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Exercise 1 (4 points). Let A be a finite set equipped with the discrete topology and G be a
countable group. Let Kn ⊆ G, n ∈ N be finite such that

• Kn ( Kn+1 for all n ∈ N and
•
⋃

n∈NKn = G.

Prove the following statements.

(a) The map d : AG ×AG → [0,∞) defined by

d(ω, ρ) := min

{
1, inf

{
1

n

∣∣∣∣ n ∈ N, ω|Kn = ρ|Kn

}}
is an ultra metric on AG.

(b) The metric space (AG, d) is a totally bounded and complete metric space (and hence
compact).

Exercise 2 (4 points). Let A be a finite set equipped with the discrete topology and G be a
countable group. Show that (AG, G) is a (topological) dynamical system.

Exercise 3 (4 points). Let G := C×R be equipped with the composition and inverse defined
by

(v, s)(w, t) := (v + w, s+ t−=(v · w)) ,

(v, s)−1 := (−v,−s),

for (v, s), (w, t) ∈ G. Furthermore, define ‖ · ‖ : G→ [0,∞) by

‖(v, s)‖ :=
(
|v|4 + 4s2

) 1
4 .

Prove the following assertions

(a) The set G is a non-abelian group if equipped with the composition and inverse defined
before.

(b) The map ‖ · ‖ : G→ [0,∞) satisfies the following.
• ‖ · ‖ is definite, namely ‖(v, s)‖ > 0 if and only if (v, s) 6= (0, 0)
• For all g ∈ G, we have ‖g‖ = ‖g−1‖.
• ‖ · ‖ satisfies the triangle inequality, namely

‖gh‖ ≤ ‖g‖+ ‖h‖, g, h ∈ G.

Exercise 4 (4 points). Let G := C × R be equipped with the Euclidean topology (i.e.

|(v1, v2, s)| :=
√
v21 + v22 + s2) composition and inverse defined by

(v, s)(w, t) := (v + w, s+ t−=(v · w)) ,

(v, s)−1 := (−v,−s),

1



for (v, s), (w, t) ∈ G. Furthermore, define ‖ · ‖ : G→ [0,∞) by

‖(v, s)‖ :=
(
|v|4 + 4s2

) 1
4 .

Prove the following assertions.

(a) The map d : G×G→ [0,∞) defined by

d(g, h) := ‖g−1h‖, g, h ∈ G,
is a left-invariant metric on G, namely d is a metric and d(hg1, hg2) = d(g1, g2) holds
for all g1, g2, h ∈ G.

(b) For g ∈ G with |g|2 ≤ 1
2
, we have

|g| ≤ ‖g‖ ≤
√

2|g|
where | · | : G→ [0,∞) is the absolute value on G = C× R. Is topology induced on G
by d equals to the Euclidean topology on G = C× R?

(c) The group G with the induced topology of d is a topological group.

Bonus exercise 1 (1 point). Let T be a topological space. A function f : T → R is called
lower semi-continuous at t0 ∈ T if for every r < f(t0), there is a neighborhood U of t0 such
that r < f(t) for all t ∈ U .

Let {fi}i∈I be a family of lower semi-continuous functions fi : T → R. If supi∈I |fi(t)| <∞ for
every t ∈ T , then f(t) := supi∈I fi(t) is lower semi-continuous.

Bonus exercise 2 (1 point). Let A be a finite set equipped with the discrete topology and G
be a countable group. Show that the balls in AG are clopen (i.e. closed and open).


