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Exercise 1 (4 points). Let G be a countable group. A dynamical system (Y, G) is called
periodic if Y is minimal and finite. Prove that every periodic dynamical system (Y, G) admits
exactly one invariant probability measure, namely M (Y, G) = {u}.

Exercise 2 (4 points). Let G be a countable group. Let (X, G) be a dynamical system and
Y € J. For p € MY(Y,Q), define px € M(X) by

px(A) == p(Y NA)
for all measurable A C X. Prove the following assertions.

(a) px € MY(X,G) is an invariant probability measure.
(b) The map ¢ : MY(Y,G) = MY(X,G), u+> ux, is a continuous injective map.
(c) L (MYY,G)) € MY X,G) is a compact and convex subset.

Exercise 3 (4 points). Let G be a countable group and F,, C G, n € N, be compact. Prove
that (F,,) is a Fglner sequence of the countable group G if and only if
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for all compact K C G.

Exercise 4 (4 points). Let X be a compact metric space and % be the Borel o-algebra.
Consider a finite measure p on %. Prove that

of = {A € A regular w.r.t. u}
is a o-algebra.

Hint: You can use that if A; € & with A1 C Ay C ..., then u(U ey A7) = limy00 u(As).

Bonus exercise 1 (1 point). Let p be a finite Borel measure on a compact space X. Con-
sider the Banach space C(X) equipped with the uniform norm || - ||« defined by |[|f]le =
sup,cx | f(z)|. Show that ¢(f) := [ f du defines a linear functional on C'(X).

Bonus exercise 2 (1 point). Let A be a finite set. Prove or disprove the following assertion:
The full shift A% is topological transitive.

Bonus exercise 3 (1 point). Let A be a finite set. Prove or disprove the following assertion:
The full shift A% is minimal.



