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Exercise 1 (4 bonus points). Let S be a primitive substitution over the alphabet A with
]A ≥ 2. Prove that |Sn(a)| → ∞ for all a ∈ A.

Exercise 2 (4 bonus points). Let S be the Fibonacci substitution S(a) := ab, S(b) := a, over
the alphabet A := {a, b}. Find periodic ωn ∈ AZ such that

• limn→∞ ωn ∈ Ω(S) and
• limn→∞Orb(ωn) 6= Ω(S).

Hint: Compute first W (S)∩A2 and try to construct a sequence ωn such that one of the elements
of A2 \W (S) occurs in ωn for all n ∈ N.

Exercise 3 (4 bonus points). Prove that the one-defect Orb(ω) is periodically approximable.

Exercise 4 (4 bonus points). Compute all legal words of the Fibonacci substitution S up to
length 4. Specifically, compute W (S) ∩ Aj for j ∈ {1, 2, 3, 4}. Justify your claim.

Bonus exercise 1 (1 bonus point). Let E := `2(N), k ∈ N and consider the operator Ak ∈
L(`2(N)) defined by

(Akψ)(n) :=

{
0, k < n,

ψ(n), k ≥ n.

Prove that σ(Ak) = {0, 1}.

Bonus exercise 2 (1 bonus point). Let E be a Banach space and A ∈ L(E). Prove that if p
is a polynomial with complex coefficients then

σ(p(A)) = {p(λ) |λ ∈ σ(A)}.

Bonus exercise 3 (1 bonus point). Let λ ∈ [0, 1]. Show that there are pn ≤ qn ∈ N for all
n ∈ N such that

• pn
qn
→ λ and pn

qn
is a reduced fraction,

• pn →∞,
• qn − pn →∞.
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