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Zusammenfassung in deutscher Sprache

Diese Diplomarbeit beschaftigt sich mit der speziellen Anordnung der Atome oder
Molekiile in Quasikristallen. Unser Ziel ist es, eine geeignete Zerlegung fiir einen
entsprechenden Schrodingeroperator anzugeben. Zur Beschreibung der Struktur eines
Quasikristalls werden wir zunachst ein gut geeignetes Modell angeben. Als néchstes
werden wir Konzepte einfithren, die wir fiir eine Theorie benotigen, die unabhéngig von
der Lokalisation des Ursprungs ist. Dabei werden wir auch den Begriff des direkten Inte-
grals kennen lernen. Diese Methode hat sich als niitzlich herausgestellt, um komplizierte
Operatoren zu untersuchen. Dann werden wir unseren weitere Uberlegungen auf den
R¢ beschrianken. Es wird um jedes Atom oder Molekiil eine Zelle konstruiert, die den
Einflussbereich der zugehorigen Potentiale enthalt. Aufgrund der Beschaffenheit der
Quasikristalle wird sich herausstellen, dass es nur eine endliche Anzahl an verschiedenen
Zellen und damit an verschieden Potentialen gibt. Es wird sich zeigen, dass wir damit
einen Hilbertraum konstruieren kénnen und dieser unitir dquivalent zu L*(R?) ist. Die
entsprechende unitare Abbildung heiit Wannier-Transformation inspiriert durch die
Arbeit von [BNM]. Abschliefend werden wir in Anlehnung an diese Arbeit die Zerlegung

des Schrodingeroperators beziiglich dieser Transformation angeben und beweisen.



Abstract

This diploma thesis engages with the special arrangement of atoms or molecules of
quasicrystals. We would like to find an appropriate decomposition of the corresponding
Schrodinger operator. Therefore, we will first specify a mathematical model which
describes the structure of a quasicrystal in a good way. Next we introduce concepts that
are necessary for a theory independently of the origin’s position. Besides, we will get
to know the notion of a direct integral. It is well-known that this method is useful to
analyze difficult operators. Then, we restrict our further considerations to the space
R<¢. We will construct a cell around every atom or molecule such that it contains the
area of influence of the corresponding potentials. As a result of the configuration of
quasicrystals it points out that there can be at most a finite number of different cells
and potentials, respectively. According to this we will construct a Hilbert space which
is unitary equivalent to L*(R¢). The related unitary map is called Wannier transform
inspired by [BNM]. Finally, we indicate a decomposition of the Schrédinger operator
with respect to this transformation and prove it by following [BNM]J.
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Chapter 1
Introduction

A crystal is a solid material consisting of periodically arranged atoms. Each such a
material satisfies a translation invariance condition according to their lattice structure.
In 1984 Dan Shechtman analyzed the structure of an aluminum-manganese composition
which had been cooled down fast. He discovered an unusual structure of this material,
which is called quasicrystal today. He was awarded the Nobel Prize in Chemistry
for his work ([SBGC]) in 2011. In this paper it turns out that the symmetry of the
material coincides with the icosahedral point group. This is incompatible with the lattice
translations. Since such an alloy has a high degree of hardness and a good elasticity it

is of special interest in physics as well as in other fields.

Figure 1[1]:
The diffraction pattern of a quasicrystal

The configuration of the atoms and molecules in quasicrystals appears regular but not

periodic. In Figure 1 we can see the diffraction pattern of the kind of quasicrystals

L Source: [SBGC]
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observed by Shechtmann. One feature of quasicrystals is that there can be found at

most a finite number of different sections. This property is called finite local complexity.

A mathematical model of such structures is typically embedded in a group. For instance,
one can consider the group (R¢,+). This diploma thesis can be divided in two parts.
In chapter 2., 3. and 4. our elaborations are dealing with locally compact groups in
general. Chapters 5., 6. and 7. are restricted to R, where we exploit special properties

of the euclidean space. The second part is inspired by [BNM].

We will proceed in the following way: First, in chapter 2. the mathematical model
which represents our quasicrystals is given. This part is mainly inspired by [BLM] and
[BNM]. First it makes sense to take into account the fact that the atoms or molecules of
a material maintain a minimal distance to each other. Further, we would like to exclude
the case that there are gaps in the material meaning that we have a maximal distance
bewteen the particles. As mentioned above one feature of quasicrystals is that they are
of finite local complexity. A set holding these conditions is called D-set. Then, a D-set
D displays the positions of the atoms or molecules of the material. In section 2.3 (”Hull
and Transversal”) we introduce the notion of the transversal 7. It can be imagined as
the set of all translates of the origin to any atom of the material. This is necessary for a

theory which is independent of the choice of the origin’s position.

In chapter 3 we construct the Lagarias group and its dual group, which will be used to
transform our space into another. Moreover, there is given an introduction to the theory
of Haar measures and dual groups in general, see [DE], [LOO]. Further, in chapter 4 we
will declare the main ideas of the concepts about groupoids, continuous fields of Hilbert
spaces and representations. These are useful tools to decompose difficult operators to

determine their spectrum easier. The underlying concept deals with direct integrals.

In the next chapter we introduce the concept of a tiling of R?. In detail, we define a
cell, called Voronoi cell, for each element of our D-set D such that the set of all these
cells tiles our space R?. For instance, we can imagine the Penrose tiling (Figure 2)
where our aperiodic Delone set is the set of all barycenters of each of these cells. In our
further considerations any cell will be endowed with a color (so called Collar) which
depends on the adjacent cells of it. The colors in Figure 2 are for aesthetic effects only.
They do not have any relation to the Collar of the cells. Then, we define a set P@ of
equivalence classes of such cells with respect to their Collar. It is called the set of all
collared Voronoi proto d-cells. According to the fact that quasicrystals are of finite local

complexity it follows that P@ is finite. This is one essential property of quasicrystals.



Figure 2 El :
The Penrose tiling

Our main aim in this work is to find a useful decomposition of a Schrodinger operator
of a quasicrystal such that we can determine the spectrum of the operator easier.
The knowledge of the eigenfunctions and their eigenvalues is of particular importance,
because the eigenvalues specify the admissible energy states of the system. Note that
the eigenfunctions of an operator are usually elements of the function space L*(R¢). In
order to do so it is necessary to construct a convenient Hilbert space which is unitary
equivalent to this L2-space. We suppose that the essential part of the potential of an
atom or molecule lies in the corresponding Voronoi cell of it. According to our previous
considerations there are only a finite set of different cells. Thus, it is sufficient for us to
draw our attention to a finite number of different potentials. In detail, the procedure

works as follows:

The property that P@ is finite will be used to define finitely many closed subspaces
of the L2-space of the dual Lagarias group. Using this, one can construct a family of
Hilbert spaces (H;),.; over the transversal 7. By defining a map W, : C¢(R?) — H,,
called Wannier transform, we will show that these transformations satisfy some useful
features, as a covariance condition. It turns out that we can extend W; to a unitary
map between L?(R%) and H,.

Furthermore, we can endow the family (H;),.; with a structure of a continuous field

of Hilbert spaces. We will also specify a strongly continuous, unitary representation

2 Source: http://en.wikipedia.org/wiki/File:Penrose_Tiling_(Rhombi).svg, January, 27th, 2012
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with respect to the family (H;),.,. Thus, our theory is independent of the choice of the

origin’s position.

Finally, we adopt the Wannier transform to decompose the Schrodinger operator. We
expect that this decomposition allows us to determine the spectrum of such operators
in an easier way. Since we have a strongly continuous, unitary representation the origin

can be replaced without changing the spectrum of the Schrodinger operator.

At this point I would like to thank my advisor Prof. Dr. Daniel Lenz for his caring
support in the last year. Especially I thank him for giving me the opportunity to take a
trip to Paris to visit Dr. Giuseppe de Nittis and Prof. Dr. Jean Bellissard. My special
gratitude goes to Marcel Schmidt who read this work very carefully and who delivered
many good ideas to me. I would like to express my thanks to Felix Pogorzelski, Dr.
Matthias Keller and Sebastian Haeseler for their friendly aid and giving me a lot of
inspirations. Moreover, I have always appreciated spending their time to read my work
and helped me to understand some problems. My gratitude goes also to Dr. Giuseppe
de Nittis who spent his time to meet me in France and helped me with some questions.
I thank all the other readers of this diploma thesis taking their time. More precisely, I
thank Juliane Neubauer, Peter Beckus, Petra Hofmann and Saskia Skeide. Further, I
thank Prof. Dr. Jean Bellissard, Dr. Giuseppe de Nittis and Dr. Vida Milani for giving
me the possibility to read their preliminary paper [BNM].



Chapter 2

Delone sets

Let G be a group with group composition ”+”. We denote by —x the inverse element
of x € G and by 0 the neutral element of the group GG, which are unique. It is common

to write x — y for z,y € G instead of = + (—y).

Further, we call G an abelian group if for each x,y € G the equation
r+y=y+cx
holds.

In the second chapter we will use linear Z-combinations of elements of the group G and

of subsets of the group. Since we denote the composition of the group by ”+” we will use
k

the following notations. For zy,..., 2, € G we write Y z; instead of z1 + 29 + ... + g,
j=1
which is an element of G. Now let n be any element of Z and z € G, then,

0 n =
n
Yxr n>0
n-ri=q o
In|
Yo—x n<0
\j=1

These notations are motivated by the form of linear Z-combination of R?. Using this

we define the set of all finite linear Z-combinations of some subset F C G by

N
[}"]::{an-a:”NEN, z;e€F andnjEZ}.

j=1
Moreover, we call a finite subset {z1, ..., 2} C G linear Z-independent if
k
an'szo = TllzznkIO
j=1

11
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Let A, B be subsets of G and z € G, then,

A+B:={y+z|y€ A ze B}
—A={-ylye A},
r+A={x+y|yec A}

The pair (G, Q) is called a topological group if G is a group, (G, Q) is a topological
space, where O is the topology on G and for each x,y € G the maps

(z,y) Hx +y,

T — -,

are continuous. Note that G x G is endowed with the product topology. An element
x € G has a compact neighborhood if there is some open set V € O and some compact
subset K of G such that € V C K. We say that (G, O) is a locally compact group if
each x € G has a compact neighborhood.

Let A be some subset of G. An element b € A is called an isolated point if there is an
open neighborhood V' € O of b such that ANV = {b}. We call the set A C G discrete
if any element of A is an isolated point. The induced topology of B C G is given by
O(B) := {VNB |V openin G}. Thus, for any discrete subset A of G the induced
topology contains every single element of A. This topology is called discrete topology.

A topological group G is called o-compact if there is a countable family of compact
subsets (K;);-, of G such that G = |J K;. Furthermore, a topological group is compactly

=1
generated if every subset A C G is closed, if and only if AN K is closed for each compact
subset K C G.

We consider here a compactly generated, locally compact, abelian group which is o-
compact. Further, we suppose that G is a Hausdorff space, which means that for any
two distinct elements z and y of G there are two disjoint open neighborhoods U, and

U, of x respectively y.

Note further, that any compact subset of a Hausdorff space is closed, see [QUE]. For a
set A C G we will denote by #(A) the number of elements of A.

In this work we consider a locally compact, abelian, Hausdorff group (G, Q) which is

compactly generated and o-compact only. We write G instead of (G, O).

In the section ”"Hull and Transversal” we will need the following concept of a net. This
is a more general concept than sequences. A pair (I, <) is called a directed set if 7 <”

is a relation on the non-empty set I such that the following assertions hold.



2.1. DEFINITION AND PROPERTIES 13

(i) For any ¢ € I the relation ¢ <1 ¢ holds.
(ii) For any t1,t9,t3 € I such that 11 <ty and 1o < ¢3 implies that ¢; < ¢3.

(iii) For all ¢1,¢9 € I there exists an ¢3 € I such that the relations ¢; <3 and 15 <3

are true.

Let (I, <) be a directed set and consider some subset X C Y of a topological space Y.
A map 7 : [ — X is called net. Asin the case of sequences we write (z,),e; C Y instead
of Z. We say a net converges to z (z, — z) if for any neighborhood U of x there is an
to € I such that for each index ¢ € I greater than ¢y (¢ > o) we have z, € U.

Let (,),e; be some net in R, the limes superior lim and the limes inferior lim are defined
t L
by

lim z, :=lim (sup xk) = inf (sup xk) ,
L L k> L k>t

lim z, :=lim (inf mk) = sup (inf mk) .
B L k> . k>

Note that, if the topological space Y is a Hausdorff space, it can be shown that a net
has at most one limit point in Y, see [QUE]. The topology of Y has a countable base or
Y is second countable if there exists a countable collection of open sets such that each

other open set can be expressed by the union of some of these open sets.

Let X and Y be topological spaces. We call a map f: X — Y continuous, if for any
x € X and some open neighborhood V' C Y of f(z) there is an open neighborhood
W C X of x such that f(W) C V. In a space with a countable base the concepts of
continuity and closure are described by sequences, else the notion of a net is necessary,
see [QUE].

Lemma 2.1 ([QUE]). Let X and Y be topological spaces. Then, f : X — Y is
continuous inx € X, iff for any net (z,),e; € X with x, — x, it follows that f(x,) — f(z)
nY.

2.1 Definition and properties
This section is inspired by [BLM| and [BNM]|. A subset D C G is called aperiodic if for
some t € GG the equality ¢ + D = D implies that ¢t = 0.

Furthermore, a subset D C G is uniformly discrete if there is an open neighborhood
U of 0 € G such that for any x € G the sets x + U and D have at most one common
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point. Then, D is called U-uniformly discrete. We say for x € G that the set x + U is a
translate of U. The definition of a set D which is U-uniformly discrete implies

(a+U)ND = {a}, for all « € D.

Further, we call D relatively dense if there exists a compact set K such that

D+K=|J(a+K)=0G.

aeD
In this situation we say D is K -relatively dense.

Imagine D as the set of positions of atoms in some material. The U-uniform discreteness
means that these atoms have a minimal distance between each other whereas the
definition of K-relatively dense does not allow too big gaps in the material. The
property that D is aperiodic is an important feature of quasicrystals. In detail, the

order of the atoms of a quasicrystal is not a cubic-lattice.

For instance, consider G = R and let D = Z. Then, D is U-uniformly discrete and

K-relatively dense. More precisely, U can be chosen as the open interval (—%, %) and
11

K can be chosen as the closed interval [—3, 5]. Note that Z is not aperiodic. In fact,

D satisfies that t + D =D for any t € Z. At the end of this chapter we give a further

example which is also aperiodic.

Lemma 2.2. Let G be an abelian topological group and D C G. Then, the following

assertions are equivalent for a compact subset K C G.
(i) The set D is K-relatively dense.
(ii) For any x € G the set (x + (—K)) ND is not empty .

Proof. Let K C G be compact such that D + K = G. Moreover, we know that a
continuous function on a topological space maps compact sets onto compact sets. Since

i: G — G is continuous we know that (—K) is compact.

"=": Let x be any element of G. We will show that (x + (—K)) N D # (. Since
D+ K =G thereis ay € K and an o € D such that a + y = x and therefore,

a=zx+(—y).

It is (—y) € (= K) by definition implying that (z + (—K)) ND # 0.
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7«<": Showing that G C |J (a + K) suffices, since the converse inclusion is obvious.
ac€D
Consider x € G and as above there is some o € D and y € K such that z = a+y.

]

Consider [D] which is a U-uniformly discrete and K-relatively dense subset of G. Then,

we call D a Delone set, more precisely, a (U, K)-Delone set.

Let K be a compact subset of G. A cluster or patch in K is a finite set of the form
Pyx := —x+ P', where P" C KND and x € P'. In particular, you can imagine Pk as

all connecting lines from a point x to any other element of P’ if G is equal to R?.

Let K C G be a compact set and D C GG a U-uniformly discrete set. We denote by

Clu(D, K):= {(-a+D)N K |ac D}

the set of all clusters of D of the form K. Because the set D is U-uniformly discrete, the
intersection (—a + D) N K is finite, see the following Lemma [2.3] If Clu(D, K) is finite
for every compact K C G we call D of finite local complexity (FLC). According to our
definition of cluster adding the condition that D is of finite local complexity declares
that there are only a finite number of different clusters. This property is really essential
in order to define the Lagarias group. Moreover, it entails that we only need a finite

number of different cells which tile our group G, see Proposition |5.4]

A Delone set D is called a set of finite type if

(O =D):={a—3|a, 6D}
is discrete and closed.

A subset S of a locally compact, abelian topological group G is called locally finite if for
any compact K C G the set SN K is finite or empty.

Lemma 2.3. Let D be a subset of a locally compact abelian group G.

(i) The set D is an aperiodic Delone set, iff for any t € G the set t + D is also an

aperiodic Delone set.

(1) The set D is of finite local complexity, iff for each t € G the set t + D is of finite

local complexity.
(111) If D is U-uniformly disrete then D is locally finite.

(iv) If (D — D) is locally finite, then, D is locally finite.
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Proof. Note that in (i) and (ii) it is sufficient to show one direction, the converse follows
immediately for t =0 € G.

(i)

Let t € GG be fixed but arbitrary. Suppose for some x € G that
z+ (t+D)=t+D.

Because G is abelian it follows that x +D = D. Since D is aperiodic we get x = 0.
Consequently, the set t 4+ D is aperiodic.

Now we have to show that ¢t + D is a (U, K)-Delone set. For any x € G there is a
y € G such that x =t + y. Further, we get by an easy computation

(z+U)Nt+D)=t+ ((-t+z+U)N (-t +t+ D))

=t+((y+U)ND).

Moreover, D is U-uniformly discrete implying that (y + U) N'D contains at most

one element and so any translate of it as well. Hence, t 4+ D is U-uniformly discrete.
Since D is K-relatively dense it follows by Lemma and for any x € G that

2+ (-K)N({t+D)=t+ ((-t+z+(-K))N(-t+t+D)
=yel
=t+((y+(-K))nD) #0.

-~

£0

Consequently, ¢t + D is K-relatively dense.

In the first part of the proof of (i) we have shown that for each ¢ € D the set
t+ D is again U-uniformly discrete. Thus, it suffices to show that Clu(t+D, K) =
Clu(D, K) for any compact K C G.

Let K be some compact subset of GG, then,

CZu(t+D,K) = {(—a+{t+D)NK|aet+D}
B+ )+ (t+D)NK | § €D}
= {(-B+D)NK|BeD}
= U( ’K)
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(iii) Let K € G be some compact set and assume the set D N K is not finite. We
choose the following covering of K

K< |Jw+0).

yeK

Because K is compact we find yy,...,yny € K such that
N
K C | Jw+0).
j=1

Hence, for at least one j € {1,..., N} there has to be an infinite number of
elements of D in y; + U. This contradicts the fact that D is U-uniformly discrete,

which means that  + U and D have at most one common element for any = € G.

(iv) For any a € D we know that —a+ D C (D — D). Thus, for any compact K C G
we get (—a+D)NK C (D —D)N K which is finite. On the other hand, since the
group composition is continuous any translate of a compact set is again compact.

Hence, D is locally finite.

For some compact set K C G the set

Rep(D.K):={r € G| (¢ +D)NK =D K}
is called the repetition of D with respect to K.

Note that (—z+D)NK = —x+ (DN (z + K)). We can imagine the intersection DN K
as the image of D in the window K. Then, the repetition is the set of all positions
where the translated images are equal to the image in the window K. A set D C G of
finite local complexity is called repetitive if Rep(D, K) is a relatively dense subset of G
for every compact set K C G.

In the following we call D a D-set if D is an aperiodic, repetitive Delone set of finite

local complexity.
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2.2 Delone sets of finite local complexity

In this section our aim is to relate the concepts of finite local complexity and finite type

to each other.

Proposition 2.4. Let D be a Delone set of a locally compact, abelian group G. The

following statements are equivalent.

(i) The set D is of finite local complexity, which means that Clu(D, K) is finite for

any compact set K C G.

(ii) For any compact set K C G the intersection (D — D) N K is finite or empty.

(111) The set D is a set of finite type, which means that (D — D) is discrete and closed.

Proof.

()

= (i1)":
Since D is of finite local complexity for any compact K C G we can choose
ai,...ay € D such that

Clu(D,K) :={(—a1 +D)NK, ..., (—ay+D)NK}.
Then,
(P-D)NK=|J(-a+D)nK = U (—a+D)NK
aeD ((—a+D)NK)€ Clu(D,K)
N

(o + D) N K.
j=1

According to Lemma [2.3| we know for each j € {1,..., N} that (—a; + D) is a
Delone set. Thus, (—«a; + D) N K is finite for any compact K C G. Moreover,
the finite union of finite sets is again finite and so (D — D) N K is finite for any

compact set K.

= (i#i)”:
We would like to show that (D — D) is a closed and discrete subset of G. To do so

assume (D — D) is not discrete.

Then, there exists an = € (D — D) for which any neighborhood V' C G of x satisfies
t((D—-D)NV)>2. Let K be a compact neighborhood of z and z € V C K
open. We can find at least one element y € (D — D) NV different to z. Since



2.2. DELONE SETS OF FINITE LOCAL COMPLEXITY 19

? (i)

G is a Hausdorff space, there is another open neighborhood W C V of x such
that y ¢ W. Because §((D — D) N W) is greater than or equal to two the number
t((D —D)NV) is greater than or equal to three. Using this procedure inductively
we obtain §((D —D)NV) = oc.

On the other hand, we supposed that (D — D) N K is finite for K compact which

leads to a contradiction. Hence, (D — D) has to be discrete.

To show that (D — D) is closed, take some convergent net (z,) C (D — D) which
tends to x € G with respect to the topology of G. By the definition of a locally
compact set there is a compact neighborhood K of X. Thus, there is some ¢y € I
such that for any ¢ > ¢y the element z, is in K and further, the intersection
(D —D)N K is finite. Thus, the set of values in (D — D) of the net z, is finite.

Assume z is not an element of (D — D). Thus, there is an open neighborhood
V C K of x such that (D —D)NV) C ((D—D)N K) is empty. This is a

contradiction to (z,),e; C (D — D) converging to x.

= (i)":

Let K be some compact subset of G. The intersection (D — D) N K is finite,
because (D — D) is discrete. Hence, there is a finite number of different subsets of
(D —D) N K only. On the other hand, for each a € D the cluster (—a+D)N K
is a subset of (D — D) N K. Thus,

Clu(D,K) = | {(~a+D)n K}

has to be finite for any compact K.
O

One should not confuse the property that (D — D) N K is finite for any compact K as

the definition of weakly uniformly discrete. We say W C G is weakly uniformly discrete
if sup (W N (x + K)) is finite for any compact set K C G.

ze@G
For instance, consider G = R and the compact set K := [, 5] in R. Define
W .= U {a::m—i-iER | k€ N with —m <k <m}.
4m -
meN\{0}
In fact, m + 4= lies in the interval m + [—1, 3] = K,,, because |£-| < 1. The blue

points in Figure 3 illustrate the set W.
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Figure 3 :
A set of finite local complexity which is not weakly uniformly discrete

Moreover, we can easily see

sup(W N (x+ K)) > sup (WnN(K,)) =o0

zeR meN

and so W is not weakly uniformly discrete. On the other hand, W N K is finite or empty
for any compact set K C R.

In the paper of [BLM] it is shown for a compactly generated group G and a Delone set
D C G that (D — D) is weakly uniformly discrete if and only if (D — D) is uniformly

discrete.

2.3 Hull and transversal

In this section we define a topology on subsets of points of G. We denote by the
set of all U-uniformly discrete sets in GG. First we will show that Ay is closed with
respect to our topology. Moreover, we will characterize convergence in Ay;. Then, we
will consider a (U, K')-Delone set D of finite local complexity and construct two closed
subsets 2p and Pr of Ay with D. By using the results on Ay it will be proved that

some properties of D will persist for the elements of {)p and Pz, respectively.

In order to define a topology on Ay we need the concept of Radon measures. Here we
give a short summary of some results and definitions of these concepts following [BAU]

and [ELS]. The more interested reader may find further information there.

Let G be a locally compact abelian group which is Hausdorff and o-compact. Let p be
a measure defined on the Borel o-algebra B(G) of G. We say u is locally finite if for any
x € G exists an open neighborhood V. of « such that p(V) is finite. Further, we call u

inner reqular if
u(B) =sup{u(K) | K C B, K is compact}

for any Borel set B € B(G). Then, p is a Radon measure if p is locally finite and inner

regular. Further, a measure p is called outer regular if for any Borel set B € 3(G)

pu(B) = inf{u(V) | BCV,V is open}.
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Since the group G is o-compact and Hausdorff this implies that any Radon measure on
G is also outer regular, see [ELS]. We denote by M| the set of all Radon measures on G.
Furthermore, M is endowed on a natural way with the vague topology.

The support of a function f on G is defined by

supp(f) == {z € G| f(z) # 0}.

The set of all continuous functions f on G with compact support is denoted by C.(G).

A net (u,),er € M is called convergent to u with respect to the vague topology if

li{nG/fdm:G/fdu

for any f € C.(G). Note that M is closed with respect to the vague topology. For our
further considerations we need the following well known proposition.

Proposition 2.5 (Urysohn,[BAU]). Consider a locally compact Hausdorff space G. Let
K C G be a compact set and W C G some open subset with K C W. Then, there exists
a function f € C.(G) with compact support in W such that 0 < f <1 and f(z) =1 for
any x € K.

Consider now for x € G the measure

1, eA
5,(A) = ! , for A € B(Q).
0, =& A

Lemma 2.6. The map[T|: Ay — M defined by

J(D):=06p = b, for D € Ay,

acD
15 well-defined and injective.

Proof. We have to verify that J maps into M. In particular, we have to show that for

cach D € Ay the image J(D) := ) 0, is an inner regular measure which is locally
acD
finite.

Since the elements D € Ay are U-uniformly discrete it follows immediately that J (D)
is locally finite. In detail, z 4+ U is an open neighborhood of z € G and so

(TD)(x+U)=4(DN(x+U)) <1< for any z € G.
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Let B € B(G) be a Borel set. Consider first the case that §(D N B) is infinite. Thus, the
number J(D)(B) is equal to §(D N B) = co. On the other hand, there is a countable
subset {x1,xs,...} of (DN B) and the set K,, :== {z1,...,2,} C (DN B) is compact.

Hence,

sup{u(K) | K C B compact} > sup{u(K,) | K, := {x1,...2,}} = 0.
neN

Now let (D N B) =: N be finite. We have for the compact set Ky := (D N B) by the

monotonicity of a measure
KnCB
N =4(DNB)=pu(B) >sup{u(K) | K C B compact} > u(Ky)=N.
compact

Altogether, the measure J (D) is inner regular and locally finite and so it is a Radon

measure. That J is injective is a direct implication of the definition of 7. O

If we consider a Radon measure p € J(Ay) the corresponding point set is given by

Dii— {v € G | u({}) = 1},
That D, is unique, is a consequence of the fact that J is injective.
A subset V' of Ay is called open if there exists an open set O C M with respect to the
vague topology such that V = 7 *(0O). We call the induced topology on Ay pointset
topology and denote it by O(Ay) (initial topology).

The support supp(p) of a Radon measure pu is defined by
{r € G|z € B € B(G) implies u(B) > 0}.

Proposition 2.7. For any open set U in G the set J(Ay) is closed with respect to the
vague topology.

Proof. Consider some convergent net (u,),e;r € J(Ay) which tends to p with respect to
the vague topology. We would like to show that u can be expressed by the sum over

some ¢ measures and that the corresponding support of p is U-uniformly discrete.

Assume for some = € G that there are two different o, 5 € (x+ U) Nsupp(p). Since G is
Hausdorff we can find two open, disjoint neighborhoods V,, C (z+U) and V3 C (z+U) of
« and [, respectively. Since a and (3 are elements of the support any open neighborhood

of them has positive measure.

According to Proposition we can find a continuous function f : G — [0, 1] with
compact support in V,, such that f(a) = 1. Similar there is a continuous function
g : G — [0,1] with compact support in V3 such that f(5) = 1. Since f is continuous
there is some open neighborhood W,, C V,, of « such that f |y, > % Analogously, there
is some open neighborhood W C Vj of 3 with g |w,. The measures of W, and Wj are

larger than some constant c, because o and 3 are elements of the support of p.
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Hence,
céu(Wa)/ldMSQ-/fdu§2-/fdu
Wa Wa G
:2-lim/fd,uL:2~lim/ fdp, =2 limp,(V,)
L L N~~~ L
G Vo <1
and

see .
c < 2-limpy,(Va).
above L
Consequently, there is an ¢y € I such that for ¢« > ¢y the intersections D,, NV, and
D,, N Vs are not empty. Since V,, and Vj are disjoint and both are subsets of x 4 U it
follows that for ¢ > ¢o the intersection D,, N (x4 U) contains at least two elements. This

contradicts that D,, is U-uniformly discrete.

Thus, the support is U-uniformly discrete and p has the form
= Y
acsupp(p)
where ¢, is some positive real number.
Next we would like to verify that ¢, is equal to one for each o € supp(p). Fix some

a € supp(p). According to Proposition [2.5] there is a continuous function f: G — [0, 1]
with compact support « + U such that f(a) =1 and

0 <cq=p({a}) 5 Jim / fdp, =lim f(a,).
above Lo L

where some ¢ € I exists such that for ¢ > ¢y the equality {o,} = (o + U) N D, holds. If

we now show that o, — o we get f(a,) — f(«) =1 by Lemma [2.1]

Let V C (a+ U) be some open neighborhood of a. By Proposition there exists a
continuous function fy : G — [0, 1] with compact support in V' such that fi(«a) =1

and so
0 < co = p({a}) =lim fy(a)).
This implies that for ¢ large enough

{a/}€(a+V)ND, C (a+U)ND, = {o,}

|4

L

that for ¢ > 1o the element o, lies in V. Hence, «, converges to a which concludes the

and so a, = «,. Consequently, for any open neighborhood V' we can find an ¢y € I such

proof. n
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Proposition 2.8. Let D, C Ay be a net. Then, D, tends to D with respect to the

pointset topology, if and only if the following two statements are true.

(i) For any o € D there is a net (o,),.; with o, € D, and o, — .

(ii) Let D,; be some subnet of D, and 3, € D,, such that the limit im 3,, =: 3 exists,
J
then, 3 € D.

Proof. Take some net D, C Ay.

2 ” .,
="

Suppose D, converges to D. Since Ay is closed the set D has to be an element of

Ay, see Proposition 2.7 We denote by p the corresponding measure of D and by

1, the corresponding measure of D,. Indeed, we know p, — p, which means that
for each f € C.(G) the equation [ f du =1lim [ f dp, is true.
G e

” (1) 7

W (11)” :

: If D, — D we have seen in the proof of Proposition that for each a € D

there is a net («,),e; which tends to a.

Take a subnet D,; and let §,, € D, such that 5, — 8 € G. Note j is an
element of a directed set J and for any ¢y € I there is a j, € J such that for
all j > jo we have ¢; I> 9. In particular, for any open set V3 which contains (3

there exists a jo € J such that for each j > jo we know 3,; € Vj.

Assume now 3 ¢ D which implies that u({5}) = 0. Further, for some compact
neighborhood Kz of 3 the intersection Kz N D is finite or empty, see Lemma
(iii). Thus, we can suppose that there is an open neighborhood V3 C Kj
of # such that V3 ND = (0, because G is a Hausdorff space. According to
Proposition [2.5| we can find a continuous function f : G — [0, 1] with compact
support in Vj such that f(3) = 1. Since f is continuous there is an open
neighborhood W3 C Vj of 3 such that f(z) > % for any x € Wj3. Altogether,

since any subnet converges to the same limit

— u(gay) L /  du=1im /  du,

ac VgﬁD)

> 11m/ dp,, > —hm/d,uLJ = hm,uLJ(Wg)
<~

Wg > 3

On the other hand, for ¢; large enough 3, € Wjs by the convergence of
B,,. Thus, p,;(W3) is at least 1 which is a contradiction to our conclusion.

Consequently, 5 has to be an element in D.
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7<": Suppose (i) and (ii) are true. We would like to show that the net D, converges
to D. We denote by pu, the corresponding measure of D,. First of all, we have to
check if D is U-uniformly discrete. To do so take «, 5 € D, by (i) we know that

there are two nets «,, 8, € D, such that a, — « and (3, — [, respectively.

Let U be some translate of U such that o, 5 € U ND. Then, there is an ¢ € I
such that for any ¢ > 1o we get that «,, 3, € U, because U is an open neighborhood
of a and (3, respectively. On the contrary, D, is U-uniformly discrete. In fact, «
and 3 can not be both an element of U, if they are different. Hence, D has to be
an element of Ay. Thus, we can denote the corresponding measure of D by

u:Z(Sa.

aeD

We would like to show that for any f € C.(G) the equation

1i]LrnG/fd/,LL:G/fdu.

holds. By Proposition we can write any g € C.(G) as a finite sum of functions
Y; € C.(G) with support contained in some translate U of U. Thus, it is sufficient
to consider a function f where the support K of f is contained in some translate
U of U. Take some f € C,(G) and let K C U be the compact support of f.

nff d,u 7£ 077:
G
Since K C U and D € Ay it follows that the number (DN K) < #(DNU)
is at most one. On the other hand, the integral
[ri=3r0= 3 50
BED BE(DNK)

is not zero and so the intersection D N K can not be empty. Hence, the

intersection D N K contains exactly one element. Denote this element by a.
Thus,

By condition (i) there is a net , € D, which tends to . Consequently, there
is some ¢g € I such that for each > 19 is o, € U. Since D, is also U -uniformly

discrete the intersection D, N U contains the element «, only. Hence,

[ ram= [ =) o sl /fdu,
G 7
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because f vanishes beyond U.

07:

We would like to show that the integral [ f du, converges to zero. Since
G

D, € Ay the intersection D, N U contains at most one element, denoted by
a,. Assume the contrary, which means that there is some subnet D, of D,
such that for all j € J we have

’DLjEAU
[ il =1 [ i T U o> 0
G 7

Thus, a,; is an element of the support K. Since K is compact there exists a

convergent subnet o of ;. Hence,

>
LS @)z e,

[ £ di | = 1)
G
where klim a,; =t a € K. By condition (ii) « is an element of D and so
[ #du=s(e) £0
G

which leads to a contradiction.

]

A good illustration of the convergence of a net D, C Ay to D is that for o € I large

enough, any element of D, is in a small open neighborhood of some element of D and

its stays there for any larger ¢ > 1g. Because of the uniformly discreteness of D, there

can be at most one element of D, in any of these open neighborhoods, see Figure 4.

D

Figure 4:

An illustration of the convergence of a net of Delone sets
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Imagine the blue points as the elements of D and the gray circles around them as the
small open neighborhoods of the elements of D. The red lines illustrate the jumps of

the elements of D, which converges to the corresponding element of D.

The function which maps any subset A C G to t + A for some ¢t € G is, by definition, a
homeomorphism. Further, for each homeomorphism the image of a Borel set is again
a Borel set. Thus, for t € G and some Borel set B C (G the translate t + B is again a

Borel set. Let i be some Radon measure on GG we denote the associated shift by
T'u(B) == u(t + B)
for any ¢ € G and B € B(G) some Borel set. Obviously, we have
(2 p(B)) = rM )y (B) for any t1,t € G, B € B(G)
and
T°u(B) = u(B).

Lemma 2.9. Let D be any element of Ay. Then,

fop|teG) =J{t+Dteq)

where on the left side of the equation we consider the closure with respect to the vague

topology and on the right side with respect to the pointset topology.

Proof. At first we will show that
{t'op |te G} =TJ{t+D|teG}).

According to Lemma [2.3] (i) the set ¢ + D is an element of Ay and so J({t+D |t € G})
is well-defined.

7C”: Let t € G be arbitrary. By an easy computation we get
Top =7 0a=) 0= bau= > z=J(-t+D)
a€eD aeD a€D BE(—t+D)

In fact, we have that 7'6p € J({t + D | t € G}).

"D”: For any t € G we get
Jt+D)= > 65=> borr=» 7 '0a=T1"0p.
BE(t+D) a€eD aeD

Since —t € G it follows that J(t + D) € {r'ép | t € G}.
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By definition, the map 7 is continuous. Using the definition of the pointset topology
and Proposition [2.7] the statement follows immediately. O

We call the set : {t+D|te G}P the hull of D. According to Lemma M for any
v
pe {t7%p |t € G} we get an element of Qp defined by

D, = {a € G| u({a}) = 1}.

For our further considerations we require that G is a second-countable space. Then, it

is sufficient to consider sequences to characterize the toplogy, see [QUE].

Let D be a U-uniformly discrete set and take some sequence (D,,),en of the hull Qp.
Hence, there is a sequence (t,,)nen € G such that D,, has the form ¢, + D for any n € N.
The characterization of Proposition says that lim D, = D € Qp, iff the following

n—oo

two assertions hold.

(i) For any & € D there is a sequence (n)neny € D such that & = lim (¢, + o).

n—oo

(ii) Consider some sequence (f3,)eny C D. If for some subsequence the limit

lim (t,, + Bn,) =0

k—oo
exists, then, B e D.

Note that, if we write lim z, for a sequence (z,)ney € G we mean the convergence

n—oo

with respect to the topology in G.

The following statement deals with the convergence of patterns by using the feature of
finite local complexity. By this statement follows immediately that any element of the
hull of a (U, K)-Delone set D of finite local complexity has the same pattern as D, see
Lemma

Proposition 2.10. Consider some (U, K)-Delone set of finite local complexity. Let
(an), ey C D be chosen such that the limit D := lim (—ay, + D) ewists. For any compact
subset K C G exists an ng € N such that

(—a, +D)NK =DNK, n > nyg.

Proof. Define D,, by (—a, + D) and suppose that the limit lim D,, exists. Denote by

n—oo

tn the corresponding Radon measure of D,, defined by

> ds

BEDn
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Since the limit lim D, exists the limit lim pu, exists as well.

n—oo n—oo
Fix some compact subset K C G. Because D is of finite local complexity there are only

a finite number of different clusters Py, ..., P, such that
Clu(D,K) :={P,...,P}.

Thus, there are only a finite number of different possibilities for D, N K. Now assume
the contrary of the statement which means that there are two subsequences (Dy,,),.c

and (D, ) ey of Dr such that without loss of generality
Dy, NK = P, keN
and
Dy, N K = P, keN

where P; # P,. Hence, there is without loss of generality an x € P; such that = € P,.
According to Lemma the set P, is finite. Thus, there is some open neighborhood
V. C o+ U of x such that the intersection V, N P, is empty.

Denote by py, and pipg, the corresponding Radon measure of Dy, and Dy, , respectively.
By Proposition there is a continuous function f : G — [0, 1] with compact support
in V, and f(x) = 1. Consequently, for any k € N

[fduw = [ = 3 19 = 1) =1
G Ve

ﬁGDNk NV

and

[ Hdmi= [ i = ¥ 5=

G Ve ﬁG'DMk NV
This contradicts the fact that the limit of (p,,),,cy exists and so follows the statement. [

The latter considerations pose the question if one can convey the properties that D is

an aperiodic Delone set of finite local complexity to the elements of the hull Qp.

Lemma 2.11. Let D be a (U, K)-Delone set of finite local complexity. Then, for any
DeQpitis(D—D)C (D-D).

Proof. According to Proposition for any &, 3 € D there is a sequence (tn)nen € G
and further, a sequence (a,)nen C D respectively (5, )nen € D such that
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and

B = lim (t, + ().
n—oo
Hence, by the continuity of the group composition we have

a—fF = lim (ay, — o).

n—o0

Moreover, D is of finite local complexity, which means by Proposition that (D — D)

is discrete and closed. Thus, there exists an ng € N such that

d_ﬁzan_ﬁna annO

In fact, we get that & — 3 is an element of (D — D) which means that

(D- D)< (D-D).
OJ

Proposition 2.12. Let D be a (U, K)-Delone set of finite local complexity, then, any
D € Qp is a (U, K)-Delone set of finite local complexity as well.

Proof. First note that we know by Lemmal[2.3|that any element of the set {t+D |t € G}
is an aperiodic (U, K)-Delone set of finite local complexity. Further, by definition Qp
is closed with respect to the pointset topology. Let D be an element of the hull of
D. Then, there is a sequence (Dy)neny C {t + D | t € G} holding D, Ul By our
previous considerations there is a corresponding sequence (t,)neny € G such that any
D,, has the form ¢, + D for some n € N.

"Delone set”:
First we will show that D is K-relatively dense which means that D + K = G. It

is sufficient to show that G C D + K, because the converse conclusion is obvious.

Choose some x € G, then, for any D,, = t,, + D there exists an «,, € D and a
kn € K such that t, + «,, + k, = x. Since K is compact there is a convergent

subsequence k,, such that lim z —k,, = klim tn, + o, exists. According to
—00

k—o0
Proposition the limit & := klim tn, + ay, has to be an element of D. Thus,
—00

x = klim (tn, + Qny, + Kpy,) = klim (tn, + ) + khm Kn, € @+K

by using that the group composition is continuous.
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Secondly, we would like to show that D is U-uniformly discrete which means that
8((x+U)ND) <1 for any z € G.

Assume there are two distinct element &, 3 € ((x + U) N D) for some z € G. Thus,
by Proposition we have (v )nen, (On)nen C D such that

Since G is a Hausdorff space the elements & and B can be seperated by two open,
disjoint sets V, V3 C (x + U). Hence, by the convergence there is some ny € N
such that for n > ny we have

tn—i—an EV& g (33'+U),

tn + On EVB - ($+U).

On the other hand, the corresponding ¢,, + D is U-uniformly discrete by Lemma
2.3/ This leads to a contradiction, because §((z + U) N (¢, + D)) is at least two for

n > ng.

By our previous considerations we know that D is a (U, K)-Delone set. According
to Proposition the set D is of finite local complexity if and only if for any
compact subset K of G the intersection (D — D) N K is finite or empty.

Thus, by Lemma for any compact subset K C G the intersection
(D-D)NKC(D-D)NK

is finite or empty. Hence, by Proposition the set D is of finite local complexity

as well.

]

Proposition 2.13 ([SCH]). Let G be a locally compact, Hausdorff, abelian group which

1s o-compact. Consider a Delone set D of finite local complexity. Then, the following

assertions are equivalent.

(i) The set D is repetitive.

(ii) For any element D of the hull Qp of D the equality Qp = Q5 holds.
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Using this Proposition [2.13| we get a strengthen statement as in Lemma [2.11]

Proposition 2.14. Let D be a repetitive (U, K)-Delone set of finite local complezity.
Then, for any D € Qp it is true that (D — D) = (D — D).

Proof. According to Lemma we know for D € Qp that (D — D) C (D — D). By
Proposition m the set D is a (U, K)-Delone set of finite local complexity and by
Proposition we have D € 25. Using Lemma for the (U, K')-Delone set D of

finite local complexity, then, the inclusion

(D-D)C (D-D)
follows, which leads to the statement. O

Lemma 2.15. Consider an aperiodic, repetitive (U, K)-Delone set of finite local com-

plexity. Then, for any compact subset K C G and any D € Qp the equality
Clu(D,K) = Clu(D, K)
holds.

Proof. Fix some compact subset K C G and consider some D € Qp. Then, there
nen © G such that D := lim (t, + D). Let P be some element

of Clu(D, K). Thus, there is some @ € D with P = (—& + D) N K. According to

Proposition [2.§) there is a sequence (), .y € D such that

exists a sequence (t,)

—a+D = lim (—(t, + o) + (t, + D)) = lim (—a, + D)

n—oo n—oo

where the limit exists. According to Proposition there exists an ny € N such that

for any n > ng the equation
P=(-a+D)NK=(-a,+D)NK

holds. Hence, the cluster P is an element of Clu(D, K), because «,, € D.

The converse inclusion follows similar by using the fact that D is repetitive and the
equivalence in Proposition [2.13| O

Moreover, we get a strengthen statement of Proposition [2.12| as well using Proposition

213l

Proposition 2.16. Let D be an aperiodic, repetitive (U, K)-Delone set of finite local
complezity, then, any D € Qp is an aperiodic (U, K)-Delone set of finite local complezity

as well.
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Proof. Consider some fixed D € Qp. According to Proposition it follows that D is
a (U, K)-Delone set of finite local complexity. Thus, we only have to verify that D is

aperiodic.

It suffices to check if for some z € G the equation x + D = D holds it leads to the
equality z +D = D. Then, by the aperiodicity of D it follows that x has to be the

neutral element 0.

To do so let x € G be chosen such that

The following consideration can be made for x and —x and so let y denote the element x
and —x, respectively. Since G is locally compact there is a compact set which contains

2 and —z. Condition (%) implies that for each & € D
y € (—a+ D).

Thus, any cluster P € C’lu(ﬁ, K) contains y, because any cluster P has the form
(=& + D) N K for some & € D.

Hence, according to Lemma any cluster P € Clu(D, K) contains y. If now y is —z
it follows that for any o € D there is a € D such that —x = —a + 3. Consequently,

—x+DCD.

The converse inclusion follows similar for y = x which leads to our statement. O

The set

@SZ{ﬁEQD‘OEﬁ}QQDQAU

is called pointset of the transversal. Since for any o € D the set (—a + D) is an element
of the hull of D and 0 € (—a + D) the set Pr is not empty.

According to that we define the transversal for a Delone set D by
7:={p e TJ(Qp) | D, € Pr}.

In words, the transversal 7 of a Delone set D is the set of all Radon measures p, where
the corresponding ”translated” pointset D, is U-uniformly discrete and contains the

origin.
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Proposition 2.17. The transversal T of an aperiodic Delone set D of finite local

complexity s closed with respect to the vague topology.

Proof. Assume that 7 is not closed, more precisely, there is a sequence (t)reny C 7T
which converges to t € J(Ay) and t € 7. Let for k € N the set D, C Pz be the
corresponding pointset of (tx)reny and Dy C Ay is the pointset of ¢. Then, by our
assumption 0 € D; but 0 is an element of D;, for any k € N.

According to Proposition the set D, is an aperiodic Delone set of finite local
complexity. Since G is a Hausdorff space there exists an open neighborhood V' of 0 such
that D, NV is empty. Then, there is a continuous function f : G — [0, 1] with compact
support supp(f) C V such that f(0) = 1. Thus,

0eD;

0—/fdt nhm fdt, >" lim £(0)=

n—oo

which is a contradiction. O

Lemma 2.18. Let D be an aperiodic Delone set of finite local complexity. For any

D € Qp the following assertions are equivalent.
(i) The set (b+ D) contains a + b for each b € G.
(i) The element o lies in D.

Proof. Let p be the corresponding Radon measure of D and v the Radon measure of
b+ D for some b € G. Then,

M:Z5a and v = Z 3.

a€eD Be(b+D)

Thus, for any = € G

v({z) = Y ds{ah) =D danl{e}) =D dal{z —b})

Be( b+D aeD a€D
=" " da({z}) = Pu({x}).
aeD

Hence, for some b € GG

a+be(b+D) L1=v{a+b})=ru{a+b}) =pn{al) €a
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2.4 Example

We give an example of an aperiodic Delone set D C R of finite local complexity. It will

be given the idea and no exact proof of its properties.

Consider some infinite word w € {0, 1}% such that any finite word over {0, 1} occurs in
w. We denote by W, for n € N\{0} the set of all different words over {0, 1} with length

n. For instance,

Wy ={0;1}
Wy = {00;01;10; 11}
W3 = {000;001;010; 100; 110; 011; 101; 111}

Since {0, 1} is finite any W), is finite. In detail, (1V,,) equals 2". Nevertheless, we can
number consecutively our finite words by w; = 0,ws = 1, w3 = 00,w, = 01 and so on.

Then, we define an infinite word w by
CW4 W3 We Wy | Wy wo w3 Wy ...
respectively
...1110010010]0100011011...

where | denotes the origin of the word w. By definition any finite word over {0, 1} is
contained in w. It is unimportant in which order we number consecutively our finite
words, we only have to hold to our convention. A word is aperiodic if we cannot translate
the origin of w such that the translated word w’ is equal to w component-by-component.
Note that one component is only 1 or 0. For instance, if we liked to translate our origin
by t =3 € Z, then,

...1110010010/010|0011011...

where ”|” is the old origin. Similarly, we can translate the origin for any ¢ € Z. Denote
by 7! o w the translated word w € {0,1}% by ¢t € Z. The map 7 : {0,1}% — {0,1}% is

called shift of the words.
Take two intervals Iy = [0,1] and I; = [0, ¢] where ¢ € (R\ Q) N[0, 1] is an irrational

number. Note that the choice of ¢ being an element of the interval [0, 1] is a convention.
Besides, we need ¢ being irrational to get (D — D) to be not weakly uniformly discrete
only. It is possible to construct an aperiodic Delone set with any two intervals with

different lengths.
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Now, we can use w to tile our space R. More precisely, we will replace 0 by the interval
Iy and 1 by the interval Iy, respectively. In Figure 5 the construction of the tiling of R is
sketched. The blue points represent the points where we attach two intervals. Thus, the
orange numbers represent the distance between the origin and these points. Further, we
can see that the interval I is marked by 0 and I; is marked by 1, respectively. However,
the set of blue points will be denoted by D.

origin

Figure 5:
An aperiodic Delone set of finite local complexity in R defined by an infinite word

We can indicate by an one-to-one correspondence the closed intervals with the elements
of D. In fact, two points determine a closed interval in R in a unique way. Consequently,
the set D C R is also aperiodic, if the word w is aperiodic. As mentioned above, we use
here the fact that Iy and I; have different lengths.

Assume the word w is not aperiodic. Thus, there is a t € Z\{0} such that we can
translate w by ¢t and the new infinite word w’ is equal to w. Hence, by induction w is
t-periodic which means that 7% o w = w for z € Z. Consequently, we have a finite word

wy of the length t attached to itself in both directions infinitely many times.

Without loss of generality, we can suppose that t is a positive integer. Then, the word
w has at most ¢ different words of the length ¢. This contradicts the fact that W, has
to be equal to 2!, which is greater than ¢ for ¢ # 0. This implies that our word w is

aperiodic and so D is as well.
We can illustrate the sketch of the proof by a short example. Let ¢ = 3 and our finite
word w; = 010. Then, w has the form

...010 010 010 010 010 | 010 010 010 010 010.. . .

We can immediately see that w contains the words 010,100,001 of length three only.

But for example the word 110 never constists in w.

Furthermore, the set D is U-uniformly discrete, where U is the open intervall (0, q).
Also D is K-relatively dense, where K is the closed interval [0, 1]. Note that we use here
the fact that ¢ € [0, 1].
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An element of D is called 1-point if it is the boundary point on the right hand side of
an interval of lenght one. Similar a g-point is the boundary point on the right hand side

of an interval of lenght q.

Our next aim is to determine the set (D — D) and indicate some properties of it. The
vectors in (D — D) are given by the distance of two points of D. In other words, a vector
( — ) in (D — D) counts how many ¢-points and 1-points we have to go from [ to

reach «a, see Figure 6.

g-point  g-point 1-point g-point
i origin : 1—pointj 1-point

Figure 6:
An aperiodic Delone set of finite local complexity in R defined by an infinite word where the notation

of the points is sketched

Thus, (¢ =) =(4-14+2-q) —(—1—¢q) =5-1+ 3¢ and so we have to go five times a
1-point step and three times a g-point step. This works for any «, 5 € D and so (« — f3)
can be written as (m+n-q) or (—m —n-q) for some m,n € N. If (& — () is an element
of (D — D), then, (6 — «) as well. Indeed, there are no more other elements of (D — D).

The converse inclusion follows immediately by the fact that w contains any finite word.

To conclude our statements the equality
(D-D)={m+n-q|mneN}U{-m—n-q|m,ne N}

holds.

Obviously, we have (D — D) N K is finite for any closed interval K C R. Hence, by
Proposition [2.4] the set (D — D) is discrete and closed or in other words D is of finite local
complexity. As mentioned in the section 2.2 (”Delone sets of finite local complexity”) if
we consider a Delone set D C G of a compactly generated group G the set (D — D) is
weakly uniformly discrete, iff (D — D) is uniformly discrete. It can be shown that our
set (D — D) is not uniformly discrete using that ¢ is irrational. Since R? is compactly

generated it follows that (D — D) is not weakly uniformly discrete.
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Chapter 3

Lagarias group

3.1 Definition and properties

Let D be a Delone set of G. Recall that we denote by [F] the set of all finite linear
Z-combinations of elements of F C G. The set [D — D] is called finitely generated, if
there is a finite subset of (D — D) denoted by Bp_py with [D — D] = [Bp_py]. We need
the following short Lemma. Our first aim is to characterize when [D — D] is finitely

generated.

Lemma 3.1 ([BLM]). Let G’ be a topological space and C a compact space. Consider
the product space G = G' x C endowed with the product topology. Then, the projection
Pr: G — G'" maps locally finite subset of G to locally finite subsets of G'.

Proof. Let S C G be locally finite and so S N K is finite or empty for any compact
K C G. Assume Pr(S) is not locally finite. Thus, there exists a compact K’ C G’ such
that Pr(S) N K’ is infinite. Hence, SN (K’ x C) is infinite. On the other hand, if C is
compact, K’ x C is compact with respect to the product topology. This contradicts the
fact that S is locally finite. O

In order to prove the next Theorem [3.3]we need the following statement of [DE], Theorem

4.2.2. Further information may be found there.

Proposition 3.2 ([DEl). Let G be a locally compact, Hausdorff, compactly generated,
abelian group. Then, for some m,n € N and some compact, abelian group C the group

G is topologically isomorphic to R™ x Z" x C.

Theorem 3.3 ([BLM]). Consider a locally compact, Hausdor(f, abelian group G which
is compactly generated. Let D C G be a (U, K)-Delone set and suppose D is of finite
local complexity. Then, there exists a finite subset F of G such that [F| = [D].

39
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Proof. By Proposition there are some n,m € N and a compact, abelian group C
such that we can identify G by R™ x Z" x C. Thus, we can consider GG as a subgroup of
R™" x C.

Since D is relatively dense we find a compact set K C G such that D+ K = . Moreover,
the projection from G onto R™ x Z" is continuous. Hence, the projection of K is again

a compact set and so there is a radius R > 0 such that
R™ x Z" x C =D + (Pr(K) x C) € D + (Br(0) x C)

é . . . ﬁ .
where Br(0) is the open ball with radius R and center 0 € R™"™. Without loss of

generality, the radius R is chosen such that
Rer"xC:Rme”xC:D—I—(BR(U)><C). (%)

Since D is a U-uniformly discrete set the set D is locally finite, see Lemma[2.3] According
to Proposition the set (D — D) is also locally finite. Consequently, the set

F:=(DU(D-D))N (Bor(0) xC)
=(D N (Bar(0) x €)) U ((D —D) N (Bar(0) x C))

is finite, because B 3(6)) x C is compact. Now consider the projection map
Pr:R™™ xC — R™™.

We will show that

N
[.ﬂ:{anf”NeN, anZ andijf}:[,D]

J=1

Note that it suffices to show that F C [D] and D C [F], because any finite linear
Z-combination of F is in [D] and of D is in [F], respectively.

7C”: By definition of F, any element f € F has to be an element of D or (D — D).
Thus, each f € F lie in [D].

"2D”: Let a be some element of D. If a € (BQR(B)) x C), it follows immediately by
construction of F' that o € F. Suppose « is not an element of (B, R(?) x C). Now

choose an 2’ € R™*" on the segment [6), Pr(a)] such that

l2" = Pr(a)| = R

where || - || is the standard Euclidean norm. We can choose such an 2/ € R™*"

because o ¢ (323(6}) x C) and so || Pr(a) — WH > 2R. Further, this 2’ is unique,

see Figure 7.
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Figure 7:

The construction of the element x’ for some given «

Indeed,
Pr(a) € Br(2") \ Br(z') = 0 Br(2')

where 0Bg(z’) is the boundary of the open ball Bg(z'). Set z := (2/,0¢) €
R™" x C where O¢ is the neutral element of the compact, abelian group C. Conse-
quently, Pr(x) is equal to a’. Because of our choice of the radius R (see (x)) there
is a By EDandayEBR(?) x C such that x = 3, +y.

Since the projection is linear and Pr(y) € B R(W) we get
| Pr(z) — Pr(Bll = llz" = Pr(B)ll = [ Pr(y)ll < R

which implies that Pr(8;) € Br(z'). Moreover, by construction Pr(3;) € Br(z')

=

B Pr(a)|‘(6>), see Figure 8. Hence,
| Pr(Bll <[l Pr(a)]- (%)
Since Pr(f;) € Bgr(z') and Pr(a) € 0 Br(2') the inequality
| Pr(e) — Pr(B)| < 2R

holds and so Pr(a — ;) € BQR(?). In particular, this means that a — (3; is an
6)) x C. On the other hand, «, 3; are elements of D and thus,

element of Bag(
a—pBe(D—D)N(Bar(0) xC) C F.
Thus, there exists some f; € F such that o — 3; = f; respectively
a=p+fi

for some f; € F, f1 € D with || Pr(51)|| < || Pr(a)||, see (xx).
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Figure 8:

The illustration of the first step of the iteration

Now we can follow the same steps for 3, and construct a (3, € D such that
| Pr(52)]| < || Pr(f1)| and By = Ba + fo for some fo € F. In the following we
will see that we can iterate this construction until we have a S € D such that
| Pr(Bk)| < 2R.

According to Lemma the set Pr(D) is locally finite and so Pr(D)N B pr(a)‘(ﬁ>

is finite or empty. It turns out that the intersection

)

Pr(D) NBar(0) € Pr(D) N B pyayy(0)

is not empty:

— —
We know that (0,0¢) is an element of R™™ x C = D+ (Bg( 0 ) xC). Hence, there
. — — — —
isa~y € Dsuch that (0,0¢) € v+(Bgr( 0)xC). Consequently, 0 € Pr(y)+Br(0)
which leads to

—_
[ Pr(Vll = [l Pr(y) = 0f < R <2R.

J— —_ - e
Thus, Pr(y) € Pr(D) is an element of Bar(0) and so Pr(D) N Bar(0) is not
empty. Further, during one iteration the distance between 0 and the constructed

B; really gets smaller.

Altogether, for any o € D we find some fi, ..., fx € F and a Sx € DN (BzR(?) X
C) C F such that

K
a=>fi+ Bk
j=1
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Pr(B2)
Pr(Brg—1) ..

pd

PrBic)

Bogr(0)

2R
Pr(a)

=1}

Figure 9:
An illustration of the idea of the proof

In particular, we can write « as a finite linear Z-combination of elements of F.

Consequently, a € D is an element of [F].

We have shown that [D] = [F] where F is a finite subset of G. O

In Figure 9 there is sketched the idea of the proof, where f; are elements of 7 and (; are
points of D. One can imagine that for the construction of [D] it is sufficient to consider
only the elements of D and the differences of them in some compact set containing the
origin, denoted by Kp =~ EQR(?) xC.

Proposition 3.4. Consider a locally compact, abelian, Hausdorff group G which is
compactly generated. Let D C G be a (U, K)-Delone set of finite local complezity. If
further, D contains the neutral element 0 we get that [D — D) is finitely generated and
moreover, the equation [D — D] = [D] holds.

Proof. First we will show that [D — D] = [D]. As in the proof above it suffices to show
that (D — D) C [D] and D C [D — D], respectively.

7C”: For any element of (D — D), we find an «, 3 € D such that we can represent this
element by a« — . This is a finite linear Z-combination of elements of D and so
a—fisin [D].

"D”: Let a € D be arbitrary. Since 0 € D we know

a=a—-0€(D-D)C[D-D].

Thus, we have verified the equality [D — D] = [D].

In fact, we have shown that D C (D — D). In the proof of Theorem we have proven
that for

—_
0

F:=(DU(D-D))N(Br(0) xC)
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the equation [F| = [D] holds. Hence, we have [F| = [D — D] and further, F is a subset
of (D — D), since

FC(D-D)UD = (D-D).

Thus, we have a finite subset of (D — D) which generates [D — D], or in other words,
[D — D] is finitely generated. O

For any D-set D we call [D — D] the Lagarias group of D and denote it by @ The
name of this abelian group is motivated by the work of Lagarias [LAGI], [LAG2] and
[LP].

Consider some finite set with [Bip_p)] = Lp. This set is called a minimal
generator of the Lagarias group if for any other finite set B(p_p) with [Bip_p)] = [D—D]
the inequality

{(Bip_p)) = t(Bp-1))

holds. Obviously, there is more than one minimal generator. For instance, the set
— Bp—p) is also a minimal generator of Lp. An example is given at the end of this

chapter.
The next proposition gives us a good characterization of the Lagarias group Lp.
Proposition 3.5. Let D C G be a (U, K)-Delone set of finite local complexity and let

D contain the neutral element 0. Consider a minimal generator Bip_p) of Lp . Then,

there is a bijective, homomorphic map between Lp and ZM for M := 1(Bip-p))-

Proof. Let Bip_py :={e1,...,em | ex € (D—D) for 1 < k < M} be a minimal generator
of Lp. Define for M = #(B(p_p)) the map & : Lp — ZM by

n
M
na
o) =1 |, where b= “n;-e; € Lp.
: =
Ny

First, we have to check that ® is well-defined: More precisely, that if

M M

— / . .
E nj . €j = E nj €j
Jj=1 Jj=1
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it follows that for any j € {1,..., M} that n; = n. Assume the contrary, then, there is
at least one jo € {1,..., M} such that

Thus, Bip-p) \{ej,} generates Lp. This contradicts the minimality of Bp_npy.

We have to verify that & is bijective and a homomorphism. Since the elements of
Bp_p) are pairwise distinct the map is bijective. Further, we can easily see that ® is a

homomorphism. O

Define the map ¥ : Z¥ — Ly by

ni
M
ng
— E nj - €.
Jj=1
N

As we have seen in the proof of Proposition [3.5the fact that ® is well-defined is equivalent
to the property that ¥ is injective. Obviously this map is the inverse map of ®.

Because of the last Proposition we can identify Lp with the group Z*. We endow
Lp with the discrete topology. Thus, the map ® : Lp — Z is a homeomorphism which

means that ® and ¥ are continuous.

Lemma 3.6. Consider G = R¢ and an aperiodic (U, K)-Delone set D C R? of finite
local complexity. Let Bip_py be a minimal generator of Lp. Then, M = § Bp_p) has

to be greater than or equal to d.

Proof. First, we will show that D is not contained in a hyperplane of R¢. Assume the
contrary, so, D is contained in a hyperplane hyp(D) of R¢. More precisely, there is a
0 # x € R? such that for all o € D the equation

(a]z)pa =0

is true. Further, D is K-relatively dense, which means that D + K = R¢ for some
compact K C R%. Let

diamy := sup ||k1 — kol|la < 00
ki ko€ K
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where || - ||4 is the Euclidean norm in R?. Without loss of generality, we can suppose

that the distance between = and hyp(D) is greater than diamy. Hence,
t¢D+K=R?

which leads to a contradiction.

Assume that M < d then, there is an element 0 # x € R? such that for any b € Lp the

equation
{(b|x)=0

holds. Thus, the Lagarias group is contained in a hyperplane in R¢ which leads to a

contradiction. ]

Conclusion 3.7. Let D be an D-set. For any D € Qp the induced Lagarias group Ly

1s equal to Lp.

Proof. First recall the definition of a D-set. A D-set is an aperiodic, repetitive (U, K)-
Delone set of finite local complexity. By Proposition D is an aperiodic (U, K)-
Delone set of finite local complexity. According to Proposition we know that
(D —D)=(D — D) and so [D — D] = [D — D]. O

3.2 The dual group and LQ(]I/J;)

In this section we need the concept of the dual group and the Haar measure. We start

with a short introduction on these topics. Further information may be found in [DE]
and [LOQ].

Let A be a locally compact, abelian group. We call a continuous group homomorphism
n:A— 8 :={z€C ||z| =1} a character of A. Note that S; is a compact, abelian
group with respect to multiplication. Moreover, we denote by A the set of all characters

of A. The set A is again an abelian group with respect to the multiplication defined by

(n-¥)(x) = n(x) - (), nveA e A.

The composition 7 - ¢ is again a group homomorphism. This becomes clear by a short

computation for z,y € A

(- )@ +y) =nlz+y)-&x+y) = ) ny)) - () ¥(y))
=(n(z) - (@) - (n(y) - (y) = (n- ) (@) - (n-¥)(y).
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Further, the inverse element for n € A is given by
N (z) = —— =n(z) = n(-2), r€A.

The neutral element of A is determined by the continuous group homomorphism ¢

which maps any element of A to 1. Consequently,

(- 9)(x) =n(z) - ¢(x) = n(x) = ¢(x) n(x) = (¢ n)(2).
—~~

=1 =1

By an easy computation we get that any character ¢ € A maps 0 to 1 € &;.
Consider some topological group A and the set of all contiunous functions C(.A). The

topology generated by the sets
OV,K):={f eC(A) | f(K)CV}

for any compact set K C A and each open set V' C C is called the compact-open topology.
It turns out that C(.A) is a topological Hausdorff space with the compact-open topology
and A is a closed subset of C(A) with respect to this topology ([DE]).

Lemma 3.8 (|[DE]). The group A gets a topological Hausdorff group with the compact-
open topology.

Proposition 3.9 (Pontryagin Duality, [DE]). The locally compact, abelian groups A

and A are 1somorphic.
We call A the dual group of A. The last Proposition explains the notation dual

group.

Lemma 3.10 ([DE]). Let A be a locally compact, abelian group. Then, the following
assertions are true.

(i) The dual group A isa locally compact, abelian group and it is a Hausdorff space.

—

(i1) If A is discrete, then, A is compact.

(111) For any 0 # x € A there exists a character 1 € A such that W(x) # 1. In fact,
the dual group A seperates the points of A.

(iv) If Ay and Az are both locally compact abelian groups, then, ./41/>-<\./42 15 equal to
AL X A,
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The following part is inspired by [LOO]. A measure ¢ on a locally compact, abelian
group A is called left-invariant, if for all a € A and each Borel set S C A the equation

o(a+5) = o(5)

holds. In fact, it is shown that for any locally compact, abelian group A there exists a

unique (up to a positive multiple), left-invariant measure p.

Lemma 3.11 ([LOQ]). If A is a locally compact, abelian group. Then, A is compact,
iff there is a left-invariant measure o on A such that o(A) < co.

By using the last Propostion for any compact, abelian group A there exists a
left-invariant measure p such that o(\A) = 1. This measure p is called Haar measure of

the compact, abelian group A.

Lemma 3.12 ([LOQ]). Let A be a compact, abelian group and o its corresponding Haar

/f@%ﬂ@%%j/ﬂ@dmm
A A

for any f € L*(A, o) and k € A.

measure. Then,

Since we have endowed the abelian group Lp with the discrete topology, it is locally
compact. Thus, is well-defined. According to Lemma ]I/,,; is a Hausdorff,
compact, abelian group. Moreover, IE; is a locally compact, abelian group and it is a
Hausdorff space. The measure ¢ denotes the corresponding Haar measure on ]I/A\p.

Lemma 3.13. For any 0 # ¢ € Lp the equation

/ﬁ%ﬂm@—

holds, where f.(k) := k(c) for any character k € Lp.
Proof. According to Lemma we get that for k € LD

/ﬂ doth) = [ k(e) dotr)

I
=il
—~
2}
N~—
5
—
O
~—
U
s
~
&y
SN~—
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Hence,

[ 0 doti) - (1~ Eiep) =

Lp
This equation holds if and only if one of the factors is zero. Further, ¢ is not the neutral
element. Thus, by Lemma we can find a character k such that /;:(c) # 1. In this

case, the term (1 — k(c)) is not equal to zero. Consequently,

/ fo(k) do(k) = 0.

O
Note that we did not use a property of I[j;. Indeed, this result is true for general locally
compact, discrete, abelian groups.

Let (u | v)¢c = @ - v be the scalar product in C for u,v € C. Further, the absolut value

of a complex number is given by |u|?> = (u | u)c. Consider now the function space

EQ(I[/A;) ={f: Lp — C : f measurable, /|f(/<:)|2 do(k) < oo}
Lp

endowed with the semiscalar product

(f1g) = / T - g(k) do(k).

Set N:={f € £2(I[/4;) | (f| f)=0}. Then, the quotient space
. 2(7 -
1A(Lp) = £ o)
is a Hilbert space with scalar product

e = / T - g(h) do(k).

Lp

and the induced norm

1l = / T - 1(k) do(k)

—

D

In order to prove the next proposition, we need the following Theorem of Stone-

Weierstrass.
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Proposition 3.14 (Theorem of Stone-Weierstrass,[QUE]). Let X be a compact Hausdorff-
space and S a subset of C(X) with the following conditions

(SW1) For every x € X there is an f € S such that f(zx) # 0.

(SW2) For each x,y € X with x # y exists an f € S such that f(z) # f(y). (S seperates
points)

(SW3) For any f € S the complex conjugated element f is an element of S as well.
Then, the generated algebra of S is a dense set in C(X).

The following Proposition [3.15] says that the set of characters of a group forms an

orthonormal basis of the L2-space of the group.

Proposition 3.15 ([LOQO]). The family (@ Lp — (C) defined by
D

beL
folk) := k(b), keLp
is an orthonormal basis of LZ(I[/J;).

Proof. Note that any map f, : IE; — C is by definition a continuous map. We will prove
that the family (f;) belL,, 1S an orthonormal system. We sketch the rest of the proof and
omit the details. The interested reader may refer to [LOQJ.

”b = ¢”: By using the fact that any character maps 0 € Lp to 1 € 51 we get

<fb | fc>L2(]ﬁ;) /m ' fc(k) dQ(k>
= [E)- k) detr)

(=0) - k(c) do(k)

I
S l—
™

k homomorphism

k(e = b) do(k)

=0

= 7 1 do(k) = 1.

Lp

>\
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"b # ¢”: According to Lemma (iii) there exists a character k € Lp such that k(c—1D)

is not equal to 1 € &1 and so

(ol Je) r2im see above /k:(c —b) do(k)

4 left—igzariant/ (]% o k) (C . b) dQ(k’)
_ /%@—byk@—wdmm

= k(c—0)- / k(c—0b) do(k)
——

= kle=0)- (o [ fo) 2y

Hence,

(fo | fo) 2y - (1= k(e = 1)) = 0.

As in Lemma [3.13|it follows that (fj, | fC>L2(ﬁ)) is equal to zero, since k(c —b) # 1.

To sum up, for any b, ¢ € Lp the family ( fb)be]LD satisfies

1, b=c
0, b#c

which means that the system (fy),c;  is orthonormal.

<fb | fC>L2(]Ij;) —

Note that Lp is a compact Hausdorff space, see Lemma (i) and (ii). We would like
to use the Theorem of Stone-Weierstrass (Proposition |3.14)) for the subset

S:={f,:Lp—C |beLp}

In order to do so choose the function fy; € S. For any character k € ]I/,,; the equations
1 =k(0) = fo(k)
hold. Consequently, the family (f;),e;,, satisfies condition (SW1).

Let kq, ky be two distinct elements of the dual Lagarias group ]I/;). In fact, there is at
least one b € Lp such that ki(b) # k2(b), because else they are equal. Consequently, for
the continuous function f, € S is true that

Jo(ky) # fo(kz).
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Thus, the set S seperates the points (SW2).

Consider some b € LLp and the corresponding function f, € S. Since LLp is a group the

element —b is in Lp and so f_, € S. Furthermore,

fo(k) = k(b) = k(=b) = f_y(k), kelp.

Hence, the family S satisfies also the property (SW3), which allows us to use Proposition
B.14 O

Lemma 3.16. For b,c € Lp and each k € ]I:q\) the following two equalities

(i) foc(k) = fo(k) - fu(k),

(i) fo(k) - fo(k) =1

are true.

Proof. As mentioned in the beginning of this section the equation k(—c) = k(c) holds.
Thus,

Fomelk) = k(b + (=) "= k() - k(—c) = fy(k) - J(R)-
Further,

fb(]{?) . fb(k;> @ fb—b(k) _ k(O) hOmOmérphism 1
O

Our last aim of this chapter is to characterize the dual Lagarias group 1[/4;. In particular,
we know by Proposition that Lp is isomorphic to to Z*. Hence, we can identify our
dual Lagarias group Lp with the dual group of ZM.

The dual group Z of Z is equal to
{e7" =7, 5 S | he|0,2m)}.

—_— M ~
Further, by Lemma [3.10| (iv) we know that Z" is equal to X Z.

n=1

Lemma 3.17. Let Lp be the Lagarias group of an aperiodic, Delone set D of finite

local complexity. Then, there exists an isomorphism between Lp and
{e7t 0 o 7M S| b e [0,2m)M)

where (- | Vgar is the standard scalar product on RM defined by
M
(@ | Ya =D ;v
j=1

for any x,y € RM.
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Proof. The statement follows immediately by the previous considerations and Proposition
3.0l ]

3.3 Example

Recall the example of the last chapter. We have the pointset D C R defined by an
infinite word w which contains any finite word over {0,1}. Then, D is an aperiodic

Delone set of finite local complexity and
(D-D)={m-14+n-q|mneN}U{—-m—n-q|m,neN} (%)

where ¢ € (R\ Q) N [0,1] is a fixed irrational number. Recall the definition of the
Lagarias group of D, which is the group of all linear Z-combinations of elements of
(D — D). Since D is an aperiodic Delone set of finite local complexity, which contains
the neutral element 0, the Lagarias group has to be finitely generated, see Proposition
3.41 It follows immediately that Lp is generated by the set Bip_p) = {1,q}, see (x).
Indeed, the set Bip_py is a minimal generator. Note that for example the set {1, —¢} is

also a minimal generator.
We can identify the Lagarias group with Z?, see Proposition . Besides, we can see
that D satisfies the dimension inequality of Lemma [3.6] since

M =2>1=dim(R).

Further, our dual Lagarias group is given by

—~

Lp = {e"l e 72~y — S | he0,2r)2).
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Chapter 4

Groupoid

4.1 Groupoid on the tiling space 7

Let T'? and I'! be some sets and suppose we are given maps r : I't — I'% and s : I't — T'0,

called the range map and the source map, respectively. Define

[? = {(71,72) € I" x I | s(n) = r(72)}-

We then say that I' = (I'°, T'') with the composition map o : I'? — I'! is a groupoid, if

the following assertions hold.
(G1) For any (71,72), (72,73) € I'? the equation (75 07y2) 0 v3 = 71 © (72 © 73) holds.
(G2) For each z € TV there is an e, € I'" with r(e,) = s(e,) = x such that
e, 0y =~ for each v € T'!, where r(vy) =
and

v oe, =~ for each v € I'", where s(7) = .

(G3) For all v € T'! exists an 7 € "' such that the following is true.

) We have the equalities 7(y) = s(n) and s(vy) = r(n).
) €) it satisfies (yon)o& = ¢.

-) For each ¢ € TY with s(y) = r(€) it is true that £o (yon) = &.

-) For any ¢ € T'L with r(y) = r(

The set I'Y can be thought of as a set of points and I'! as a set of arrows between two
points of I'°. The elements of I'' are endowed with a direction, characterized by the

source and the range map.

25
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Lemma 4.1. Let ' be a groupoid. Then, the following statements are true.
(i) For x € T° the arrow e, in (G2) is unique.
(ii) For~ € T'! the arrow n in (G3) is unique.

Proof.

(i) Let  be an arbitrary element of I'°. Assume we have two arrows e5, el?) € I'!

satisfying (G2). Thus, (eg), eg)) and (ef),eg)) are both elements of I'? and so
e = e oel? =@,

(ii) Let v be some element of I'* and n"), n® € I'! satisfying (G3). More precisely, we
have v o) = €r(v) and n® oy = es(y) Where e,y and ey, are both unique by
(i). According to condition (G3) we know that r(n™) = s(vy) and r(vy) = s(n®).
Hence,

(G2)

(C;l) (2)

(1)

(GQ) (2)

N o(yon) =noe) =noeym =1

O

Because of the uniqueness in (G2) and (G3) we call the arrow e, € I'! the unit of x € T°
and the arrow n € I'! in (G3) the inverse element of v € T'!, respectively. We denote
the inverse element of v € ' by 4y~ € ',

Moreover, because of Lemma (i) we can consider I'° as a subset of I'!, represented

by the set of the units. Hence, we can identify the groupoid I' with the set I''.

Consider a groupoid I' = (I'°, T'!) where I'® and T'! are topological spaces. Then, the
groupoid I is called topological if the range map ’r’, source map ’s’, the composition

1

map ‘o’ and the map which maps v to its inverse element v~ are continuous.

Lemma 4.2. Let D C G be an aperiodic Delone set of finite local complexity and T the

corresponding transversal. We set T :== T and
ML ={(t,b) €T xG |7t €T}

where 77° is the continuous associated shift of a measure, see section 2.3. Moreover, the
range map is given by r((t,b)) :=t and the source map is given by s((t,b)) := 77% for
all (t,b) € TL. Then,

F%’ - {(<t1a b1)7 (t27b2)) S F%’ X Fé— | T_bltl = tg}
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Furthermore, the composition map o : T2 — T'L is defined by

(tl, bl) (0] (tz,bg) = (tl,bl —|— bg),

for each ((t1,b1), (ta, b2)) € T%. The inverse element of (t,b) € Tk is given by

(t,b) ' = (7%, —b).

Then, (T%,TL) is a continuous groupoid.

Proof. By definition of '} the image of the range and source map is 7 and so they are

well-defined. The characterization of I'2- follows immediately by the definition of the

range and source map.

b (Gl)??

7 (G2)77

7 (G3)77

Let ((t1,01), (t2,b9)) and ((t2,b2), (t3,b3)) be some elements of I'2-. Hence, by the
characterization of F%— we have that 77t = ty and 7-b1tb2)y, = 7=bog, — ¢,

Consequently,

[(t17 bl) o ((t27 b2>] o (t?)a b3)
= (tl, bl + bz) o (Ti(b1+b2)t1, bg)
= (tl,bl)O(T_bltl,b2+b3)

[(t1,61) 0 (7701, )] o (7= O T2t by)
(t1,b1 + by + b3)

(t1, 1) o [(T70 1, by) o (7~ TP2)1y by)]
(t1,b1) o [(t2,bs) o (t3,b3)].

Let ¢ be some element of I'Y. Then, e; := (¢,0) is an element of I's-. Further,
r(e)) = r((t,0)) =t =77% = 5((¢,0)) = s(e;).

Any (t,b) € T} has the range t and any (7°,b) € T'}- has the source t. Moreover,

the following equations are true

ey o (t,b) = (t,0) 0 (17, b) = (t,0 + b) = (¢,b), for all (¢,b) € T'%,
(7,b) 0 e, = (7°,b) o (,0) = (7°,b 4+ 0) = (7°,b), for all (7°¢,b) € T'%.

Thus, e; := (¢,0) € '} is the unit of t € 7 =TY.

Let (t,b) be some element of I'}-. Obviously, the pair (7%, —b) is an element of
'}, By definition

s((t, b)) = 770 = r((T_bt, —-b)),
r((t,b) =t = Tb(T_bt) = 3((7'_bt, —b)).
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Furthermore,

(7%, —b) o (£,b) = (71, b—b) = (77,0 ‘E) eyn,

_ G2
(tb)yo (77t —b) = (t,b—b) = (£0) ‘Z erum.

Hence, (77°, —b) is the inverse element of (¢,b).

Now we still have to show that the groupoid I' is topological. Consider the set
X={reG|3teT suchthat 7"t €T} CQG.

Assume X is not discrete, which means for some b € X that any open neighborhood V'
of b contains a different element ¢ # b of X. Choose ¢ such that ¢ — b is an element of U.
By definition of X there are a t; € 7 and t, € 7 such that 7%, € T and 7%, € 7.
Thus, 77°({0}) and 77%,({0}) are equal to one which means that both are equal.
Since Dy, is U-uniformly discrete and ¢ — b # 0 it follows that ¢,({c — b}) = 0, see
Proposition [2.16] Hence, we get

L 1({0}) = 7(r:{0})) = (76 ({0})) = tu({e = b}) =0,

which is a contradiction. Thus, the set X is discrete and so its induced topology is the

discrete topology.

The set '} is in a natural way endowed with the product topology and also T'2-. Hence,
'Y and T} are both topological spaces. Now we have to check if r,s,0 and the inverse
map ~! are continuous. We will prove that o is continuous. The other proofs work in a

similar way.

Take some ((t1,b1), (t2,b2)) € I'> and an open neighborhood V' of (t1,b;) o (tg,be) =
(t1,b1 + by). By definition of the topology on ' there are open sets V;,V, C Tk
such that Vi, x Vo C V and (t1,b1) o (t2,b2) € Vi x V,. Since the shift map 7° and its
inverse map 7% are continuous, the set 77°(V}) is an open neighborhood of ¢, and
°(r7%(V})) = V4. Furthermore, {b;} and {b,} are open sets with respect to the induced
topology on X. Altogether, the set (V4 x {b1}) x ((77°V1) x {by}) C T'% is an open
neighborhood of ((t1,b1), (t2,b9)) € I'% and

(Vi x {bi}) o ((77"V1) x {b2}) = Vi x {by + b} CVi x Vo =V,

which implies that the composition map o is continuous. O
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4.2 Continuous fields of Hilbert spaces

The following notions are motivated by [DIXC] and [BOS]. Consider a family (A;);ez of
subsets of GG. Then, the product of these sets is defined by
HAZ- ={a:7 — |_|AZ- |a; € A; for all i € 7}
i€z ieT
where | | denotes the disjoint union of these sets. Actually the disjoint union | | A; is
i€T
equal to {(i,a) | i € I,a € A;}. For the sake of convenience we denote such an element

by Q;.

Let ¥ be a locally compact space and consider the family (H(c)), oy, of complex separable
Hilbert spaces with index set ¥. For ¢ € ¥ the scalar product in H(o) is denoted
by (- | -}o. We write || - ||, for the induced norm of the scalar product on H(o). The
elements of the set

V(S H()) =[] Ho)
oceEX
are called vector fields. Furthermore, the set
O(%, B(H()) := | [ B(H(0))
oeEX

is called the set of operator fields on H (o), where for any o € X the set B(H(o)) denotes
the set of all bounded and linear operators on the Hilbert space H (o).

Consider a linear subspace S € V(X,H(.)). The pair ((H(0)),cs,,S) is called a contin-

uous field of Hilbert spaces if the following conditions are hold.
(H1) For any o € X the set S, := {v, | v € 8} is a dense subset in H(o).

(H2) For all v € S the map ¢, : ¥ — R defined by
7= vl

1S continuous.

(H3) Let v € V(X,H(.)) be a vector field. If for any o € 3 and € > 0 thereisaw € S
and a neighborhood of o such that ||vy — wy ||, < € is true, then, v is an element

of S.

The set S is called a generator and we say any element of S is a continuous vector field

or section.
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Proposition 4.3 ([DIXC]). Consider a locally compact space ¥ and a family (H(0)),cs,
of complex seperable Hilbert spaces with index set . If there is a linear subset A of
V(X,H(.)) satisfying (H1) and (H2), then, the family (H(0)),cx can be uniquely endowed

with a structure of a continuous field of Hilbert spaces.

A subset of a Hilbert space is called total if the subspace of all finite linear combinations
is a dense subset of the Hilbert space. According to that we call a subset A C V(X,H(.))
total if for each o € ¥ the set

Ay i=A{v, | veEA}
is total in H(o).

Proposition 4.4 ([DIXC]). Consider a continuous field of Hilbert spaces ((H(0)) s »S)
over a locally compact space ¥ and A a total subset of S. For anyv € S, K C X compact
and € > 0 there are functions o1, ..., ¢, € Co(X) and wV, ... w™ € A such that

lve — Z pj(o N <e
holds for all 0 € K.

Denote the disjoint union | | H(o) by H. As mentioned above any element h of H has
o€y
the form (o, h’) where h' is an element of the Hilbert space H(o). Now consider the

projection pr : H — ¥ defined by
pr(h) :==pr((o,h')) :=0 € %.
For € > 0, an open set W C ¥ and v € § we define the set
Ue,v,W) = {h:= (o,k') € H | pr(h) € W and || — vprm|ls < £}-

These sets forms a basis for a topology O(H) on H.

Figure 10:
An open set in H
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An open set in H is sketched in Figure 10. The blue lines describes an open set W C X
and any gray line represents a Hilbert space H(o) located at o € . The section v € S
is represented by the black points and the open set U(e,v, W) is drawn with the red
lines.

Then, the set C(3,H) denotes the set of all continuous functions in [] H(o).
oeX

Lemma 4.5 (|[DIXC]). Consider a continuous field of Hilbert spaces ((H(0))ses,S)
over ¥.. For each o € ¥ and each © € H(o) there is a section v € S such that

Vg = T.

4.3 Representation of groupoids

Consider a locally compact space ¥ and a topological groupoid I's = (X, T'L) with unit
space X. Let (H(0))sex be a continuous field of Hilbert spaces and S be its generator.

We denote | | H(o) by H endowed with the topology O(H) as above. In this section
oEY

we follow [BOS].

Let (A(V) cHy) — HT('Y))'y I's

cr.. be a family of unitary invertible bounded operators.
The triple ((H(0))ses, S, (A(7)),ery,) is called a unitary representation if the following

assertions hold.

(R1) For any o € ¥ and its corresponding unit e, € I'}; the equation A(e,) = idy (o) is
true.

(R2) For all (y1,72) € T'4 the equation A(vy; 0 v) = A(71) o A(72) holds.

(R3) For each v € T’y it is true that A(y™1) = A(y)~".

Note that for any unitary representation the map v — ||A(7)]| is locally bounded,
because for v € T'y; the operator A(7) is unitary and hence, it has norm one. A unitary

representation ((H(0))ses, S, (A(7)) is called

’YEFE)

-) weakly continuous if the map ¥ : 'y, — C defined by
7
7= (U | A)vse)
is continuous for all u,v € S.

. strongly continuous if the map D : Fl — H(o) defined by
b
ocEeX

[}
D A(ry)vs(v)

is continuous for each v € S.
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-) continuous if the map T : TL x | | H(o) — || H(o) defined by

oEX ocEY
T
(v, h) = A(y)h
1S continuous.

Proposition 4.6 ([BOS|). Let (H(0))ses, S, (A(7)),ery)
tary representation. Then, this representation is strongly continuous.

be a weakly continuous, uni-

Proof. Let v € S be arbitrary. Consider for some ¢ > 0 and an open set W C X
the neighborhood N (g,v,W) C H of A(y)vy) for a given v € I'y, such that for
u € N(g,v,W) the equation

Ur(y) = A(7)Vs(y) (%)

holds. Because the representation is weakly continuous there is a neighborhood K., C I's,
of v such that for all n € K, it is true that

|y | A Vs ety — (W) | A Vs r() | < - (%)

Furthermore, 7(.) is a continuous map and so for u € N (e,v, W) we can find an open
neighborhood K, C K, of v such that for any 7' € K/, the inequality

S
[ Criyry [ tran)einy = Cttnay L))o | < 5 (% %)

holds. Since A(7) is unitary for all 4 € Ty, we have

<A(7>Us('y) | A(’y)vs(’y)>r(’y) - < | Us(y >s(’Y)

By using the triangle inequality we get for all 4" € K/ that

||Ur — A(Y)vs "/)||r(7
| (tr(yry = AV )0s(y) | thryry = ACY Y 0s(3) e
< [ty | ey ey = ey | ACY ) 0s(9) o |

+ (A0 Vs | A Vs)rrr) = (AN )st) | Urrn)dey
=(Vs(y/) | Vs(y/))s(2)
- |<u7“ | Un(yr) ety = (Ui | A(7,)U5(7/)>T(7’)| + ‘(US(’Y’) | Vs sty — (A Vs | triar)) ey
<e.
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The last inequality follows by the following two computations

| (Untyry | )y = () | ACY)Vs(y) ey

< |(u wlumwm (r(y) | tri)ee) |+ [ty | tri)en) = () | A )05 oo

TV
<§ because of (sx*)

() €
< 1 + ‘<u7"(7) | A(7)05(7)>T(7) - <ur(v’) | A(VI)US(W’)%(“/’)}/
<5 becz:uge of (*x)

[{Wsi) | 0sn)stary = (A Vst | thnn)ecary
< [wsy 1 sty = (AVs | e | + (A Vs | ttriaei) = (A )0s) |t )|

)
= [Wstr) | vstr)) sy = (A s) | AY)0s))r()

=(Vs() v, ))s()

+ [(A)vs) | ri))rin) = (A V0s) | trn)ri |

~
<§ because of (xx)

€
< [{ose) Tvsan)sery = (s [ vse)sin] +3

~
<5 because of (¥xx)

which leads to the statement. O

Proposition 4.7 ([BOS|). If (H(0))sex, S, (A(7)) ery,) i8 a strongly continuous, uni-

tary representation, then, this representation is continuous.

Proof. Let (v,h) € Ty XxH be arbitrary. Consider some open neighborhood N (g, v, W)
in H of A(y)h such that the equation

Ur(y) = A(7>h

holds. Choose w € S such that wy(,) is equal to h. Since the representation is strongly
continuous there is an open neighborhood W, C I'f, of v such that for any 7' € W, we
have the inequality

(%)

DO | ™

[Vr(yry = AV )ws ) llr(rry <
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The set

€
Uy =47, W) € Ty x| I = winllsry < 50 7 € Wa}
is obviously an open neighborhood of (v, h), since for any € > 0 we have

1A = wpllsqyy) = [1h = hllsey) =0 <

N ™

Thus, for any (v, h') € U,

ey = AV [l
< Jvetyy = ALY )wsn llrir) HIAG wsiry = A [l

TV
<5 because of (x)

€
<gt AL e — Wl

=1 since A is unitary <% since (v/,h/)€U, 1,

]

The last two propositions imply that a weakly continuous, unitary representation

(H(0))oes: S, (A(”Y))WGFE) is continuous.



Chapter 5

Proto cells

From now on we consider the locally compact abelian group (R?,+) endowed with
the standard topology. The space R? is o-compact, because it can be written as the
union of the family ([—n,n|?),cy of compact subsets. Moreover, R? is Hausdorff and
second-countable. Thus, we can use all our previous results. Let D denote our D-set of
R4,

Consider some real, positive numbers Ry and R;. We say D is Ry-uniformly discrete, if
for each z € R? the interesection DN Bg, () contains at most one point. Further, the set
D is called R;-relatively dense, if the equation D + Bpg, (0) = R? holds. We immediately
see that these definitions are special cases of the definitions of U-uniformly discrete and
K-relatively dense. We call D an (Rp, R1)-Delone set, if D is Ry-uniformly discrete and
R;-relatively dense. If we speak in the following about Delone sets, we actually mean
(Ro, R1)-Delone sets. Note that we suppose that Ry is chosen to be maximal, i.e. as

large as possible, and R; is chosen to be minimal. They satisfy the inequality Ry < R;.

In this chapter our main aim is to tile the space R? by a finite number of different cells.
In order to do so we will define the Voronoi cells of the set D. By using them, we will
construct the set of all collared Voronoi proto cells P. Then, we will show that this set

is finite and that the cells of dimension d tile our space. The following considerations
are inspired by [BNM].

First, we give a short introduction to the concept of hyperplanes and polytopes. A

hyperplane with respect to u € R? and ¢ € R is defined by
H:={r R | (u]|z)pe = c}.
Such a hyperplane splits the space R in two half-spaces

Hy = {x e RY} | (u|z)ps > c}

65
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and
H_:={x e R} | (u] 2)ga < c}.

Let C be a convex and closed subset of R? and H C R? be some hyperplane. If further,
the intersection C'N H is not empty and C' is a subset of H_, we call H a supporting
hyperplane of the set C'. The intersection C' N H is called face of C, see Figure 11.

face H

Figure 11:

An illustration of the face and a corresponding supporting hyperplane of a convex, closed subset of R?

Lemma 5.1. Consider a closed and convex set C C R% and a supporting hyperplane H
of it. The face F':= C N H is conver and closed.

Proof. By definition there are a ¢ € R and a u € R? such that
H={z R | (u|z)g =c}.

Note that a set F'is called convex, if for any fi, fo € F' and some A € [0, 1] the linear
combination A - f; + (1 — A) - f5 is still an element of F'. Let fi, fo be some elements of
F and X € [0, 1] be arbitrary but fixed. Since f1, fo € H the equations

(u| fi)re = c = (u] fo)pa

hold. Thus,

(WlA-fit Q=X fo)re = A (u | fi)re + (1= A) - (u | fo)ra =c.

Consequently, A - fi + (1 — A) - fo is an element of H. On the other hand, it is also an
element of C, because C' is convex. Altogether, the linear combination is an element of
the intersection C'N H. Obviously, the intersection C'N H is also closed. O

We call a convex and closed set C' a finite polytope, if there is a finite number N € N of
N

hyperplanes (H7)_, such that C' = H? . 1f, further, the set C' is compact we call C
j=1
a bounded, finite polytope. Here we will only consider bounded, finite polytopes. Thus,

if we talk in the following about polytopes, we mean a bounded, finite polytope.
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Any polytope C'is contained in the subspace Eq of R? which is defined by

E¢ = span{z € R? | 3o, B € C such that z = a — 3}.
We denote by span(X) the set of all finite linear combinations of the elements of X C R<.
The dimension of E¢ is called the dimension of the corresponding polytope C'.

For instance, consider the bounded, finite polytope

1
C .= T2 E]Rg |$1,$2€E[0,H,&B =0

T3
Then, the space E¢ determined by

T
To E]R3 |$3::0
T3
Hence, the dimension of the bounded finite polytope is equal to two.

Recall that the interior of a convex subset X of R? is the set

int(X):={x € X |3IBopens.t. € BC X}

Now we give a short summary of the concept of a tiling of R?. This part is inspired by
[SEN].
Let (Zi)ken € R? be a countable family of compact, convex sets with non-empty
interior. We call Z := {71, Z, ...} a tiling, if for two different ky, ks € N the intersection
Zy, Nint(Zy,) is empty and |J Zp = R?. The subset Z}, is called tile. Consider a tiling
k=1
Z of R%. The non-empty intersection of d —n + 1 pairwise different tiles Zy,, ..., Zx, , -
d—n-+1

with dim( () Z,) = n is called n-face. For example, Figure 12 shows a tiling of R,
j=1

The set F} iga 2-face, Fy is a 1-face and Fj is a O-face.

Figure 12:

The illustration of some k-faces for a special tiling of the space R?
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A convex and compact set K specifies an affine space A := = + E¢ where x is some
element of K. Let ¢ be the Lebesgue measure on Ay, then, the barycenter of a compact

and convex set K is defined component-by-component by
b ! / dt(z)
== [ x dl(x).
B T de(x)
K K

Later on, we will use the barycenter of a face of a Voronoi tile to puncture this face.

5.1 Voronoi cells

Now consider a D-set D C R?. We define the Voronoi cell of an element o € D by

Vo(a):={z e R |VB € D\ {a} : ||z — allp: < |z — g}
= () {zeR!|llz —ales <[lz = Bllea}-

BeD\{a}

The sets H? := {# € R? | ||z — a||gs < ||z — S|z} are halfspaces of the hyperplanes
HP = {r € R? | ||z — allge = ||z — B|lge}. Namely, such a hyperplane bisects
perpendicularly the segment —a+ 3 € (—a + D). Then, the Voronoi cell is the interior
of all these half-spaces H_, see Figure 13.

g

N

Ba

fs

Figure 13:

The illustration how to construct a Voronoi cell of some given «

Figure 13 suggests that only a finite number of hyperplanes are essential for the

construction of a Voronoi cell. This statement will be proven in the following lemma.
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Lemma 5.2. Let D C RY be a D-set, then, the following assertions hold.

(i) For any o € D the closure of the Voronoi cell Vp(«) is a bounded, finite polytope.

Indeed, the closure of a Voronoi cell Vp(a) is contained in Bg,(a).

(ii) For each different o, 3 € D it follows that Vp(a) N Vp(B) is empty.

(i4i) The union |J Vp(a) is equal to R?.

a€eD

In fact, the family of the closure of the Voronoi cells with respect to D is a tiling of RY.

Proof. First note that for some o € D the closure of the Voronoi cell Vp(«a) is equal to

(i)

(iii)

{zeR? |VBeD\{a} : |lo — afes < [lz = Bllra}.

Since D is Rj-relatively dense we have D + Bg, (0) = R?.  Hence, for each
x € R4\ Bg, (a) there is some 3 € D such that ||z — (||ge < R;. This implies that
Vp(a) C By, (). Consequently, Vp(a) is bounded and closed making it compact.

Further, for any element 3 of D N (R \Byg, («)) the distance |Ja — B|ga is greater
than 2R;. Thus, the segments (—a + (D N (R4 \Bag, (a)))) do not play a role for
Vp(a), because Vp(a) € B, (). On the other hand, the intersection D N Byg, ()
contains at most a finite number of elements, because D is Ry-uniformly discrete
(see Lemma [2.3)(iii)). Hence, only a finite number of segments (—a+D) contribute
to the construction of Vp(a). Altogether, Vp(a) is a polytope.

Let a and 3 be two different elements of D. Assume Vp(a) N Vp(3) is not empty
and = € Vp(a) N Vp(B). Then,

z€Vp(a) z€Vp ()
[z —allge < Jlx=0Blge < |l — g

which is a contradiction.

The union |J Vp(a) is obviously a subset of R?. Thus, we only have to verify
acD

the converse inclusion R? C |J Vp(a).

a€D
Consider some z € R?. Since D is uniformly discrete the intersection D N Bg, (z)
is finite or empty (Lemma[2.3] (iii)). But the intersection is non-empty, see Lemma
Consequently, we can take the minimum over the distances between = and the
elements of D N B, (z). Denote a minimum by 3 € D N Bg, (x). Hence, z is an
element of Vp(f3), because any other element of D N (R?\Bpg, (z)) has a distance

to = greater than R, see (i).
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Furthermore, for o € D the Voronoi cell Vp(«) is not empty, since D is Ry-uniformly

discrete. More precisely, the open ball Br, («) is contained in Vp(«). Thus, the family
(V_D<a))a€'D is a tiling of R<, O

The closure of a Voronoi cell Vp(a) is called Voronoi tile and it is punctured by a € D.
We call two elements «, 8 € D nearest neighbors (n.n.), if the intersection Vp () N Vp(3)

is not empty and has dimension d — 1.

To get a better imagination of the definition of a nearest neighbor consider the group
R?. Suppose D C R? is a D-set and we have given its Voronoi cells. By definition
two elements of D are nearest neighbors, if the intersection of its Voronoi cells are not
empty and has the dimension 1. In Figure 14 it can be seen that i, (3, 84, B5 and S
are nearest neighbors of . But (35, fg and (33 are not nearest neighbors of «, because

the intersection of the Voronoi cells have the dimension zero.

Figure 14:

An example which Voronoi cells are nearest neighbors of some given Voronoi cell Vp(«)
We define the relative interior of a convex set X by
relint(X) ={r e X |Vye X, 3z€ X, A€ (0,1) such that z =X -y+ (1 — A) - z}.

A set K of convex polytopes is called cell complex of R? if the following two assertions

are true.
-) Any face of a convex polytope of K lies in K.

-) Let P, P, € K with non-empty intersection, then, their intersection is a common
face of both.

The elements of K are called cells. The meaning of the second condition is sketched
in Figure 15. There can be seen which cases we would like to exclude. The red line
illustrates the intersection of these two convex polytopes. This red line is obviously not

a face of either of the two polytopes.
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Figure 15:

The intersection of two polytopes

For o € D the pair (Vp(a), ) is called a (Voronoi) d-cell. For each k € {0,...,d — 1}
we say the pair (F,br) is a (Voronoi) k-cell if F is the relative interior of a face of
dimension k of a Voronoi cell. The point by € R? is the puncture of this cell and it is
defined by the barycenter of F.

It is possible to choose a different puncture of the Voronoi k-cells. Necessary are the
following. First, the puncture must lie in the relative interior of the face and secondly

the choice of the puncture for any k-cell must be coherent.

For any k € {0,...,d} the translated support (—bp + F) of a k-cell (F,bp) is called the
geometric support of the k-cell. Then, is the set of all k-cells of the appertaining set

D. Obviously, the set Iy, is an infinite cell complex and we use the following notations

/Cg,k) ={0 € Ky | gis a k-cell},
D® .= {h e R? | 3F C R? such that (F,b) € £},

5.2 Collection of all proto cells
For any a € D we define the collar of the Voronoi d-cell 0 = (Vp(a), a) by
:= Colp(a) :={f — a € (D—D) | is nearest neighbor of a}.
Similarly, the collar of a Voronoi k-cell o = (F,br) € lC](,k) is defined by
Colp(c) == {—br +a € (~bp +D) | Vp(a)NF # 0}.

Note that the definition of nearest neighbors requires that the dimension of the in-

tersection of the Voronoi tiles is d — 1 (dimension condition). But the definition of
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the collar of a Voronoi k-cell (k # d) asks for the intersection of the closure of their
geometric supports being not empty. Reason for establishing the dimension condition is
the uprising of problems with the construction of the boundary condition due to the

admission of Voronoi tiles whose intersection has dimension less than d — 1.

Lemma 5.3. Let D be a D-set. Then, for two different o, 3 € D the following two

statements are equivalent.
(i) The collars of a and [ are equal (Colp(a) = Colp(B)).
(i) The Voronoi cells Vp(a) and Vp(B) coincide, which means

—a+Vp(a) = =+ Vp(8).

Proof. Let a, 3 € D be chosen such that a #£ .

(1) = (i1) According to Lemma (i) the sets Vp(a) — o and Vp(3) — 3 are polytopes.
Furthermore, they have the same number of hyperplanes which determine them,
because £ Colp(a) = £ Colp(f). Since the Voronoi cells are defined by the same

segments the statement follows.
(7i) = (4) Since the Voronoi cells Vp(a) and Vp () be equal we have
Vp(a) = a— B+ Vp(B). (x)

Let (7 — ) be some element of Colp(a). Then, the intersection Vp(y) N Vp(a) is
not empty and the dimension of Vp(7) N Vp(a) is equal to d — 1. Moreover,

Vo(1) N V() £ V(y) 1 (=B +a+ Vo(8)) = (6 — a + Vo(1)) N Vi(5).
Hence, by definition (y —a) = (6 — a + ) — § is an element of Colp(f).

]

Let 0 = (F,bp) and o' = (F',¥,) be both elements of K,,¥) for some k € {0,...,d}.

We call them translation equivalent (o ~ ¢') if the following statements are true.
(T1) The geometric supports coincide (F' — bp = F' — V).

(T2) They have the same collar (Colp(c) = Colp(a’)).
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Note that in this definition also the Voronoi d-cells are included. By definition it is
obvious that for two Voronoi d-cells which are translation equivalent the differences of
their puncture is contained in (D — D). The relation ~ defines an equivalence class [o]

on Ky. The representator is given by (F,0, Colp(c)) which is located at the origin.

Such a [o] of dimension k is called collared Voronoi proto k-cell. We define the set of all

collared Voronoi proto k-cells by
. K (k)
PH.=*/ = {[o] |0 € P}

Proposition 5.4. For every D-set D the set of all collared Voronoi proto k-cells P*) is
finite for each k € {0,...,d}.

Proof. Consider at first the set of all collared Voronoi proto d-cells P9, First of all we
will prove that it is sufficient to consider the elements 3 € (D N Bag,(a)) to determine
the collar Colp(a) of some a € D.

Assume there is some 7 € D with ||a — ¥||ge > 2Ry such that « — vy € Colp(«). By
definition of Colp(a) there is some x € R? such that the intersection Vp(7) N Vp(a)

contains x. Thus,

[S3

A-inequality L. (1)

2By <la=llze < lla =zl + [z = 7l[r Ry + Ry = 2R,

which is a contradiction. Consequently,

Colp(a) C (—a + D) N Bag, (o) € Clu(D, Bag, (a)),

where Byp, () is compact. Since D is of finite local complexity there can be only a finite
number of different collars. Thus, by Lemma |5.3| the set P is finite.

Consider now for k € {0,...,d} the collared Voronoi proto k-cells P*). Any element
(0] € P™ has only a finite set of k-1 dimensional faces, because the k-cells are bounded,
finite polytopes. Hence, there is a finite set of Voronoi (k-1)-cells which matches to one

Voronoi k-cell [o] only.

Moreover, we have proven that P@ is finite. Consequently by our last consideration
the set P4~V has to be finite. Iterating this step it follows that for any & € {0,...,d}
the set P% is finite. m
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According to the last Proposition there is for any set of all collared Voronoi proto
k-cells P*) an Ny = #(P™*) such that

PO = ([on],..[olu}. (proto cells)
PO = ([oul...... [olner ), (proto faces)

PE = {[o], ..., [o]n. ), (proto k-cells)

PO ={[o1],...,[0]n }- (proto vertices)

The disjoint union
d
Po=| |P®
k=1

is called the collection of all collared Voronoi proto cells which is finite, see Proposition

5.4l

A relation between the elements of P*) and P*~1) | called incidence number
[]0 s PR s pE=D 10,1},

can be established, see [BNM]. It turns out that P is a CW-complex with homology
induced by the incidence number [-;-].. This leads to a cell complex structure on P and
it is called Anderson-Putnam Complex. A CW-complex gives an instruction how we
have to glue the cells together.

Our main aim is to decompose the Schrodinger operator in a useful way. To do so we
will use the structure of the D-set. According to Lemma we can describe the whole
space R by the elements of P@. If we suppose that the main potential of an atome or

molecule lies in such a cell it suffices to draw our attention to a finitie number of cells.

Let D,, be some pointset of the Hull £2p of D. We define for any p € P the set

:: {a €D, | (V_D#(oz),oc, Colp,(a)) ~ p}

of all points of the set D,, such that the corresponding collared Voronoi proto d-cell is

translation equivalent to p.

Lemma 5.5. Let D be a D-set of R? and p € P be some collared Voronoi proto d-cell.
Then, for each t € T we have

Dt(p) C (D_D) CLp.
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Proof. First note that for any element ¢ € 7 the set D, is by definition an element of
the Hull Qp and so D,(p) is well-defined. According Proposition the equation

Dt—Dt:D—DgL'D

holds. Since D; is an element of Pz the origin 0 lies in D;. Thus,

0€D;
Dt(p)QDt C Dy—Dy=D-DClLp.

]

Lemma 5.6. Let t € T and € Dy(p) be arbitrary and fizred. The following two

statements are equivalent for any p € P,
(1) The set Dy(p) contains v — 3.
(17) The set D,-s,(p) contains 7.
Moreover, for each 3 € D, € Pr the pointset D,s, is an element of Pr.

Proof. The origin is an element of D_s.(p) for 5 € D;(p), because

i{o}) = t({gy) "2 1.

Thus, the set D.s, € ()p is an element of the Transversal 7. Since the collar does not

change by shifting and

t({y -8} = 77"t({"})
the equivalence follows. O

For some p € P@ we denote by Col(p) the corresponding collar of this Voronoi cell.
We define

T, ={teT | Colp,(0) = Col(p)} CT.

In detail, 7, is the set of all elements of the transversal where the collar of the Voronoi
cell located at the origin 0 coincides with the collar of p. Note that by definition 0 € D;
and so the collar Colp,(0) is well-defined.

As mentiones above we number consecutively the set P@ = {p;,... py,}. Thus, we
define the characteristic function x, : T — {0,1} of 7, by

1 ,teT,
Xp(t) = "
0 , else
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5.3 Example

Recall the example of chapter 2 and chapter 3. Let D C R be the aperiodic Delone
set of finite local complexity as before. In chapter 2 we have seen that our minimal
generator of the Lagarias group

—

Lp = {et® w2 . 72 21y - S | he|0,2r)?}

is given by {1, ¢}. We would like to characterize the set of all collared Voronoi proto
d-cells P9 of D. Obviously, we have only four possibilities of nearest neighbors for
some a € D, see Figure 16.

. 9.9, o1 1

Case 1: O Case 3: e
G4, I
Case 2: iﬂ# Case 4: ‘L’L
EAC N
Figure 16:

The different possibilities of nearest neighbors in our setting

The orange lines represent the corresponding closed Voronoi cell of . The blue points
label the nearest neighbors of . More precisely, we have

P — {( :_@, g] ,0,{~q,q}),

(ER e

[\

NI N~ N =N
L ]l L ] L 1

—
|
N = N = NI

707 {_1’ 1}) )

—~
r 1T
|

707 {_17 q})}

The elements of P@ have the form (F,0, Colp(c)) where F' is the geometric support
and Colp(a) is the corresponding collar. That all these cells lie in P4 is clear, because

w contains any finite word.



Chapter 6
The Wannier transform

In this chapter we use the concepts of a tensor product and a direct sum, see [KR] and
[WEI]. The main ideas of this chapter are based on [BNM]. We will add those proofs
which are missing and carry out the corresponding arguments in a detailed and rigorous

way.

First recall the definition of the Hilbert space

L2(]I/4;) ={f: Lp — C : f measurable, /|f(l€)|2 do(k) < o0}/ ~

—

Lp

endowed with the scalar product

(F19) iy = [ T - 9(0) deth)
Lp
which we have discussed in chapter 3 about the Lagarias group. According to Proposition

3.15| the family ( fo: ]I:; — C) defined by

belp

fo(k) = Kk(b), ke lp
is an orthonormal basis of L2(Lp).
As mentioned above we will now consider the group G = R¢. Thus, by Proposition
we can uniquely identify our Lagarias group Lp with Z™ and so by Lemma m

Lp = {k:Lp — S | k € C(Lp) homomorphism} = {e=#" | er . 7M _ S | b € [0,27)M}.

In the last chapter we have seen that the set of all collared Voronoi proto d-cells P is
finite. According to Lemma [5.2] the equality

Ny

Ul U aevi) -

j=1 \a€D:(p))

7
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holds for each t € T, where V; is the geometric support of p; € P@.

Lemma 6.1. Consider two compact sets K; and Ky of R? and a U-uniformly discrete
set D C R®. Then, there is an R > 0 such that

{aeD|(a+K)NKy# 0} CDNBx(0)
and this set is finite.
Proof. Since K, Ky C R? are compact there exists an R > 0 such that
K, Ky C E%(O).

Let o € D be chosen such that (a+ K;) N Ky # (). Thus, there are 1 € K; and 25 € K,
with

a+T =Ty <& =2T9— Tq.

Hence,
e = Iz — e < lzalls + lmlles < 5+ 5 =R
which implies
{a eD|(a+ K)NK,#0} CDNBr(0).
According to Lemma (iii) the set D N Br(0) is finite and so
{aeD|(a+ K)NK, #0}
is finite. 0

Lemma 6.2. Consider a D-set D and a collared Voronoi proto d-cell p; € PD with
geometric support V;. Then, for any 1 € C.(R?) there exists an R > 0 such that the

equation

Z Yla+r) = Z Yo+ 1)

a€Dy(p;) CYGDt(Pj)nE’R(O)

holds uniformly in r € V] In particular, this sum s finite.
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Proof. Note that if we have verified that there is such a closed ball B (0) independent
of r € V; the statement follows by Lemma [2.3] (iii).

According to Lemma the closure of the geometric support K; := VJ is compact. Let
K5 be the compact support of 1. Note that D;(p;) C D, is U-uniformly discrete. Hence,
by Lemma [6.1] there is an R > 0 such that

{a € Dy(p;) | (a+ K1) N Ky # 0} C Dy(p;) NBr(0).

Since ¢ vanishes on R?\ K, the equation

Z Y(a+r) = Yo +1)

a€Dy(p)) a€Dy(p;)NBr (0)

holds. [l

In the following this property will be used often. For instance, to interchange the
integral over the geometric support of a collared Voronoi proto d-cell with such a sum.
Denote for any ¢ € C.(R%) with corresponding R > 0 the intersection D;(p;) N Br(0)

by DF(p;)-

Using the results of chapter 3 and chapter 5 we define for p; € P9 a family (&(p;))ier
of closed subspaces of L*(ILp) by

Ei(p;) == Lin{f, : Lp—C | @ € Di(pj)}-

By Lemma [5.5| the term f, is well-defined for o € D;(p;). Consider the Hilbert space

IEZI @LQ ®€t p])

According to Statement we define for F,G € ‘H, the scalar product on H; by

Ng

(F | Gy, = Z (Fsi5) 1G5 ) 2w oty

—Z// (pjir. k) - G(pjir, k) do(k) ded(r),

]17/\

where ¢? denotes the Lebesgue measure on R¢. Denote by the tensor space
L} (V) @ Ei(p)).
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6.1 Definition and properties

Consider some function ¢ € C.(R?). Then, for some t € 7 and p; € P@ the t-Wannier
transform is defined by

W) (pjis k) == > wla+s) fulk), s€V;CR’ kelp

a€Dy(pj)

where Vj is the geometric support of the collared Voronoi proto d-cell p;. Note that
according to Lemma this sum exists uniformly in r € vj and so the transformation
is well-defined.

We define the related shift map 7 : L*(R%) — L*(R?) for ¢ € L*(R?) and = € R? by
() = Y(z +y), yeR.
Similar to the associated shift of a measure we get
T (1Y) = 7@ty
and

7% = .

Lemma 6.3 ([BNM]). Consider some fized t € T. For any v € C.(R?) the t-Wannier
transform Wy is an element of the Hilbert space H;.

Proof. By definition of the direct sum (see A.2 ”Tensor product and direct sum”) it

suffices to show that
We)(psi o) € HP, p; € P,

Consider some p; € PY and ¢ € C.(R?) with corresponding radius R > 0 (Lemma .
Then,

W) (psi )= Y TU@fa= >, T U fa
a€Di(p;) aeDR(p))

For a € DF(p;) C Dy(p;) the map f, is an element of & (p;). According to Lemma
this is a finite linear combination of elements of the set {f, | « € D;(p;)}. Further, we
have 772 € L*(V;) and so

Wi t)(pji -, ) € BP(V;) @ E(p;) = HP
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Proposition 6.4 ([BNM]). Consider some p; € P with geometric support V; and
some fired t € T. Then, for ¢ € C.(R?) and 8 € D,(p;) the equation

(Was ) (pji s + B, k) = Wi h) (93 5, k) - fa(k), seVkelp
holds.

Proof. Let 3 € Dy(p;) be arbitrary and consider the corresponding radius R > 0 of
Y € Co(R?) (Lemma . The statement follows for some s € V; and k € Lp by

Wos ) (pjss+ B8, k) = Y d(s+B+a)- fulk)
aEDth(pJ‘)
= Y (st (a+P)) farpsp(k)
a€D%; (p;)

&
IIE
SF

Y. s+ (a+8) - fars(k) | - fak)

R (1.
aEDrﬁt(pJ)

TELST ws ) L) | TR

1—BEDZ; (p))

LED (ST (s aq) (0 | - B

YEDF (p))

W) (pj; s, k) - fa(k).

]

This property of the Wannier transform is called covariance condition. This means that

in a certain sense the transformation is translation invariant.

Proposition 6.5 ([BNM]). Consider some p; € P@ with geometric support V; and a
fized t € T. For 8 € Dy(p;) and ¢ € C.(R?) the equality

b+ B) = / W) (pss 5,k) - o (k) do(k), s €V

Lp
18 true.
Proof. Let R > 0 be the corresponding radius of ¢ € C.(R%), see Lemma . Consider

some s € Vj and 8 € D,(p;). According to Lemma the origin lies in D, s;(p;) and
because the Haar measure ¢ on ILp is normed it follows
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/ W2 ) (py: 5. ) - Fok) do(k)

Lp
P' / (WTﬂt 1/1) (pj; s+ 57 k) dQ(k?)
Lo
_ > s+ B+a) fulk) do(k)
i aEngt(Pj)
B (s 0) [ fE) deb e S st Bra) [ falk) doth)
z — a€DR, (p)\{0} P
N———— —
1 =0 because a0 (L. [3.13)
= (s +p).

]

We denote by V, the gradient with respect to the variable of R?. For the sake of

convenience we write Vi for some ¢ € CL(R?) instead of V).

Lemma 6.6 ([BNM]). Consider some ¢ € C:(R%) and some fived t € T. Then, for
r e VJ the equation

Vr(Wt ¢) = Wt(V@D)
holds.

Proof. First note that since 1) € CL(R?) we know that Vi € C.(R?) and so W,(V) is
well-defined. Let R > 0 be the corresponding radius of ¢ (Lemma [6.2)). Then,

V. ((Wtw)(pjsra')) =V, Z ¢(7“+04) 'fa

a€DF(p))

E2OST V(rta) - fa

a€DF (p))

Y (V) +a) fa

a€DF(p))

= Wu(VY)) (pj, ).
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Theorem 6.7 ([BNM], Plancherel formula). Consider some fized t € T. Then, for
Y € C.(RY) the t-Wannier transform Wy : C.(R%) — H, satisfies

/w () dei(r) Z//ww )y, k)P do(k) dev(r)

V; Lo

Further, there exists a uniquely unitary extension Wt : L2(R?) — H; of the t-Wannier

transform W;.

Proof. Consider a function ¢ € C.(R?) with corresponding radius R > 0 (Lemma [6.2).
By a short computation we get for each p; € P4 and r € V; that

/ W2 0) (pyi s B)[2 do(k)

Lo
(a1 +7) - fa, (k) > Wlas+7) - far(k) | do(k)
a1E€DR(p; a2€D;*(p;)
62
& St S blastr)- /fal - fualk) do(k)
a1€D;*(p;) 26D (pj)

aleDF( )
Hence,

Ny

>/ / OV, ) R dolh) () [t + 02 artr

*1* i 7=1 a1 €D (p)) v
Na

| [0(s)]? dt?(s)

J=1 a1€D:(p;) 5

Ng —
U U (a1tVy)
=1\ a1 €D(p;)

152 / B(s) de(s).

According to Lemma we know that W; maps to H;. We would like to verify that

the t-Wannier transform W, has a dense image in H;.
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Ny
Assume the contrary. Hence, there is an F' := @@ F(pj;r, k) # 0 of H; such that for each
=1

Y € C.(R?) with radius R > 0 the equation
0 (F | Wi,

= S5 [ [ F - W) dott)ari

]1—/\

LZ Z // (pjir k) - Y(a+1) - folk) do(k ) dt(r)

J=1 aeDF( ()37

holds. Suppose that supp(1)) C a + Vj for some p; € P and a € D,(p;). Thus,

://i@;zarwa+m falk) do(k) de?(r)

Vi Lp

/¢ /’u%rm Fulh) do(k) de(r).

Since this equality is true for each ¢ € C.(R?), where the support of ¢ lies in « + Vj,

we get for almost every r € VJ that

0= [ Floirih - £u(k) do(h)

Lp

Moreover, this works for each o € Dy(p;). Because {f, | @ € D;(p;)} is an orthonormal
basis of &(p;) it follows

F(p]7 ) ) = 07

for p; € P@ and almost every r € \TJ Since we get this conclusion for any p; € P

the map I’ vanishes almost everywhere, which contradicts our assumption that F' # 0.

Consequently, the range of the t-Wannier transform W, has to be dense in ‘H;. Altogether,
W, maps a dense subset C.(R?) of L*(R¢) onto a dense subset of H; and it is an isometry.
Hence, there is a unitary extension W; : L*(R?) — H; of W; such that

)f/{//t |CC(Rd): Wt :
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6.2 Properties of the Hilbert spaces H;

For the next considerations we have to recall the definitions and results of section 4.2.

Proposition 6.8 ([BNM]). For each p; € P9 we can endow the family (€,(p;))ier

with a structure of a continuous field of Hilbert spaces.

Proof. Consider some p; € P We define

AOP) = (v e [[&lp) | VE €T, I (v!)
teT
family, such that v, = Z v (t) - fo}.

a€Dy(pj)

C C(7) finite

a€Dy(py)

At first we have to prove that
ASOP) . Ly | v € AFOY

is a dense subset of &(p;). Let t be some fixed element of 7. Because (fa)aep, () 19
the basis of £;(p;) it follows that any v is an element of & (p;). Since Af(‘>(pj ! contains

any finite linear combination of (fa),ep,(,,) it is a dense subset of & (p;).

Secondly, we have to verify that for any v € A°0(®) the map t € T [0l iy 38

continuous. Consider some v € A°0®) and so for each t € T we have a corresponding

finite family F := (v(a))aept (0)) of continuous functions on 7 such that
J
v = Z () - fa.
a€Di(p;5)
Thus,

oy = [ o) - ) et

LYY w00 [Tl funlh) deh)

J

P
=bay,ay by P. B8

Since we have chosen a finite family (v(*)) ,c¢C (7)) the sum is finite implying

a€Dy (pj
that t € T+ [ve[| 2, is continuous. The statement follows by Proposition O
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Consider now the topological groupoid 't = (I'%, T'%) described in Lemma . Let
v = (t,8) € Tk be an arrow of the groupoid I'r. We define for p; € P@ the linear

operator
Oy, (7) : Er-se(p) — Ex(py)
by
Op,(7) fa = fa—sp; fo € E1-54(pj).
In comparison to Lemma
o € Dr-5,(pj) & a— 3 € Di(p)).
and so
fo € Ervi(pj) & fa—p € Eu(p;)
for 8 € Dy(p;). Thus, the operator O, () is well-defined and by definition bijective.
Proposition 6.9 ([BNM]). For each p; € P9 the family (O, (V))rery is a strongly

continuous, unitary, bounded representation of the topological groupoid I'r.

Proof. Let p; € P and v = (¢,3) € I'} be fixed. Note that it is sufficient to prove
that the operators match at the basis of the corresponding spaces in (R2) and (R3).

(R1) Recall that e; = (£,0) € T'%- is the unit of ¢ € 7. Consequently,
Oy, (er) : Ec—ou(pj) = Epy) — Eilpy) -

The operator 9, () satisfies

Dpj<€t>fa = faf(] = fa
for any o € D,(p;), which leads to the statement.

(R2) For any (7y1,72) € I'2 we know that 1 = (¢, 81) and v, = (7771t 3,) for 3y, 3, € R,
Further, the composition 7, o 7, is equal to (¢, 31 + (32).

First note that
Op,(11072) 1 €@y (ps) = Eul(py),
Op; (1) + Er-ae(ps) — Eelpy),
Op, (72) E =2 (r—14) (P5) = €140 (Dj) = E=514(D5)-

Thus, the domain and the range of O, (71 072) and O, (1) 0 Oy, (72) coincide.
Moreover, for any o € D, —(s,+4,),(p;) they satisfy

Dpj (71 o 72)foc = foz—(ﬁﬁ-ﬁz) - Dpj (’yl)fa—@ - Dpj (71) (Dpj (/72)]004) .
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(R3) For any v := (t,3) € I'} the operator O, (7) is bijective and linear and so it is
invertible. Consider the operator

Qp, (V) : Ee(pj) — Er-a1(pj),

where

ij (7) fa = fa—&-ﬂ; fa € c‘:t(pj) .
Similar to O,, (7) it follows that this linear operator is well-defined and bijective.

Obviously, the image of O, () and the domain of Q, () are equal and vice versa.

For o € D,-54(p;) and & € D;(p,) the equations

QP]‘ (7)(}3?]‘ (’7) fa) = ij (7) (fa—ﬂ) = f(oc—ﬁ)-i-ﬁ = fa

and

O, (M(Qyp;, (V) fa) = Op,(V)(fars) = flarp)-5 = fa

hold. Consequently, Q, () is the inverse operator of O, (7). In our further

considerations we write 9! (7) instead of Q,, (7).

By Lemma the inverse element of v = (¢, 3) is given by v~ ! = (77°t, —f3).
Hence,

Dpj (771) : ST*(*B)(T—ﬁt) (p]) =& (p]) = Er_ﬁt(pj)'

Furthermore, for each f, € &(p;) they satisty
Oy, (v N fa = fa(8) = 95, (7) fa-

Next we would like to check if for each € I'}- the operators O, () are unitary. Note
that the norm of a unitary operators is always equal to one and so these operators are
bounded.

Because O, (7) is surjective it is sufficient to show

<Dpj(7) fal | Dpj(’)/) foc2>L2(]]:;) - <fa1 | foa2>L2(]]:;)

for each fam fa2 S gT*ﬁt(pj)'
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Consider some fo,, fa, € £,-5:(p;), then,
<ng(7) fa1 | Dpj(’}/) foz2>L2(]]:;) = <fa1—ﬂ | foaz—ﬁ>L2(]f,B)
= [T fuamah) det

VBT o) T fan() deli)
Lo =1 see L. (ii)

fan (K) do(k)

I
—
B
=

Lo
= (for | fa2>L2(]f;)'
We still have to verify that this unitary representation is strongly continuous. According
to Proposition [4.6] we have to prove that it is weakly continuous. By Proposition [£.4] it
suffices to consider two vector fields u,v € A°0®). By definition for any t € T there

are two finite families

Fui= (U(al))aleDz(w) Foi= (U(M))azepﬁﬁt(m) c 1)

such that
L.E2 o
Uy = uw =y, u®) S,
a1€D¢(p;)
L. B2 )/ —
) = s =y W ET) - fa
azEDngt(p]’)
Hence,
(ry | Op, (M vsdeiy = (3w far | Y v 05,(9) fardriy
a1€Dy(p;) a2€D__g,(p;)
= Z u(o‘l)(t)- Z U(OQ)(T_ﬂt)'\(fm | foc2—ﬁ>7”(7)
a1€D¢(p)) a2€D_—p,(p;) :5a;;2—ﬁ
D DI ORED SRR GO R
a1€D(p;) a+peD_—g,(p;)
LG50 Z ule1) (1) Z U(Mm(r*ﬁt)ﬂ%d
a1€D;(p)) a€Dy(pj)
— > () ol (7P,
a1€D¢(pj)

Thus, <U7(~3) | Oy, (7) U;Ea)>r(v) is a finite sum of continuous functions with respect to

v € Tk, Therefore, recall that the associated shift map 7 of measures is continuous as

well. This implies that the unitary representation is weakly continuous. [
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Actually this unitary representation is continuous, see Proposition [4.7]

Theorem 6.10. We can endow the family (Hy)ier with a structure of a continuous
field of Hilbert spaces. Moreover, the family

( EB L2y © Oy, ( ))
yery

defines a strongly continuous, unitary representation of the groupoid I'z.

Proof. By definition of the direct sum it suffices to prove that (H(p ! ) is endowed
teT

with a structure of a continuous field of Hilbert space for each p; € P (@) Similarly, it is

sufficient to verify that the family

(U(Pj)(fy) = ]ng(\Tj) ®Dpj (7>>

yeTk
defines a strongly continuous, unitary representation of the groupoid I'7.

First we will show that (ngj )> can be endowed with a structure of a continuous
teT
field of Hilbert spaces. Define ©

(p)

A0 = LA(V;) @ AP0 ®)

where A0(®) is defined as in the proof of Proposition . Thus,

(pj)

(»;)
A, ) .z{vt|vEAH<<>J}

is a dense subset of H(p .

(p )
Further, for some v € A™ () there is a finite family (U(a))aeD () of continuous functions

on 7 and a ¢ € L*(V;) such that

=Y Q Z v(o‘)(t)  fa

a€Dy(p;)
Hence,
St. [A 13 (a
||Ut||L2 V) ® E(pj) = ||¢||i2(vj)'/ Z v(@)(t) - fa () - Z 2)() fas (k) do(k)
- a1€D(p;) a2€Dy(pjs)
D
see proof of o
[ A S A (]

P.
a1€Dy(p;)
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Since we have chosen a finite family (v(®) C C(T) and [[9]13, vy < the map

a€Dt(p))

teT = vl w)eem)
is continuous. According to Proposition 4.3| the family <H§p J )) can be endowed with
teT
a structure of a continuous field of Hilbert spaces.

Secondly, we will prove that (U®s )<7))7 r defines a strongly continuous unitary repre-
T

sentation on I'z. Let v = (¢, 3) € I';- be fixed but arbitrary. The proof works similarly

to the proof of Proposition [6.9]

(R1) Consider the unit e, = (¢,0) € T of t € 7. Then,

U(pj)(€t> = ]]'LQ(VJ) ®Dpj (6,5)
P.

||§

127, ® ide,(p))

LET,
= W) eam)

(R2) For (y1,72) € I'% the operator U®i) satisfies

U(pj)<f‘>/1 e} ")/2) = ]]'LQ(VJ) ®Dpj (’}/1 o ’}/2)
P.63
- ]'LQ(VJ) ® (Dpj (71> © Dpj (72))
L.[A12
= (]lm(vj) @y, (71)> o (]]'LQ(Vj) Ry, (72))
= UP) () o UP)(v,).

(R3) First note that 1;21(\17) = 1,5y, is true. Hence, for v € L

U(pj)(fl) = L) ©0,07)
1 -1
Jle(v ®9, (V)
-1
(].LQ(VJ)@DPJ(’)/))
U®) ()7L,

&
I3 ”l
po

Our next step is to verify that U®s)(v) is unitary. Since 1 12(v;) ® Oy, (7) 1s surjective it

suffices to show

U NE U (NG w5y 0200 = F | G2y 0, 100)

for any F,G € LQ(V ) ®E—54(pj).
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Consider some fixed F,G € L*(V;) ® €, -s,(p;). By definition there are 1, ¢ € L*(V;)
and v,w € £,-5,(p;) such that F =9 ®v and G = ¢ ® w. Thus,

(US)F) (k) = (Liawy © 95, (7)) (6 € )

= <1L2(Vj) (A Dpj (7) U)

= (¥ (9,(1)v))
and analogously

(U ()E) (r, k) = (9 @ (D, (1) w)) (r. k).
Hence,
eI ()F | U(pj)(V)Gﬁz(Vj)@st(pj) = W lehimy - (On()v] 950 Wewm)

<¢ | 90>L2 i) (v | U’)ST—ﬂt(pj)
= (Fl G rmyee e

Finally we will check if this unitary representation is strongly continuous. According

to Proposition we have to prove that it is weakly continuous. It is sufficient to
(#)) e

consider F,G € AHH only, see Proposition By definition of AMO" there are
(u(al))alept(p],), (v(o‘?))(mept (n) CC(T) and 1, p € L2(V) such that

Foy=F =v¢& » w0 fu,

a1€Dy(pj)

Giy) =Gr8= ¢® Z 0@ (77t - fo,.

a2€D__5,(p))

UP) () (Gay) = (@9, [ee D v fa,

a2€D__g3,(pj)

- (JlLQ(Vj) S0) ® Z U(OQ)(T_ﬁt) ) (Dpj ('7) fm)

QQEDT—ﬁt(pj) :fa2—6

ERY Yo I g

a+B€D, _p,(p))

B oo $ i
a€D(p;)
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Consequently,

(B [ U (OGO 2wy @ 40)
= (V| ©) S d@) far | D V) e

::VK a1E€D¢(p;) &€Dy(pj)

P Z wen) (L) - v +8) (=) | |
a1€D(p;)

where K is some constant and independent of v € Ty (Cauchy—Schwarz inequality).

Likewise, in Proposition the unitary representation is weakly continuous. L]

Proposition 6.11. For each v = (t,3) € I'} we have
U(f}/) % WT*Bt - Wt o Ureg(ﬁ)

where U,y : L*(RY) — L2(RY) is the regular representation of RY. More precisely, for
Y € L2(R?) the regular representation is defined by

Ureg (B)0 = 7774

Proof. Similar to the proof of Theorem it is sufficient to show the equality component-
by-component with respect to P@. Consider some function ¢ € C.(R¢) and for each
pj € P we get

UB ) (Wroe®)psi) = (Lawp@00) [ X v e fa

aEDT,@t(pj)

Loy (T7%%) @ Dy, (7)(fa)

(]

= ) () fap

a€Di(py)
= Y TN Ueg(B)) ® fa
a€Dy(p;)

= WilUreg(B)¥)) (i3 - )

Since U and U,.4 are continuous the statement follows for the extension VNVt of W,. O



Chapter 7

The Schrodinger operator

7.1 Projection on LQ(]I/A;))

The main ideas of this chapter are based on [BNM]. We will carry out the corresponding

arguments in a detailed and rigorous way.

Recall for p; € P and some fixed t € T the definition of the closed subspaces

Epy):= Lin{f. € I*(Lp) | a € Dy(p;)}

of L2(IE7\;). In this chapter we follow the considerations of [BNM]. We define for each
closed subspace the projection L*(Lp) — &(py) for h € L*(R?) by

Moy, (h) = > (fa | W) - fa

a€Dy(p))

Since the family (fa))aept(p],

well-defined and an orthonormal projection by definition. Consequently, it is self-adjoint

) forms an orthonormal basis of & (p;) the map II;,; is

and for a fixed t € 7 and two distinct elements p;,, p;, of P the maps Il p,, and I,
are orthogonal, see [WER].

Lemma 7.1. Consider some fized t € T and p; € PY. For each v € CL(R?) and
r e Vj the equality

I, (Ve OWVeh)(pjs =) 1) = Ve V) (055, 0) |

18 true.

Proof. By Lemma [6.6] the equation

Vr(Wt ¢) - Wt<v¢)

93
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holds. According to Lemma [6.3| the Wannier transform (W, ¢)(p;;-,-) is an element of
L2(V;) ® &(p;). Hence,

Ht,pj ((vr(Wt ¢))(p]a ) ) ‘7‘) = Ht,pj ((Wt Vw)(pjv " ) |r)
= WV (s ) |r
= (V. We)) (pg5 ) |-

7.2 Representation of the Schrodinger operator

As mentioned above the main aim in this work is to decompose the Schrodinger operator

in a useful way by using the Wannier transform. Consider the Schrédinger operator

h
Sii=—— A+ V,

2m

where

=Y Y e

J=1 a€D:(pj)
and v'?) € C(RY).

We interpret the elements of D as the positions of the atoms of the material. The closed

Voronoi cell describe the area of influence v(p J

of an atom. In our setting we have seen
that there are a finite number of different Voronoi cells. Thus, the material contains a
finite number of various species of atoms only. Then, the potential V; is a convenient

description of the potential of the material.

Theorem 7.2. Let S be a Schrodinger operator which is given by (S;),cs- Further, let
supp(vélt)j)) - Vj where V; is the geometric support of the collared Voronoi proto d-cell
pj. Then, for each ¥ € C2(R?) and some fived t € T

‘]1—/\

WS =3 [ [ o 19V +0) OV ) ) ).

Proof. Consider some ¢t € 7 and 1 € C2(R%). Let R > 0 be the corresponding radius of
Y € C3(R?), see Lemma . Because of the considerations in A.3 "The quadratic form

of the Laplacian” we have

(| () sy = / VO@) - (Vo) (x) di(z)

Rd
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Thus,
W] (A)) e = / V(@) - Vib(a) ded(z)

SB[ )P de)
5) ( U <a+vj>)
J=1\ a€Dy(p;)

=Y > [ v et

=1 a€Di(p) iy
J

=S Y [ Ivutas P det

=1 a€Di(p)) 3
J

According to Proposition 6.5/ for 1 € C2(R?), a € Dy(p;) and r € V; the equation

Platr) = / (Wid) (pyi . k) - Fal) do(h)

Lp

holds. Hence,

Vi(a+r) =V / (Wi t) (pj;r,k)-Mdg)(k))

\'>

v S w4 / Flk) - Tl d@(k‘))
€DR(p) &

L.

||§

B

S Vet / fa(k) - Falk) do(k)

BEDE (p)) Lo
L-m/( > vw(ﬁ+r)-f5(k:))  fa(k) do(k)
i BEDE (p))

s / V. Wi ) (py: k) - Fou(R) do(k).

Lp

Il
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Consequently, for each p; € P the equality

> /w(a +7) - Vip(a 4 7) ded(r)

a€DF (py) v;
-2 /(/vwmw@mMﬂxmmJ

( r W) (pjim, k) - falk) d@(/%)) ded(r)
= // W) (pj;r, k)

falE) -V, (W) (py; 7, k) do(k )) falk) do(k) de*(r)
)

:// W) (pj;r, k
Vj Lz

( o al Ve OV) 05570 oy - falk )) o(k) ded(r)

a€Dy(py)

/ / W) (pjir k) - (Wi, (Ve We) (pj37,-))) (k) do(k) de?(r)

// V) (i k) - Vo W) (pyi 7 k) do(k) de(r)

// (W) (pyir. k)P do(k) de(r)
Vi Lp
is true. Denote this calculation by (%). Summing up, we get

:i// L W) (pgs . k)2 do(k) de(r).

7=1
Lp
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Further, for the potential V;(z) we have

@l vie) =[50 Vi) vla) dt'(a)

By Y [ v ek ad)

=1 a€Du(p) o
J

Ng
Fgrz Z / w J(a+1)]?) det(x)
I=1 a€Di(p) =0 ()

D S
since supp('u;t'7 )QVJ

-3/ vé?><r>-( > w<a+r>2) at' ()

a€Dy(p))
asin / vi (r) - / | W) (pjir, k)P dolk) de(x).
J v; Lp

Altogether, this leads to the assertion.
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Appendix A

Backgrounds

A.1 Continuous functions with compact support

A topological space X is called normal if the following two assertions hold.

(N1) Let z and y be two different elements of X. Then, there exists an open neighbor-
hood V,, of x and V,, of y such that

xgVyandy ¢ V,.
(N2) Let A and B be some closed disjoint subsets of X. Then, we can find two open

neighborhoods V4 of A and Vg of B such that

VinVg = 0.

Consider a locally compact space G. We define the one-point compactification or
Alezandroff-compactification by the group G := GU {00} with the topology characterized
by

O(G):={UCG|UCGopenor U=G\K for some compact K C G}.
That G is a compact space with respect to this topology is been shown in [QUE].

Lemma A.1. Consider some locally compact space X and its one-point compactification
X. If X is Hausdorff the group X is also Hausdorff.

Proof. Obviously we only have to verify that for any x € X there are two disjoint, open
neighborhoods U, of z and V,, of co. Let x € X be arbitrary. Because X is locally
compact there is a compact set K C X and an open set U, C X such that

relU, CK.

99
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Further, by definition V,, := X \ K is open with respect to the topology on X. Moreover,
Ve NU, CX\KNK =)
which leads to the statement. O

Lemma A.2 (|QUE]). Let X be a Hausdorff space and K C X some compact set.
Then, for each v € X \ K we can find an open neighborhood U of K and an open
neighborhood V' of x such that they are disjoint.

Proof. Fix some z € X \ K. Since X is Hausdorff there are for any y € K two open,
disjoint neighborhoods U, of y and V¥ of 2. Because (Uy)ye 5 1s an open covering of

the compact set K there are yq,...,y, € K such that

KC Oij = U.
j=1

Set V := ) V%) which is an open neighborhood of z. Furthermore,
j=1

VNnu =0.

Lemma A.3 (|[QUE]). A compact, Hausdorff space X is normal.

Proof. Consider two closed, disjoint sets A, B C (G. Because X is compact the sets A
and B are compact as well. According to Lemma there are for any x € A two open,
disjoint neighborhoods V, of x and U, of B. Since (V,),4 is an open covering of the

compact set A there are x1,...,x, € A with

AC OV“’J =:V.
j=1

The set U := [ U,, is an open neighborhood of B and

7j=1
Uunv =40.

Hence, the space X satisfies condition (N2). Condition (N1) follows immediately by the
fact that X is a Hausdorff space. O

A family (U;),.; of open subsets of X is called point-finite if for each x € X it is true
that

H{UZ|ZL‘€UZ,Z€]}<OO
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Lemma A.4 (|[QUE]). Consider a normal topological space X, a closed subset F© C X
and a point-finite cover (U;),; of F'. Then, there exists an open cover (U]),.; of F' such
that for each i € I we have U,L.’ CcU;.

An open covering (U;),; of a topological space X is called locally finite if for each x € X
there is an open neighborhood V' C X of z such that

#{U; | i € I where U; NV # ()}
is finite.

Proposition A.5 ([QUE]). Let X be a normal, topological space and consider some
locally finite cover (V;)ier of X. Then, there is a family (¢;)icr C C.(G) with

supp(¢;) C Vi, iel

and

> bilz) =

iel
Proposition A.6. Let G be a locally compact, Hausdorff space. Consider some function
f € C.(G) and an open set U C G which contains the neutral element 0 of G. For some
n € N there are x1,...,x, and 1, ..., ¢, € C.(G) such that for each j € {1,...,n} it

1s true that
supp(y;) C x; +U

and

n

F=> v

Jj=1

Proof. Denote by K the support of f € C.(G). Because of the compactness of K there
are x1,...,T, € K such that

UxJ—I—U

Now consider the one-point compactification G := G' U {00} of G. We set V; := x; + U

and V1 := K9 U {oo}. By definition these sets are open with respect to the topology
on G and
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According to Lemma and Lemma the space G is normal. By Lemma there
is an open cover V{,..., V! | of G such that for j € {1,...,n+ 1}

VISV

Therefore, note that (V])j:l is obviously a point-finite cover of G. The set VJ’ denotes

;. = 77 -
the closure of V; with respect to the topology on G. Hence, V] is a compact set.

According to Proposition we can find continuous functions ¢ with compact support
in ‘N/j such that

n+1

> i) =1, xed.
j=1

By definition the restriction ¢; of ¢; on K is still continuous. Further, for j € {1,...,n}
supp(¢;) = supp(¢;) NG CV/NG=V] CV].

Since each Vj’ is compact any function ¢; has compact support.

Moreover, because supp(dni1) C Voy1 = K€ U {0} the equation
Zgbj(:z:) =1, re K
j=1

holds. Thus,

~—_—
=:p;(x)

fl@) = (Z ¢j(x)) (@) =3 ¢i@) - (),

because f vanishes on K. Obviously, the function 1; is continuous and has compact
support in (x; + U) which leads to the statement. O

A.2 Tensor products and direct sums

The following section is inspired by [WEI| and [KR]. Let Hy,...,H, be some Hilbert

spaces and
H:={(x1,...,2,) | z; € H;}
the set of all n-tuples. This set gets a Hilbert space with the following operation

(@1, ) A A (W) = (21 F A o T A )
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and scalar product

n

<(.T1, SR 71:71) ’ (y17"'7yn)>H = Z <xj ‘ yj>Hj

j=1

for some A € C and (z1,...,%,), (Y1,...,Yn) € H, see [KR]. The norm on H is induced
by the scalar product, which means for (z1,...,x,) € H that

n 3
(@1, )l = (ZH%H%) :
j=1

This Hilbert space is called direct sum of the Hilbert spaces Hy, ..., H, and is denoted

J

Lemma A.7 ([KR]). The set H}, := {(z1,...,2,) € H | z; = 0 fori # k} defines a

closed subspace of @H,; and for i # k the subspaces H); and H), are orthogonal.
j=1

Consider now the Hilbert spaces H, ..., H, and Hy, ..., H,. For j € {1,...,n} let S
be a bounded, linear operator from H, to H;. We define an operator S : @H,; — DH,

j=1 j=1
by

n

S(x1,...,xy) = (Sz1,...,5%,), (X1,...,2,) € GBH]-.

j=1
Lemma A.8 ([KR]). The operator S is a linear, bounded operator and
151 = sup{[|S;ll [ 7 € {1, ..., n}}.

Proof. The linearity of S follows immediately by a short computation

S((w1y . sxn) A (Y1, Un) =(S(x1+ A1), ., S(@n + A yn))
=(Sx1+ A Sy1,..., S, + A Syy)
=(Sx1,...,5,) + X (Sy1,...,SYn)
=S(x1, .. xn) + A S(Y1,- -, Yn).

Set K :=sup{||S;|| | j € {1,...,n}}, then,

[S(@1, . 2]l < (Z 155117 - ||$j||%j>
j=1

SK' ||(x17""xn>||7'(

N
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and

||ijj||Hj :H(O, ce 0, y ijj,(), ce 70”7-[
=||1S(0,...,0,2;,0,...,0)[|x
<[SIF - ll2jll2;-

]

Note that it is also possible to introduce the direct sum for some infinite family (H;);es

of Hilbert spaces.

Now we introduce the concept of a tensor product. Let H; and Hs be two Hilbert spaces

over C. Consider the set
L(Hy X Ha) := {Z a; - (fi,gi) | i € C, fi € Hy,9; € Hayn € N}
i=1

and

N := Lin{v € L(H; X Ha) | Uzzzai'ﬁj'(fmgj) —1x (Z%"fﬁZﬁj'%) ;
i=1 Jj=1

i=1 j=1

a;, 3, € C, fi € H1,9; € Ha}.

Then, the quotion space H; ® Hsy := L(H; X Hy)/N with the operation
<Z%’ : fi) ® (Zﬁj 'gj) => Y B (fi®g)
i=1 j=1 i=1 j=1
and scalar product
(freg | fo®g2)rmerns = (fi | f2)r (91 | 92)3, fi®@ g1, f2® g2 € (Hi1 ® Ha)

gets a Hilbert space, see [WEI|. This Hilbert space H; ® Hs is called tensor product of
Hl and Hg.

Lemma A.9 ([WEI|). Let {e; | i € I} and {¢; | j € J} be an orthonormal basis of H;
and Hs, respectively. Then,

{e, ®@éj|iel andje J}
18 an orthonormal basis of Hy ® Hs.

In the following lemma is given an example of a tensor space.



A.2. TENSOR PRODUCTS AND DIRECT SUMS 105

Lemma A.10 ([KR]). Consider two o-finite measure spaces (X, B, u) and (X', B, 1)
and its L?-spaces. Then, the tensor product of these L?-spaces can be identified with the
space H == L*(X x X', Bx B, 1 x /).
More precisely, any f @ g € H = L*(X,B,u) @ L*(X', B, 1) is characterized by
Ory€ L*(X x X', Bx B, ux p) where

O1g(x,y) == fz) - g(y), (z,y) € X x X'.
Proof. First note that the function 6y, is complex-valued and measurable. Since
/ 107.q(z, )1 dp(z) di'(y / |f(x du(z) d'(y)
XxX’ X x X/
— [ F@ 9 (@) 9(w) dute) dn' (v
XXX/

_ / T@) - £(2) du(e (X/ ai ()

= fll2xBp - N9llL2 )
Thus, the function ;, is contained in H. Note that by Lemma the set
{05 f®g€H}
is a dense set of H.

Moreover, for f1 ® ¢1, fo ® g2 € H we get

O | s = | Do) Opon(9) dile) ()

XxX'

- / fi(@) - g1(y) - falw) - 9a(y) dpu() dpd'(y)

XxX'

/ Tl - fole) du(z) | - (X/ 0l 9:(9) A (v)
) - ( )

:<f1 \ f2>L2(X,B,u “\J1 ’92>L2(X’,B’,u’
=(f1®g | f2® g2)n-

Thus, for A\; € C and f ® g € H the equation

HZA Orolln = HZA (f @ g)lln
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holds. Hence, there is a linear map U form {0¢4 | f ®g € H} onto the linear span of all

simple tensors which preserves the norm and
Ubig=f®yg.

Then, we can extend this map U by continuity to an isomorphismus U from H onto
H. O

Proposition A.11 ([KR]). Consider the Hilbert spaces Hy, Hy, Hy and Hy. For some
S e B(Hl,ﬂl) and T € B(Ho, 7:(2) there is a unique operator O € B(H; Q@ Ha, H; ®7‘~{2)
such that for each f ® g € H1 ® Ho the equation

O(f®g)=(5f) @ (Tyg)
is true. Furthermore, we have ||O| = ||S] - ||T]|-

Because of the uniqueness we denote the operator O by S ® T'. Using this proposition

we get the following lemma.

Lemma A.12. Consider the Hilbert spaces Hy and Hy. For some S € B(Hy) and
T, R € B(Hz) we get the following assertions.

(i) The equality idy, g1, = idy, ® idy, s valid.
(1) If S and T are invertible it follows that (S®T)'=S"1@ T !

(1i1) It is true that S @ (T o R) = (S®T) o (idy, ®R) = (idy, T) o (S ® R).

Proof. 1t is given the proof of (i). The other proofs works similarly. Consider some
f®ge€ (Hi ®Hs). Then,

(idH1 ®ZdH2)(f ®g) = (idH1 f) ® (idHQ g) = f ®g= idH1®H2(f ®g)

The following statement follows by our previous considerations.

Statement A.13. Consider some Hilbert spaces Hy ..., Hn and Hi, ..., Hy. We define
the Hilbert space H by

H =M, @ H,)).

Jj=1

Some F' € 'H has the form
F=(FYVeFY  F®gF®)

Then, the scalar product on H is given for F,G € H by

(F| Gy = Z<F(j) | G(j)>Hj (FU) | é(j)>7:(j.
j=1



A.3. THE QUADRATIC FORM OF THE LAPLACIAN 107

A.3 The quadratic form of the Laplacian

The following considerations can be found in [DAV]. Consider the operator Hy defined
as
a2
Hot(z) = (= D)(a) =) 550 (@)

2
— Ox;

with domain D(H,) = C?(R%). Then, integration by parts gives

(o | (—A)()) gy = / Volo) - Vib(z) de(z) = Qole, )

for all ¢, € C*(R%) whence —A is a symmetric and positive operator on L?(R%).
Moreover, let (¢n),en € C2(R?) such that Qo(n — @m) — 0 and ||, 2gey — 0, then,
clearly Qo(¢,) — 0. Thus, the form ) is closable, i.e. there exists a closed extension
Q of Q. It can be shown that D(Q) is equal to W1?(R?) the Sobolev space of order 1
over [?(R%).

A famous result of Friedrichs extension is then: There exists a unique self-adjoint
operator H in L?(R?) such that

Hy(x) = (=L)y(),
D(H) € D(Q)

and for cach ¢ € D(H) and v € D(Q) the equality
Qv ¥) = (v [ (=2)¥) 12(re
holds. The domain is given by
D(H) ={¢ € D(Q) | 3p € L*(R"), Vv € D(Q) is true Q(v, f) = (v | g) r2ray }-

In the setting described above the domain D(H) equals W%2(R?), the Sobolev space of
order 2 over L?(R%).

Altogether, we can use the characterization

(| (—)) pny = / V@) - (V)(x) de(z)

Rd

for 1 € C2(RY).
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A.4 The direct integral

Vector fields

The definitions and statements in this section are motivated by [DIXC] and [DIXN].

Consider some measure space (3,3, 1). A field of Hilbert spaces (H(0))sex over 3 is a

map
o+ H(o), ogeEX

such that H(o) is a Hilbert space. We would like to construct a Hilbert space which
®

we call direct integral [H(o) du of the family (H(0))sex over 3. The definition of
b

this space works similar to the construction of L?(3, #, ). The motivation behind this
construction is to consider difficult operators, as the multiplication operator, in some

L?-spaces.

For o € ¥ the scalar product in H(o) is denoted by (- | -),. We write || - ||, for the
induced norm of the scalar product on H (o). Recall the definitions and results of section
4.2.

Let (3,3, 1) and (X', %, 1//) be two measure spaces. Consider two families (H(0))ses
and (H'(0"))oresy of Hilbert spaces. Suppose that they can be endowed with a structure
of a continuous field of Hilbert spaces with generator S and S’, respectively. Let
d: (X,8) — (X, %) be a Borel isomorphism which transform p to p/. A ®-isomorphism
between these structures of a continuous field of Hilbert spaces is a family (Y(0)),ex

such that the following assertions are true.

(i) For each o € ¥ the map Y(o) is an isomoprhism from H(o) onto H'(P(0)).

(ii) For a vector field v € S the map Y (o) — Y(0)v, € H'(®(0)) belongs to 5.
Consider some sequence (v("))neN in V(3,H(.)) such that it satisfies the following two
conditions.

(F1) For each o € ¥ the set {v((,") | 1 <n <dim(H(o))} forms an orthonormal basis in
H(o).

(F2) For any ¢ € ¥ and n > dim(H(o)) the component o8 is equal to zero.

A sequence of vector fields which satisfies (F1) and (F2) is called a sequence of vector

fields of orthonormal basis. The existence of such sequences is been shown in [DIXN].
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Consider such a sequence of vector fields of orthonormal basis (v("))neN. An element
v € V(X,H(.)) is continuous with respect to (v(”))neN if

o (v, | U((TN)>0'

is continuous for any n € N.
Analogously an operator field A € O(X, B(H(.))) is called continuous with respect to
(V™) e i
v i
neN

0= <AJU((7'n) | U(m)>cr

is continuous for n,m € N. That these conditions are sufficient is proven in [DIXN].

Statement A.14 ([DIXN]). Consider a family of Hilbert spaces (H(0)), s, over ¥. Let

(v(”))neN be a sequence of vector fields of orthonormal basis such that

o — <U(n) | U(m))g

o}

s continuous. Then, there exists exactly one structure of a continuous field of Hilbert

spaces such that the vector fields v,, are continuous.

Definition and properties

Now consider the vector space

L3228, H()) = {v e V(E,H(.)) | v measurable, / |Vole dit < 00}
5

This space is endowed with a semiscalarproduct defined by
(v|w):= / (Vo | Wo)e dp, v,w € L33, 8, H(.)).
b

Similar to the construction of the L?-space we get for N := {v € £2(X, 8, H(.)) | |lv]| = 0}
that

@
/H(a) dp = L2(3, 8, H(.)) == 52@35771(-))/]\[

is a Hilbert space with scalar product (- | -) and induced norm || - || := (- | -)2. It turns
@

out that [H(o) du is a complete normed vector space. This Hilbert space is called
5

direct integral of the family (H(0))sex over 3. We call the Hilbert space H (o) the
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fibers over Y. This definition is motivated by the imagination of attaching at any o € ¥
the Hilbert space H(o), see Figure 10 at page . It turns out that the direct integral
does not depends on the structure of the measure space (X, 8, 1), besides, a unitary

isomorphism.

Statement A.15 ([DIXN]). Consider a sequence of vector fields of orthonormal basis
(") nenr
neN

.
(i) A vector field w is an element of [ H(o) du iff the functions
>

o (W, | Uc(fn)>a

are square integrable and

o0

S [ e | )l die < o

n=1 D

@
(ii) The scalar product of w,u € [H(o) du is equal to
>

> / (wo | v5)y - (g | 08, dp.

n=1 5

®
(1) For any w € [H(o) dp and for each o € ¥ we define
>

n

wi = Z (wy | V9, -0,

J=1

Then, ||w —w™|| tends to zero iff n goes to infinity.
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