-2)=(I+(z0-2)(A- zo)*l)(A— 20).

Since A - zy is invertible, we get that A — z is invertible whenever I + (2o —
2)(A - z9)7! is invertible by Proposition E.1 (Basic properties of invertible
elements). Invoking the previous Proposition E.2 (Neumann series), we get
invertibility whenever

|z = 20 [(A=20)7" = (2 = 20) (A~ 20)7"| <1
Since A -z is invertible, ||(A-29)7!| is finite. Set ¢ := W. Then for
all z € C with |z — 29| < £, we conclude
_ _ 1
[(z = 20)(A=20) [ <]z = 20l [(A=20)"] <5 < 1.
Hence, A - z is invertible with bounded inverse for all z € C with |z — 2¢| < ¢,
namely p(A) is open.

R4 is analytic: We will show that R4 can be developed around each zg €
p(A) into a norm-convergent power series. Let zg € p(A) and ¢ := W

as before. Consider some z € C with |z — 29| < e. Then
(I (=)A= = S (o= (A=)
follows by the Proposition E.2 (Neumann_series). Thus,
(A-2)"" = (T+(20-2)(A-2)")(A-2))"

(A-2)7" (i (20 —2)" (A~ Zo)_n)

n=0

io (2 - 20)"(A - 29) ™)

follows using Proposition E.1 (Basic properties of invertible elements). Thus
(A-2)"! is a norm convergent power series locally around zy. Hence, the
resolvent is analytic on p(A).

R4 is continuous: The continuity follows, since the resolvent is analytic.
Here are the details. By the previous considerations,

o0

(A- z)_l -(A- zo)_l = Z(z -20)"(A- zo)_"_1

n=1
holds and the power series is norm convergent. Thus, there is a constant
C > 0 such that the norm of this difference can be estimated by

|-l < le =20l [ (A= 20) 72 35 (2 = 20) (A= 20) ! [* < |2 = 20|C < 6C
k=0
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for z € C with |z — 29| < § and ¢ < e. This proves the continuity of the
resolvent. O

With this at hand, we can prove fundamental properties of the spectrum.
For the proof, we need the Hahn-Banach theorem and Liouville’s theorem.
(See Appendix C and Appendix D for the statements and a short discussion.)

THEOREM E.4 (Basic properties of the spectrum). Let A € L(E). Then
the spectrum o(A) ¢ C is compact and non-empty. In particular, oc(A) ¢

B 4)(0) holds.

PROOF. (A) compact: Since o(A) is closed (as the resolvent set p(A)
is open by the previous Proposition E.3), it is sufficient for the compactness
to show that o(A) ¢ Bj4(0). To this end, we consider A - A for A € C with
|A| > |A|. Then

A—A:(—A)(I—%A).

According to the Neumann series (Proposition E.2) - %A is invertible since
IAl > [|A[. Thus, A~ X is invertible if [A| > [ A proving o(A) c Bj4;(0). In
particular, 0(A) is a compact subset of C.

o(A) non-empty: Assume by contradiction that 0(A) = @ and so p(A) = C.
Then, A —> (A - \)7! is analytic on C and, thus, an entire function. This
means that the map

C—C, A—op((A-N)h),

is an entire function for every continuous linear functional ¢ on L(E). More
precisely, ©((A - X)™!) can be expanded locally to a absolute convergent
power series by linearity of ¢ and since R4(\) = (A - A)~! can be locally
expanded to an norm convergent power series by Proposition E.3.

Using Proposition E.2 (Neumann series), we have
1 1yt 1&g\
A—)\‘lz—(I——A) -1 (—A)
A=07=3U5 SPA ()
for all [A| > | A|. Hence,

1& /1 \" 131
P40 =(5 2 (54) ) -3 5 et
is concluded. With |p(A™)| < |||l A]™, it follows by the geometric series
that
1 1

|)\|H80H T =0 if A oo,

(A= A4) 1) < H
Al

Hence, the map C - C, A — o((A-X)"1) is a bounded entire function (the
resolvent R4 vanishes at infinity and it is continuous by Proposition E.3
and so it is bounded on any compact set). With Liouville’s theorem, we

conclude that ¢ ((A-\)"") is constant and, therefore, for all A e C
p((A-2)1) =0
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since it must vanish already at infinity. Since ¢ was an arbitrary continuous
functional on L(H), the Corollary D.3 (corollary of Hahn-Banach theorem)
implies
(A-\N)"t=0
for every A € C. However, this stands in contradiction to the basic fact
0=(A-N0=(A-N(A-N)"=T=0.
Thus, 0(A) # @ is concluded. O

REMARK. This is indeed a result “over C” and which is not a coincidence:
On R, a corresponding result is already wrong for matrices (e.g. the rotation
on R? has no real eigenvalues). The proof makes extensive use of complex
analysis in the form of Liousville’s theorem. This also does not come as
a surprise. Already for matrices one uses complex analysis, in terms of
Liouville’s theorem or Rousseau’s theorem, to prove the fundamental theorem
of algebra (every non-constant polynomial with complex coefficients has at
least one complex root) which yields the existence of eigenvalues (in C).

ProrosITION E.5 (Resolvent identities). Let E be a Banach space and
A,Be L(E). Then the following assertions hold.

(a) If e p(A) np(B), then
(A- ) —-B-NT1=UA-NYB-AB-N'=(B-N)(B-4)A4-)"
(b) If \,n e p(A), then

(A== (A=) == (A- ) A-p) = (u =N (A-p) (A=)

PROOF. (a) Since A € p(A)np(B), the elements (A-\) and (B-\) are
invertible. Then a short computation leads to

(A- )= B-N"T1=A-)'B-NB-)'-UA-DTA-D)B-1"!
=(A-N)(B-A-(A-N))(B-N)"
—(A-N"YB-A4)(B-)N1

Similarly, we derive

(A- )= (B-N"T1=B-N1B-)A-N)'-B-)1Aa-)HA-))"!
=B-N)"HB-A-(4A-N))A-N)"
=(B-\)"'(B-A)(A-\)"".

(b) Let A\, € p(A). Thus, (A-\) and (A - p) are invertible. A similar
computation as before leads to

(A-2)7 = (A=) =(A- N (A= )(A- ) = (A=) (A=A (A-p)
A=V (A-p- (A-N)A-p)!
(A= w)(A- N (A=)
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From this identity we deduce

L (A= -A-pmT)

(AN (A-p) = -
U
=(A_M)_;:§A_ M-y A

O

PROPOSITION E.6 (Transformation and the spectrum). Let A € L(E) and
U e L(FE) be such that U is invertible. Then

o(A)=c(UAU™YY and p(A)=p(UAU™).

PRrOOF. Clearly o(A) = o(UAU™!) is equivalent to p(A) = p(UAU™Y).
Thus, we will only show p(A) = p(UAU!). First note that A € C is an
element of p(A) if and only if A — X is invertible in £(E). Since U is
invertible, this is equivalent to U(A—-\)U™! is invertible by Proposition E.1
(Basic properties of invertible elements). Then the identity

UA-NU=0AU - XUU T =0AU T -\
finishes the proof. O

EXERCISE. Let E be a Banach space and A € L(E). Prove that if p is a
polynomial with complex coefficients then

o(p(4)) = {p(M)[Aea(A)}.

2. Spectral radius

We can say more about the location of the spectrum in terms of the operator
norm. But we need some preparation.

LEMMA E.7 (Fekete’s lemma). Let a: N — [0,00) be submultiplicative i.e.
Qnim < Qi for all n,m e N. Then,
1 1
Al O = o

1
In particular the limit lim,_, . oy exists.

ProOF. If ay =0 for some k € N, then 0 < a4y, < o, =0 for all n > 0.
This yields the statement.

We now consider the case «;, > 0 for all k € N. Apparently,

1 1 1
inf o <liminf o) <limsupayy.
neN n—»o0 —00
1
So it is enough to show for every « > inf,, a;}

1
limsupag; <«
n—oo
Choose such an a. Then, there exists a m € N with

1
am < Q.
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Now, let n € N be large. Then, there are k € N and r ¢ N with 0 < r < m such
that
n=km+r.

Using the submultiplicativity, we obtain «;, < ozfnozr and so

1 ko1
on < amog.

1
We have ot - 1,n — oo (since there are only finitely many 0 < r < m and
k 1

n m k_ _k 1 . .
o, >0) and oz, —» ag (because = —— — —-). This implies
11
limsup oy < a < a. O
n—o0

REMARK (Submultiplicative vs. subadditive). The statement of the propo-
sition can be reformulated as a statement about subadditive functions. For
some subadditive function f: N — R (i.e. Bpim < Bn + Bm), we conclude
the existence of

lim lﬁn = inf lﬁn,

n—oo n neN N
by setting o, = e’ and applying the proposition. Reversely, given the result
on subadditve functions, one can set By :=loga, and recover statement for
submultiplicative ou,.

COROLLARY E.8. Let E be a Banach space and A € L(E). Then the limit
limy, oo | A ||M™ exists.
PROOF. The sequence ay, := ||[A"|, n € N, is submultiplicative as
A" = JATAT < AT AT
So, Fekete’s lemma (Lemma E.7) leads to the desired statement. O

DEFINITION (Spectral radius). Let E be a Banach space and A € L(F).
Then )
r(A):= lim |A"||»
n—>00

is called the spectral radius of A.

We will often make use of the fact that continuity of multiplication in L(F)
yields that r(A) is in general smaller than |A|. Later we will see that
|A| =r(A)if Ae L(H) is a so-called normal operator on a Hilbert space H.

LEMMA E.9. Let E be a Banach space and A € L(E). Then,
r(4) < [A].

ProoOF. We have |AB| < ||A|| |B|, A,B € L(FE). This yields |A"™| <
|A|™ and the result follows. O

We now come to a theorem about the location of the spectrum which goes
back to Beurling. The proof requires a fundamental theorem from complex
analysis which is known as Cauchy’s integral formula (see Appendix C).

The theorem of Beurling is remarkable because it connects algebra and topol-
ogy. Algebra enters via invertibility in form of the spectrum and topology
enters in form of the spectral radius.
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THEOREM E.10 (Location of Spectrum — Beurling’s Theorem). Let E be a
Banach space and A € L(E). Then,

A =7(A).
Ag;%g)ll r(A)

REMARK. The spectral radius r(A) is the smallest number r such that o(A)
is contained in B.(0). Hence, the name spectral radius.

PrROOF. The spectrum is compact and the absolute value is continuous.
Therefore, the maximum on the left hand side exists.

Every A € C with |A\| > r(A) belongs to the resolvent: This follows directly
from the Proposition E.2 (Neumann series) by writing

A—A:(—A)(I—%A)

(5]

Hence, maxye, (4 |A| < 7(A) follows.

and observing
1
noo1

= NT(A) <1.

Every r > maxyc,(a) |A| satisfies r > 7(A): Let ¢ be a linear continuous
functional on £(E). Then, the map

A— o (A (A-N)T)

is analytic outside of o(A) by Proposition E.3. If |A| > | A|, then the Neu-
mann series (Proposition E.2) even implies

-1 00
S (AR V') IR WP
A k=0

Therefore, the integral
fw (A" (A= 2)1)dA

exists. Furthermore, we also have that all A € C with |A| = |Al|+1 > r(a)
belong to the resolvent set by the first step. Thus, we get by complex
analysis (see Appendix C) and analyticity of the map on the resolvent set

f|A|:NO(W(“1"A)_l)dA = f (A" (A=) HdA

A= Af+1

— \n—k-1 4k
- A" d
/|>\=|A||+1SD( kzzg)A ) A
_ Z QD(Ak) f An—k—ld)\
k=0 A

I=[Af+1

(Neumann series)

(absolute convergence)

(Cauchy’s integral formula) =— " 2mi 8,40 o(A")
k=0

—2mip(A™).
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By the virtue of the theorem of Hahn-Banach (Corollary D.2), we conclude

[A™] = sup |p(A™)]
lel-1

L f (A" (A - A)"H)dA
27 Jpl=1 IS N=r

1 " _
< — sup o APII(A = X)7Hdx
27 Jp)=1 [Al=r

<rr'sup ||(A - /\)_1 B

[A[=r

Since r > max e, (4) |A| and the resolvent A = R4 () = (A-X\)"!is continuous
(Proposition E.3), the supremum is finite. Thus, we infer

”AnHl/n < rrl/ncl/n —
as n — oo which yields the desired statement r(A) < r. O

REMARK (Holomorphic functional calculus). The formula
fw (N (A - A) DA = ~27ip(A™).

is a weak version of what is known as Cauchy’s integral formula. “Weak”
means that it holds after application a continuous functional. This can be
generalized to the so called holomorphic functional calculus which is however
not a part of this lecture.

Recall that R4(z) = (A-2)"! denotes the resolvent of an operator A € L(E)
and z € p(A).

PROPOSITION E.11. Let E be a Banach space, A€ L(E) and z € p(A). Then

o(Ra(z)) = (o(A) - 2)71 = {i ‘ A€ O‘(A)} (a)

and
1

r(Ra(2) = dist(z,0(A))

(b)
hold.

PrOOF. We will first show that (a) implies (b): By Beurling’s Theorem
(Theorem E.10), we have

T(RA(Z)) =

max |z|.
Xea(Ra(2))

Furthermore, (o(A) - z)_1 is nonempty and compact as o(A) is nonempty
and compact by Theorem E.4 (Basic properties of the spectrum). Thus,

1 1 1
dist(z,0(A)) Minye, () [A - 2] - Arerclf(li) ‘)\ -z

= T(RA(Z))

follows using (a).
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In order to prove (a), let A € C. There is no loss of generality in assuming that
A #0since A-ze L(F) is the inverse of R4(z). Then a short computation
leads to

Ra(z) = A=Ra(z) ~MA-2)Ra(z) =((1+A2)] = AA)R4(z)
- ((z . %)1_ A) ARA(2).

By assumption AR 4(z) is invertible. Using Proposition E.1 (Basic properties

of invertible elements) Ra(z) - A is invertible if and only if (z+3)I - A is
1
20—2

invertible, if and only if zp := z + % € p(A). This is equivalent to A =

L for some

for some zo € p(A). Hence, A € p(Ra(2)) if and only if A = =
20 € p(A). We claim that from this, the desired identity follows. Here are

the details:

O'(RA(Z)) =) (U(A) - z)_lz We will work with the complements of these sets.

Let A ¢ o(Ra(2)), then X € p(Ra(z)). Since A # 0, we conclude that A = g
for some zp € p(A) by the previous considerations. Since p(A) no(A) = @,
we deduce that A ¢ (o(A) - z)_l.

o(Ra(z)) < (o(A) - z)_l: We will work with the complements of these sets.

Let A ¢ (o(A) - z)_l. If A = 0, then clearly A ¢ o(Ra(2)). Thus suppose
A # 0. Then % ¢ 0(A) — z follows or equivalently z + % € p(A). Using
again the previous considerations, we derive that A € p(Ra(z)), namely

A o(Ra(2)). O

3. A short reminder on Hilbert spaces

We seek to study a specific class of operators that are called self-adjoint. In
order to do so, we need to restrict to operators defined on Hilbert spaces.
Therefore, a short introduction/reminder on Hilbert spaces and inner prod-
ucts is provided.

Let H be vector space over C. A map (-,-): H x H — C is an inner product
if
e it is complex linear (antilinear) in the first and linear in the second
component, namely

(A +y,2) =Nz, 2) +(y,2), (, Ay + z) = M, y) + (x, 2),

hold for all z,y,z € H and A € C,
e it is symmetric, i.e., (x,y) = (y,z) for all x,y € H,
e it is positive-definite, i.e. if x # 0 then (z,z) > 0.

EXERCISE. The map || : H - [0,00), ||z| := \/{z,z), defines a norm on H,

which we call the induced norm by the inner product.
Then (H,(-,-)) is called Hilbert space if (H,||-||) is a Banach space.

Let H be a Hilbert space. Then x,y € H are called orthogonal (x L y) if
{z,y)=0.
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PROPOSITION E.12. Let H be an Hilbert space and |- | the induced norm by
the inner product.

() [ Az +yl? = [AP[z] + 2R (M, ) + [y|* holds for .y e H,
(b) Kz, )| < |lz||y| holds for x,y e H,  (Cauchy-Schwarz)
(¢) The parallelogram law holds, i.e.

lo+yl? + |z ~yl? = 2]z +20y)*,  zyeH.

(d) Letx,ye H. Then z Ly if and only if |y| < | \z+y| for each X € C.
(e) Ifw Ly then |lz*+[y|* = |o+yl*.  (Pythagoras)

PROOF. (a) This follows by a short computation:

I\ +y|? =(Az + y, A + y) =< Az, Az > +(Ax,y) + Az, y) + (y,)
=Pz )? + 2% Az, y) + y[?
as z +z = 2R(z).

(b) If x = 0, the statement is obvious. Suppose z # 0. Set « := (z,y) and
A= ”2 Then (a) yields
2 2 2
a a o
0 e+l = b -2 i - ol - 1
implying

o < [l ly[*
and so the desired estimate follows by taking the square root.
(c) This follows just by direct computations (Exercise).
(d) By (a) we have
0 < [Az+yl* = APz]® + 28 (Ma, ) + [y

If (,y) = 0 then the desired norm estimate follows immediately as |A]?||z]? >
0. Conversely suppose |y| < [Az + y| holds for each A € C. Set « := (x,y)
and A := \|2 e C. As we have seen in the proof of (b), (a) leads to

RE

jof?

=]

(a) |af?
Az +y|* = y|* - 2_||A z+y)? -

Thus a =0 follows, namely = L y.

(e) This follows immediately from (a) for A = 1 since 293({x, y)) = 0 holds if
T ly. U

REMARK. Note that the Cauchy-Schwarz inequality yields the continuity of
the inner product in both components.

EXAMPLE. For d €N, the set H := C? equipped with inner product
d
= ). Ty
j=1

defines a (finite dimensional) Hilbert space.
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EXAMPLE. Let X be a countable discrete set. Then

S (@) < oo}

xreX

F(X):= {1[1:X—>(C

18 a Hilbert space with inner product

(.0)= > ¥(z)p(x)

xreX

and induced norm ||z =/ pex [(x)]2. We leave the details as an exer-
cise.

A subset E ¢ F of a vector space is called convez if for all x,y € E and
0<A<1, then \x+(1-MN)yeE.

THEOREM E.13 (Hilbert projection theorem). Every nonempty closed con-
vex set E € H contains a unique x of minimal norm, i.e. ||| = inf{|y||y €

REMARK. Note that we do not assume that E is compact.

PROOF. Define d := inf{||y| |y € E}. Choose x,, € E such that |z,| - d
and |z,| > d. Note that z := %(:pn +Tpy) € E (by convexity). Then the
parallelogram identity (Proposition E.12 (c) for z,y = 2z) leads to

|20+ 2m | = 2] 2] + 2] 2] > 4d2.
Furthermore, using the parallelogram identity again, we conclude
|20+ zm|? + |20 = 2m|? = 2|20 | + 220 |® > 4.
This together with the previous estimate yields
len = 2ml® =220 )® + 2l@m | = |20 + 2| < 2@n]® + 22| - 4d°
£2|||95n||2 - d2| + 2‘||a:m||2 - d2‘.

As the right hand side gets arbitrary small if n,m are large enough since
|| — d, we derive that (2, )ney is a Cauchy sequence in H. Hence, z,, - x
for some x € E (as it is closed) and |z|| = d as ||z, | — d.

If y € E is another element satisfying ||y| = d, then the sequence

{z,y,2,y,2,y,2,...} c E
must converge (as we just observed before). Hence, x = y implying the
uniqueness. O

We say E is orthogonalto F' (E L F) for E,F c H if z 1 y for all z € F and
yeF. For Ec H, define its orthogonal complement
E*:={ye H|(zx,y)=0 for all z € E}.

Let M € H be a closed subspace. If there is a closed subspace N ¢ H such
that H = M + N and M n N = {0} then N is called the complement of M
and we write H =M @& N.

PROPOSITION E.14. Let H be an Hilbert space and |- | the induced norm by
the inner product.

(a) If Ec H, then E* is a closed subspace and E < (E*)*,
(b) If Ec H then E* = (Tin(E))"
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(¢c) If E is a closed subspace, then H = E & E*,
(d) If E is a closed subspace, then E = (E*)*.
(e) If Ec H, then Lin(E) = (E*)*.

PROOF. (a) If 2,y € E* then
(z, Az +y) = Mz,2) +(z,y) =0, zeE,
implying Az +y € E*. Let x,, > x with z,, € E* and z € E be arbitrary. Then
the Cauchy-Schwarz inequality (Proposition E.12 (b)) yields
(2, 2)| = (& =z, 2)| < |2 = zn] ][ >0

and so (z,z) = 0. Thus, E* is a closed subspace. The inclusion £ ¢ (E*)*
as (z,x) =0 for ze F and x € E*.

(b) The inclusion E* 2 (H(E))l is trivial as E ¢ Lin(E). For the converse
inclusion, let z € E*. If z,y € E and A € K then

(x+ My, 2) = {2, 2) + \My,2) =0+ 0=0.

Thus, for each 2’ € Lin(E), we have 2’ 1 2. If z € Lin(FE), then there is
a sequence x, € Lin(F) converging to = and x, L z for all n € N by the
previous consideration. Due to the Cauchy-Schwarz inequality, the inner
product is continuous and so

(x,2) = lim (z,, 2z) = 0.

Consequently, z € (m(E))l and so E* ¢ (H(E))L follows.
(c) By (a) E* is a closed subspace of H. If 2 € EnE*, then (x,x) = 0 and so

x = 0 follows (requirement of inner product is that the inner product with
itself is strictly positive if z #0). Thus, En E* = {0}.

Let x € H. Then x — E := {x —y|y € E} is closed and convex since F is a
closed subspace and

Mz-y)+(1=-XN)(x-2)

(A+(1=X))z-Ay+(1-N)(-2)
- (- (1-2)(-2))
for 0< A <1 and y,z € E. Thus, there is a unique z; € E that minimizes

|z —x1| by Theorem E.13 (Hilbert projection theorem). Set z3 := z — ;.
Then

|z2] < Jz2+yl,  yek,

holds since x9 +y = x —x1 +y is an arbitrary element in x — E (using that E
is a subspace). Consequently, zo 1 E* follows by Proposition E.12 (d) as E
is a subspace. Since x = x1 + 75 € E + E*, the desired result is proven.

(d) According to (a), we have E c (E*)*. Since E® E+* = H = E*t o (E*)*
using (a) and (c¢), E cannot be a proper subspace of (E*)*.
(e) According to (b), we have Lin(E)* = E*. Thus, (m(E)l)l = (EY)*
follows. Since Lin(E) is a closed subspace, (d) implies

Lin(E) = (Lin(E)*)" = (B*)*
finishing the proof. (]
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Recall that elements of H' := L(H,C) are called linear bounded functionals,
see Section 2.3 and Appendix D.

THEOREM E.15 (Riesz-Fréchet representation theorem). Let (H,(-,-)) be a
Hilbert space. Then for every y e H, the map

Fy:H—C, z~(yx)

defines a continuous linear functional on H with |Fy| = |y|. Furthermore,
the map

H—>H',y'—>Fy,

is complex linear (i.e. Fypipz = AF, +uF,) and bijectiv. In particular, for
every linear bounded functional p on H, there is a unique y € H such that
p=1F,.

REMARK. The important statement is the surjectivity, namely that each lin-
ear bounded functional is represented by an Fy.

Proor. Clearly F, is a linear functional for each y € Y with

[Fy ()] = [{y, )] < [y[ |-

Thus, Fy is bounded (and hence continuous!) with |Fy| < |y|. Since Fy(y) =
ly[? holds, we conclude | F,| = |y|. The complex linearity follows directly
from the complex linearity of the inner product. Hence y — F is isometric
and complex linear, and so it is injective (Exercise).

It is left to show that y — F, is surjective: Let ¢ € H'. If ¢ = 0, then clearly,
we have to choose y =0 to get ¢ = F,.

Thus, we can assume without loss of generality that ¢ # 0. Then
N :=ker(p)={ze H|p(z) =0}

is a proper closed subspace of H, namely H # N, confer Proposition 2.8.
By Proposition E.14 (c¢) we conclude N* # {0}. (Otherwise: N = N** = H,
namely ¢ =0, a contradiction). Let z € N* be such that z # 0. Then

p(z)z - p(2)z
belongs to ker(y) (why?) for all x € H. Since z € N*, we conclude
0=(z,0(x)z - p(2)x) = p(¥)(2, 2) - p(2){z, ).

Hence,
e(2) e(2)
o) = = (7
2] 2]
follows. This leads to the desired claim with y = TZ(‘TQ) zZ. O

REMARK. In the first glance, it is surprising that any choice of z € N* does
the job. However, it comes out of the proof that N = {y}* = {z}* implying
that

N* = (Lin{z})** = Lin{z}

1s one-dimensional.
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4. Self-adjoint operators

From now on, we will focus on linear bounded operators over a Hilbert space
H. We will introduce the concept of adjoint operator and study particularly
operators where the adjoint operator of A coincides with A. These operators
are called self-adjoint. Let us begin with a short exercise.

EXERCISE. Let H, K be Hilbert spaces and A e L(H, K). Show that
| Al = sup {|{z, Ay)|| |z < 1, |yl < 1}.
holds.

Using the Riesz-Fréchet representation theorem (previous Theorem E.15)
we define the concept of an adjoint operator.

ProprosITION E.16 (Adjoint operator). Let H and K be Hilbert spaces and
AeL(H,K). Then there is a unique A* : K — H satisfying

(ya Aw)K = (A*yv $>H
for all t € H and y € K. Furthermore, we have

[A%] = [1A].-

PROOF. Uniqueness: The uniqueness is clear as all inner products of
A*y are fixed. Specifically, let A;, Ay : K - H be such that (y, AX)xg =
(Ajy,z)pg for all z € H and y € K. Then the previous exercise leads to

| AL = Asf sup {[{A1, y) ~ (Ao, )| |2 < 1, y] < 1}

Ezistence: Let y € K and consider the map

H-C, zw(y Az)k.
This map is clearly linear and continuous since

{y, Az) < [ly| [A] [].
Using Riesz-Fréchet representation theorem (Theorem E.15, there is a unique
y' € H with

<y7 Ax>K = <y,7 l’)H
for all x € H. Define A*y:=y’. Then, the map A*: K - H,y ~ %/, is linear
as
(A% (91 + Ag2), x) = (g1, Ax) + A(g2, Ax) = (A"g1 + AA" ga, )

for all x € H.

Finally, the norm identity is derived from

1Al = sup {[{y, Az)|[ |z <1, |y] < 1}
= sup {(A"y, )|z <1,y <1}
= |47
invoking the previous exercise. O

DEFINITION. Let H, K be Hilbert spaces and A € L(H,K). Then we call A*
(defined in the previous proposition) the adjoint operator of A.

PrROPOSITION E.17 (x is an involution). Let H and K be Hilbert spaces,
AeC and A,Be L(H,K). Then the following statements hold.
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(a) (A+AB)* = A* + AB*,

(b) (AB)* B A*.

() (4%)* =

(d) IfIe ﬁ(H) is the identity, then I* =1.
(e) (A*)™L=(AY)* if A is invertible.

PROOF. These statements follow by direct computations which are left
as an exercise (Sheet 9). O

ProprosITION E.18 (C*-property). Let H and K be Hilbert spaces and
A,BeL(H,K). Then

|AJ? = | A*A] = |AA*|.
PROOF. Since |A| = [|[A*| and (A*)* = A, it suffices to show the first
identity. Invoking the submultiplicativity of the norm, we conclude
| A Al < |A*] | A] = |AJ>.
Furthermore, we have
| A*A| = sup {|A* Az | |z < 1}
Cauchy-Schwarz > sup {|[(A* Az, z)|| |z| < 1}
- sup{|(Az, Az)l| o] < 1}
- sup {| Az|? 2] < 1}
_ A2
finishing the proof. O

REMARK. The previous identity has a great structural impact. If one con-
siders the space L(H) of all continuous linear operators on a Hilbert space,
then

e L(H) is an algebra with norm and an involution *.

e The norm | - | is submultiplicative and L(H) is complete.

e We have |A|? = |A*A| = |AA~|.
A normed algebra with these properties is called a C*-algebra and so L(H)
is a C*-algebra. Indeed one can show that every C*-algebra is a subalgebra
of L(H) (where H might be a huge Hilbert sapce) via the GNS-construction.
C™-algebras play a crucial role in physics.

With the notion of adjoint operator at hand, we can define the following.

DEFINITION. Let H be a Hilbert space and A€ L(H). Then
o A is called self-adjoint if A* = A.
e A is called normal if A*A=AA*.
e A is called unitary if A* = A7

EXAMPLE. Let H := (*(Z) be the Hilbert and m € Z. Define
Ly 2(Z) - £3(Z),  (Lmt)(n) = ¢(~m+n).
Clearly, L., is a linear operator such that

Lt |? = 3 [Lintp ()] = 3 [ (-m+n)]* = 3 [ (k)P = |v]*.

nez nez keZ



168 E. SPECTRUM OF BOUNDED LINEAR OPERATORS

Thus, Ly, € L((*(Z)) with |Ly,| = 1. A short computation leads to
(¥, Limg) = Y (m-m+n)p(-m+n)

nez
= Y d(m+k)o(k)
keZ
= > (Lom®) (K)o (K)
keZ
= <L—m¢7¢>
Thus, Ly, = L_yp3 follows as the adjoint operator is uniquely determined

by this identity by Proposition E.16. Furthermore
(Lin L) (n) = (L) (=m +n) = p(m —m+n) = 3(n)

holds and similarly Ly, Ly = 1. Thus, Ly, is unitary and so it is also
normal.

EXAMPLE. Let
H = Lz(R) = {w R — (C|¢ measurable, fR |¢(ac)|2 dz < oo}
be the Hilbert space of square integrable functions with inner product
(.0)= [ ¥@o(x) da.
Lett:R — C be a continuous bounded function and define T: L*(R) - L%(R)

by
(#) () = t(x)y(x).

Then T is a linear bounded operator satisfying
[ < [[t] o = suplt()] < oo.

zeR

Furthermore, a short computation leads to
W) = [ S0 do
[ {@@)é) da

(T, ¢).
Hence, T is self-adjoint if and only if t(z) = t(x) for Lebesque almost-every
x € R, or equivalently if t is real-valued for Lebesgue almost-every x € R. It
is elementary to check that T is normal.

Our main focus will lie on self-adjoint bounded operators. Their spectrum
is always contained in the real line. In order to prove this, we will need the
following.

For Ae L(H, K), the kernel of A is defined by
ker(A):={zxe H|Ax =0}
and the range of A is defined by
ran(A) := {Az|z e H}.

It is straightforward to check that ran(A) ¢ K and ker(A) € H are subspaces
and that ker(A) is closed, see Proposition 2.8.
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ProPOSITION E.19. Let Ae L(H). Then
ker(A) =ran(A4*)*  and ker(A*) =ran(A)*.
PROOF. Since (A*)* = A, it suffices to prove the first identity. A direct
computation leads to
ker(A) ={z € H| Az =0}

={zeH|(Az,y) =0 for all y e K}

={zeH|(x,A"y)=0forall ye K}

={A"y|y e K}*.

LEMMA E.20. Let Ae L(H) be self-adjoint. Then
[(A==2D)a|? = [(A-R(2))z]? + [3(2) ]

for all ze¢ C and x € H. In particular,

[(A=zDz| 2[3(2)] ||
forall zeC and z € H.

PROOF. Set z := a+if with o := R(z) € R and S := J(z) € R. Thus
Proposition E.12 (a) leads to
[(A=2D)a|? = (A~ a)z|? + 2R((Az — az, ~ifz)) + |8 ||
Since A is self-adjoint, we have (Az,x) € R. Thus
(Az - aw,—iBx) = —iB(Ax,x) —iaB|z|?

has vanishing real part and so the desired identity is proven. Then the
desired inequality follows immediately. O

COROLLARY E.21 (Spectrum of self-adjoint operators). Let A € L(H) be
self-adjoint. Then A — zI for each z € C N\ R is bijective and the inverse
(A-2z2I)"Y e L(H) is bounded by ﬁ In particular, c(A) € R.

REMARK. The inclusion 0(A) € R allows us in quantum mechanics to in-
terpret the spectrum of a self-adjoint operator as possible measurements.

PRrROOF. We will use the estimate from the previous lemma
[(A=2D)z] 2 [3(2)] || (*)
for all z € C and x € H. This implies that A -zl : H - H is injective.
The image of A — 21 is closed: Let y, := (A - zI)x, be a sequence in the
image that converge to y. Then (yn)nen is a Cauchy-sequence. Thus, ()

yields that (x;,)nen is a Cauchy-sequence and so it converges in H. Denote
its limit point by x € H. Then

(A-zDx=lim (A-zl)z, = lim y, =y
follows proving that ran(A - zI) is closed. Furthermore, (x) and the self-

adjointness of A imply that ker(A* — %) = ker(A - %) = {0}. Then, the
previous Proposition E.19 leads to

ran(A - z)* = ker(A* -z) = {0}.
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Thus, ran(A - z) ¢ H is dense and closed and so ran(A - z) = H follows.
Hence, A — 21 is bijective.
Set x:= (A - 2I)"1y for some y € H. Then () leads to
Iyl = 1(A - zD)z| 2[3(2)] ||

and so 1
[(A=2D)7"y| = =] < =yl
3(2)]
Hence, the operator norm of (A - zI)~! is bounded by |3(1z)|' Thus, A -zI
is invertible whenever J(z) # 0, namely o(A) ¢ R. O

REMARK. The reverse of the previous statement is not true in general as
can be easily seen from the example of suitable matrices (Ezercise).

THEOREM E.22 (Spectral radius and norm for normal elements). Let A €
L(H) be normal. Then,

|A| =7(A) = max{\)\| ‘ A€ O'(A)}.
PROOF. According to Beurling’s theorem (Theorem E.10, Location of
the spectrum), we have
r(A) = lim A" = max {|\|| A e o (A)}.
n—oo
We show that normality and the C*-algebra property yield
| A% = AP (%)
for every n € N. This then yields the statement.

The proof of (*) is carried out by induction: We will use multiple times that
for normal elements A and ke N

Ak(Ak)* _ Ak:(Ax-)k — (AA*)]{:
n = 0: This is clear.

n = n+1: We calculate the square of the norm we are looking for by using
the C*-property

[AC™D|2 = 47 (A7)
(A normal and (A*)* = (A")F) = [(44*)¥" (44|
(C*-property) = (AA")*"|?
(A normal) = HAT1 (A*)Qn ||2
(C*-property) =[A%"|*

‘2n+2

(Induction hypothesis) = |A|
This finishes the proof. O
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